PROCEEDINGS 


OF BAH E 


Poe wean SOCIETY, OF CIVIL ENGINEERS 


VOL. 63 FEBRUARY, 1937 No. 2 


MeSGhHNI GAL PAPERS 


AND 


Ditto Guys ST. O:N_S 


Published monthly, except June and July, at_99-129 North Broadway. Albany, N. Y., by 
the American Society of Civil Hngineers, Editorial and General Offices at 88 West 
Thirty-ninth Street, New York, N. Y. Reprints from this publication may be 
made on condition that the full title of Paper, name of Author, page 


reference, and date of publication by the Society, are given. 


Entered as Second-Class Matter, December 28, 1931, at the Post Office at Albany, N. Y., 
under the Act of March 8, 1879. Acceptance for mailing at special rate of postage 
provided for in Section 11038, Act of October 3, 1917, authorized on July 5, 1918. 


Subscription (if entered before January 1) $8.00 per annum. Price $1.00 per copr 


Copyright, 1937, by the AMERICAN Society oF CIVIL ENGINEERS 
Printed in the United States of America 


CURRENT PAPERS AND DISCUSSIONS 


Norr.—The closing dates herein published, a 


Stable Che s in Erodible Material. FH. W. Lamne....-.eee. severe enees Noy., 1935 
Seg eisriiesion ae : se aoe g fe =. AE SARS hte Sores ageless Feb., Apr., May, Aug., 1936 
Varied Flowin Open Channels of Adverse Slope. Arthur EB. Matzeke........ Feb., 1936 
MDUSCURSIONL® lostlis wie b cuales bicielevelelecond el eile © erile iatalelie, aha) er ls gral al shelietaa May, Aug., 1936 
Progress Report of Committee on Flood Protection Data............+....- Feb., 1936 
SDiseuasion PE et caine hic cre shctteratieete Apr., Aug., Sept., Nov., 1936, Jan., Feb., 1937 
Progress Report of Dorpaitiee a the City Fins Division on Equitable ett 11908 
Zoni and Assessments for Cit annin TOJECES Jv. sale nedsts ele Wtetellel’e siclele.s eb., 
Da cuslon: seenths ae Viren seeks Aes oust bs . Racer ade MeN tue ote a oleate Aug., 1936, Feb., 1937 
Progress Report of Committee of Engineering-Economics and Finance Divi- 
sion on Principles to Control Governmental Expenditures for Public Web) 4986 
SUE Sites veh ci aie htucval Wis ciclions dlc cjeve Fle wedi pi syerblis ce isle: oie Sehenmte’ale) OeUnge xiv up reauaa wiae Ke 
DESCUSSION oid ts wfctee arts ale) sJolealshele «loo le mules, oe Apr., Aug., Sept., 1936, Feb., 1937 
Surface and Sub-Surface Investigations, Quabbin Dams and Aqueduct; A 
SVINDOSI time hie Ne ree akea sehen te cin oo ctene soe etareneirgeta te keri eres e tin relate operate Mar., 1936 
EMIS SLOTD MDs sUbiat cisions cals re chew ecleouncio lode ahetial lotic eee detre Sateday evraltateot Mops feels! et.sice) Emre Aug., 1936 
Administrative Control of Underground Water: Physical and Legal Aspects. 
LUE DIGIC OT URG sob ca. 0% © ere o- ache wget ales Sop pei ala te Se & mabe oy epee elon ee telnen) s iaer= Apr., 1936 
LSC NSLOIE MAME chet cutter k) cisiwisss Sieatote cuboh ote eaetee Aug., Sept., Dec., 1936, Jan., Feb., 1937 
Back-Water and Drop-Down Curves for Uniform Channels. Nagaho Mononobe.May, 1936 
TD RIGIO (ciel ee ee mS ee RE Ae eet ae ee 0 Sie Ae, le at Nov., 1936, Feb., 1937 
Dynamic Distortions in Structures Subjected to Sudden Earth Shock. Harry 
CAPRA ELIT ITO Hi ayere ja Ses, hie sal's oh aseiie, 48. @ apoyo ere youe abet ear uy aes one) rahe keane kp Neiaas eae Tota May, 1936 
HDT CTL SSLOE grae eictanetic site cea itshare: 0 Rae te lecpeh crs ubtane te edevene lee ete alias Sept., 1936, Feb., 1937 
Analysis of Vierendeel Trusses. Dana Young...........ce.eesee serene Aug., 1936 
DISCURSION Lejos. ails o's he es wt ep occ ses Bes al cee sale Noy., 1936, Jan., Feb., 1937 
Simultaneous Equations in Mechanics Solved by Iteration. W. L. Schwalbe Aug., 1936 
DDI NCUSRIOTIMS ares’ ols loess ng 1d bree antes et ene ra eae ReneS Noy., Dec., 1936, Jan., 1937 
Simplified Method of Determining True Bearings of a Line. Philip L. Inch. .Sept., 1936 
IDIRCUABTON SS et. bicte. 24 bs Blkgs tae Rayeactt s. cheberceete Nov., Dec., 1936, Jan., Feb., 1937 
Analysis of Continuous Frames by Balancing Angle Changes. L. H. Grinter.Sept., 1936 
MOIRCHISSION Mts Tole Whe ciusite sae. Ae erenere hep tit paaieuele he eves ntekene eons ees Dec., 1936, Jan., 1937 
The Modern Express Highway. Charles M. Noble......... se eevee ceeses. Sept., 1936 
DIR GTISSION och aeeiic qssaver es. ai ehcuaWals els onchel hate puele cl coe Nov., Dec., 1936, Jan., Feb., 1937 
Selection of Materials for Rolled-Fill Earth Dams. Charles H. Lee........ Sept., 1936 
PER GIISMT CI gis ltteers. Os, Ans ats ote, Shek ciniatonars Hist set Gieteher ate Nov., Dec., 1936, Jan., Feb., 1937 
Interaction Between Rib and Superstructure in Concrete Arch Bridges. 
Nathan M. Newmark ..........2.06 TOs CO Ore Cas o ates Sept., 1936 
IPI NCUSSION Soe ates 5c Saysactere’ oa cs cleus’ Stic hitee ele shea dao coh hats Mie eee eee Feb., 1937 
Structural Application of Steel and Light Weight Alloys: A Symposium...... Oct.,. 1936 
POIBCHSSLOMG seh vnicy cute istee ation ois CUA Ss taco iene nel te aeLnie ie Dec., 1936, Jan., Feb., 1937 
Economic Diameter of Steel Penstocks. Charles Voetsch and M. H. Fresen..Nov., 1936 
Stresses Around Circular Holes in Dams and Buttresses. J. K. Silverman. .Nov., 1936 
WISCUBRLOM  tcctiny 37> tiehe. capes eth wiblc soir, oe ekssale ohmere tare ie ercle nase GENE: Ere i 1987 
Reclamation as an Aid to Industrial and Agricultural Balance. Ernest P. , 
Goodrich. ond -Oaloins Ve Daviss..G 2 sei cles ose te kan oe hee ov., 1936 
Construction and Testing of Hydraulic Models, Muskingum Water-Shed 
Project George. H.. Barnes and, TisGs SOUS. ad | sites oak eihcis cieeeae ec., 19386 
Analysis of Stresses in Subaqueous Tunnel Tubes. A. A. Bremin.......... Dec., 1936 
Deflections by Geometry. David B. Hall............0 cee cee cccecsecveccce Dec., 1936 
SIS CHISBLON | £02. ch 5 ins oh alee! oR MUPOR eee: tre EPC St cto tN EGE ae nS aad Feb., 1937 
Progress Report of the Committee of the Sanitary Engineering Division on 
Filtering Materials for Water and Sewage Works, on Filter Sand for Water 
Purification «Plants s(t). 5.223/.0. eee ean st Spice Eehown/ ac atte bel ot caste: ewe temeuateners Eines tne ec., 1936 
Graphical Distribution of Vertical Pressure B i 5 
M. Burmister ...........-. sane iy Pete ee a, ee 
Structural Analysis Based Upon Principle ini 
Air io Ht alata soo nleg, Parte ae. Chose ak eta amar 
Raa: oth % 
.Progress Report of the Committee of the Sanitary Engineering Division 
, on 
Sludge Digestion, on Standard Practice in Separate Sludge igestion....Jan., 1937 


as | 


Discussion 
. closes 


Mar., 193) 


Apr., 193 
Apr., 193! 


Apr., 193% 


Uncertai\ 
April, 193) 
April, 193! 


Uncertai: 


MS  ——$———————— ee 
cussers are registered for special extension of mM taba ile Np fant prospective dis 
! 


3 


mMPRICAN SOCIETY OF CIVIL ENGINEERS 
Founded November 5, 1852 


Peas ine 


—————————————————— NT 


RAINFALL INTENSITIES AND FREQUENCIES 


By A. J. SCHAFMAYER', M. Am. Soc. C. E., AND B. E. GRANT’, Esq. 


SYNOPSIS 


An investigation of the relation of frequency to rainfall intensity, by the 
statistical method, forms the basis of this paper. All the available records of 
excessive rainfall published by the United States Weather Bureau for nine- 
teen cities were first examined and those exceeding certain rates were tabu- 
lated and plotted on semi-logarithmic paper. The graphs were straight lines 
of marked regularity in their arrangement. Then, the data from ten cities of 
the original nineteen were tabulated and plotted, thus using about one- 
half the quantity of data first used. A similar regularity and consistency | 
in the curves were found. Finally, the data from fourteen rain-gages in the 
Chicago (Ill.) District were used for finding curves and formulas for the use 
of the City of Chicago. The formulas for intensity are rectangular hyper- 
bolas and are plotted on hyperbolic paper as straight lines. The study is 
limited to excessive storms having durations of 120 min, and less. 


INTRODUCTION 


Rainfall intensity is involved in the design of storm sewers, as the rate of 
run-off is generally a function of the intensity. Adequate knowledge of inten- 
sities only becomes available with the accumulation of long-time records of 
automatic recording rain-gages. As the automatic gage has been in general 
use for only a few decades, formulas for intensity derived in the early part 
of the Twentieth Century were based on scanty information and should be 
revised. 

The Board of Local Improvements of Chicago, a department of the Muni- 
cipal Government which designs and builds most of the City’s sewers, has 
been using a formula for rainfall intensity of the exponential type which was 
adopted in 1915. It was based on the rather scant information about the 
rainfall of Chicago available at that time. (The Sanitary District of Chicago, 

“Nore. Discussion on this paper will be closed in May, 1937, Proceedings. 

1Engr., Board of Local Impvts., City of Chicago, Chicago, Ill. 


2 Div. Engr., Board of Local Impyts., City of Chicago, Chicago, Il. Mr. Grant died on 
October 30, 1936. 
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a separate and independent municipality, builds and maintains intercepting - 
sewers which carry the dry-weather flow of the sewers of Chicago and other 
cities to treatment plants. Its sewers, not being owned or controlled by the 
City of Chicago, are not classed herein as city sewers.) 

The multiplication of gages in recent years and the corresponding increase 
in the available data have led to a more complete study of rainfall intensities 
and frequencies by the Board than had previously been made, and to the 
search for formulas that would be the basis for more rational and economical 
design. : 

The study included the determination of a method for using data from 
a number of gages and an investigation of the validity of the station-year 
method for utilizing such data. Some of the results of that study are pre- 
sented herewith in an abridged form. ‘ 

The hyperbolic type of formula for intensity of rainfall, originated about 
forty years ago by A. N. Talbot, Past-President and Hon. M. Am. Soe. C. E., 
has been found to fit the data more consistently than the exponential type. 
This study includes only storms of 2-hr duration and less, and the formulas 
are not intended for longer durations. However, this time is sufficient for 
the majority of cases in the design of city sewers. 

In order to obtain a sufficient quantity of data on excessive storms, the 
records of a number of rain-gages in different cities are combined. 
These records give consistent and characteristic curves which afford a basis 
for judging the sufficiency of the lesser number of records which are available 
in a single city. 

The rainfall at any given point results from the operation of a number 
of unknown laws. It is classified, therefore, as a chance event. If rain- 
falls of certain intensities and frequencies do follow a law within limits, the 
question arises as to how many data are needed to determine such law. The 
record from a single rain-gage for 100 yr is much more valuable than the record 
from the same gage for 25 yr, or even for 50 yr. 

The tipping-bucket gage of the U. S. Weather Bureau which gives short- 
time records of excessive storms has not been in use long enough to give the 
desired quantity of data, and, therefore, some method must re used which 
will give reasonable results with scanty data. 

The method of approach used in this paper accepts and classifies the — 
available authentic data of a region or an area having somewhat similar rain- 
fall characteristics and thus accumulates a number of observations great 
enough to indicate a rule or a law. 


DEFINITIONS OF TERMS 


The following definitions, abbreviations, and letter symbols apply thorough- 
out this paper: 
“Intensity”, 7, is the rate of rainfall, in inches per hour. 
“Duration”, t, is the elapsed time, in minutes, for the excessive rainfall. 
“Quantity of precipitation”, da, is the total rainfall, in inches, for the 


time given. 
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“Frequency”, F, is the average time, in years, between occurrences. 

“Station-years” for a number of stations is the sum of the years of 
record for all stations in the group. 

“Excessive rainfalls” are those equal to or greater than the smallest 
quantities used in the tabulations. These quantities are: 


Rainfall, Duration, Rainfall, ‘Duration 
in inches in minutes in inches in minutes 
O;S Deere bates 5 WOKE cS cose 60 
0.50 10 1.30 100 
OG Seay iee wren. 15 1.40 120 


“Chance event”, is one in which the determining factors are unknown 
or are so complex that the result can be predicted only as an 
average, if at all. 


DEFICIENCIES IN Data 


When one attempts to find an expression for intensity of rainfall for any 
given frequency for Chicago, several difficulties appear: 


(a) The record of excessive storms is a comparatively short one. 

(b) The number of gages having an available record is too small. 

(c) The published records give the quantity of rainfall for successive 
5-min intervals, and it is only by chance that these may correspond to maxi- 
mum quantities for short durations. 

(d) The type of gage in use does not make a correct record of high inten- 
sities of short duration. 

(e) The published summaries of the U. S. Weather Bureau give excessive 
rates of rainfall for durations of 2 hr and less, only. 

(f) A single rain-gage gives a record of the precipitation at one point only, 
with no indication of the variation in any direction. It merely takes a 
sample, 1 ft wide, out of a storm that may have a width of 50000 ft. 

(g) A large number of storms might pass over a single gage before it 
would make a record of the maximum intensity of any one storm. 

(h) It seems that no one has ever installed enough gages to show a rea- 
sonably correct picture of an excessive rain storm. In the Chicago District 
(see Fig. 1 and Table 1) with an area of about 250 sq miles, there are now 
(1937) fourteen rain-gages of the tipping-bucket type. The distance between 
them is still too great to give satisfactory storm patterns, although an effort 
has been made to use the available information. 

These deficiencies probably explain inconsistencies in the results of rainfall 
studies and justify efforts to increase the statistical material applicable, to a 
specific problem so as to reduce the percentage of probable errors. The addi- 
tion of more gages multiplies the data each year and increases the points of 
application; for instance, in one Chicago Sewer District, comprising 4500 
acres, three gages were installed in 1983 to furnish data for a special study 
of the District as the entire run-off passes through a pumping station equipped 
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with recording Venturi meters’ It is hoped that some definite relation may 
be established between rainfall intensity, impervious area, rate of run-off, 
total run-off, and time. 


OVPET SHAE SIMA. 5 
a eed 


Scale in Miles eC 


M 


E 
anes 


Fic. 1.—Location or Rarin-Gaces, Cutcaco, ILL. (Smp TasieE 1). 


TABLE 1.—Location or Ratn-Gaces in THE Cutcago, Iniinots, District 


Rain-Gage No. 


L i Address 
(see Fig. 1) eoauicn 
(a) Untrep Statrs WEATHER BUREAU 
Ws eres University of Chicago... ..ci0%.6,..¢ ssisbie oe Fifty-ninth Street and Ellis Avenue 
Siete: United States Court House............. Adams and Clark Streets . 
12) ere anew Maunierpal Airport ios een tee steve e ree cies 5932 South Cicero Avenue 
(6) Crry or Cuicaco, ILLINOIS 
Dea a ata Mayfair Pumping Station.............. 4850 Wilson Avenue 
Y bate Springfield Avenue Pumping Station..... 1747 North Springfield Avenue 
iy SS eee § Roseland Pumping Station............. 351 West One-Hundred and Fourth Street 
Br eee Lake View Pumping Station............ 742 Montrose Avenue 
= (c) Sanrrary District or Curicaco 
3 eben, 3 Evanston Pumping Station............. 1457 Elmwood Avenue, Evanston my 
DIL. ote North Side Treatment Works........... Howard Street and McCormick Road 
elect Standard Oil Building.................. 910 South Michigan Avenue 
LOSS cate oe Electric Sub-station.................... Thirty-first Street and Western Avenue 
10 NE Se ee West Side Treatment Works............ Pershing Road and Fifty-second Avenue 
tate eaters Loyola University............2+.-.00. Sheridan Road and Loyola Avenue 
Winnetka (Discontinued September 27,| 560 Orchard Lane, Winnetka 
Cadre? 1933) (Now (1937) North Branch Pump-| Lawrence Avenue and Franciso Avenue 


ing Station) 


Revation oF Maximum Prectprration to TaBuLATep (PustisHep) 
QuaNTITIES For 5, 10, AND 15 Minutes 


The tabulation of excessive rainfall published by the U. S. Weather Bureau 
shows the quantities for successive 5-min intervals, beginning with the exces- 
sive rate. The maximum may occur partly in one and partly in another of 
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the 5-min intervals. When this occurs the published records do not show this 
“maximum. An examination was made of all the original rain-gage charts 
_of the excessive rainfall records for the Federal Building, in Chicago, for 
the 10-yr period, 1919-1928, to find the relation of maximum precipitation 
for selected 5, 10, and 15-min periods to the tabulated precipitation as pub- 
lished. The results of this study are shown in Column (1), Table 2. Because 
“excessive rainfall” as used in this discussion is greater than that used by 
the Weather Bureau, the number of storms shown is materially smaller. The 
results of a similar study of these storms are shown in Column (2), Table 2. 
In somewhat more than one-half the storms the maximum quantities were 


4 
TABLE 2.—ReuatTion or MaxtmuM PRECIPITATION TO TABULATED 


PRECIPITATION AS PUBLISHED 


Succrsstve INTERVAL, IN Minutes, BEGINNING WITH THE 
ExcrsstvE RATE oF RAINFALL 


5 10 15 


Storms Storms Storms 
Description Storms in which Storms in which Storms in which 
classified as| the maxi- |classified as| the maxi- |classified as the maxi- 
excessive | mumrain-| excessive | mum rain- excessive | mum rain- 
by U.S. fall rate by U.S. fall rate by U.S. fall rate 
Weather | exceeded | Weather | exceeded Weather | exceeded 
Bureau | minimum| Bureau | minimum | Bureau minimum 


used herein! used herein used herein 
(1) (2) (1) (2) (1) (2) 

ee | | 
Number of storms tabulated... .. 65 12 62 17 52 18 
Number of storms in which the 

maximum rate exceeded tabu- 

fatediratess) och: .itmewiem 2 ss 42 6 33 11 29 11 
Percentage excess of maximum 

rainfall over tabulated rainfall. 9.9 32 BEG) 2.1 2.3 2.0 


greater than those shown in the official tabulations for the given intervals. 


The increase averaged from 2 to 3% for that part of the record used for the 


curves. \ 


This record of one gage for ten years may be taken as an indication of the 
failure of the tabulated records to show maximum rainfall for short durations, 
but the data are too scanty to give general averages and no correction factor 


has been applied in this study. 


New Rute or tHe Unitep States WeratHeR Bureau For TABULATION 
or ExcEssIVE RAINFALL 


The U. S. Weather Bureau adopted rules, in March, 1984, relating to the 
tabulation of excessive precipitation which are expressed by two formulas, 
one for the Southern States and one for the Northern States. Table 3, con- 


TABLE 3.—Liuits at WHICH Precipitation May Be CoNstpERED EXcESSIVE 


DURATION OF STORM, IN MINUTES 


eet ae (et RGIS (20 ch 2h le, 30 ha 35° |) 40, 4a PaO Fed 


is Aaa aA 0.25 | 0.30 | 0.35 | 0.40 | 0.45 0.50 | 0.55 | 0.60 | 0.65 | 0.70 | 0.80 


C—O 


1 


’ 
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tained in a set of instructions issued by the Weather Bureau, explains these 
rules It is based upon the formula: 5 


On — t + DO sicko MRS «Seas 6 seed lee 


in which dq is the accumulated depth, in hundredths of inches; and ¢ is the 
time, in minutes. For stations in the Southern States (including North Caro- 
lina, South Carolina, Georgia, Florida, Alabama, Mississippi, Tennessee, 
Arkansas, Louisiana, Texas, and Oklahoma), where brief, heavy showers are 
comparatively frequent, the excessive rate, for the purpose of tabulation, is 
based upon the formula: 


da 5, Dh Ae BO cia ote «sin « Micrel ie see 


For a rain lasting 5 min, for example, the total depth in Table 8 would be 
0.40 in.; for ¢ = 30 min, dg = 0.90 in.; and, for ¢ = 60 min, da = 1.50 in. 

The U. S. Weather Bureau rule provides that the accumulated depths 
are to be tabulated when the fall equals or exceeds the rates determined by 
Equations (1) and (2) and that all tabulations must show the accumulations 
for 60, 80, 100, and 120 min, even where the excessive rate does not con- 
tinue for such periods. 

The rule for the Northern District applies to Chicago. However, the 
storms rated as excessive in this paper are in accordance with the definition 
previously given. The data published under the new rules are more com- 
plete and permit of more accurate analysis inasmuch as the precipitation 
for excessive storms is given for intervals as long as 120 min, although the 
excessive rate may not have continued for that length of time. This was 
not done in records previous to 1933, and any precipitation occurring within 
the 120-min period, but subsequent to the expiration of the excessive rate, 
was not shown. 


STATION- YEARS AND F'REQUENCIES 


The data on excessive rainfall from a single station are very scanty 
because the length of the record giving intensities for short durations 
extends over only a short term of years, and if storms of long-time fre- 
quencies occur in the record, it is difficult, if not impossible, to determine 
their frequencies. The best way to overcome this defect seems to be to 
combine the records of several stations and thus to obtain sufficient data to 
treat them statistically. The idea of combining records of different stations 
in hydraulic studies is not a new one. It was used by the late W. E. 
Fuller, M. Am. Soc. C. E.°, by A. F. Meyer, M. Am. Soc. C. E.4, and by the 
late Allen Hazen, M. Am. Soc. C. E> The data in Meyer’s compilation of 
excessive precipitation ended with the year 1914. Since then the total data 
available have been more than doubled by the publications of the U. S. 
Weather Bureau. 

* Transactions, Am. Soc. C. B., Vol. LXXVII (1914), p. 564. 


‘ “Hydrology”, by A. F. Meyer, John Wiley & Sons, 1928. 
5“Plood Flows”, by Allen Hazen, John Wiley & Sons, 1980, p. 90. 
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If there are 10 stations with a 30-yr record for each station, there are 
300 station-yr. A record that occurs three times in the entire 80 yr has 
a probable frequency of 100 yr for any one station, or the chance of such a 
storm occurring at a given station in any year is 1 in 100. In the same 
manner a record that occurs ‘ 
thirty times has an average 
frequency of 10 yr, and a 
record that occurs sixty times 
has a frequency of 5 yr. If pe 
the distribution were uniform 20 
and if each station showed that 
a certain record occurred six 10 
times in the 380 yr, the 5-yr 
frequency would be apparent, z 
and the record of one station, 
in so far as this record was 
concerned, would be as good as 
the record’ of ten stations, but 
the distribution is not uniform 
and an average frequency is 
sought. The use of several 
rain-gages distributed through- 
out the area considered is a 
reasonable method of accumu- 
lating the needed data if the 
record extends over a consider- 
able number of years. 


100 ° 


50 


5 


(2) 659 STATION YEARS 
100 


50 


30 — ail 


20}-+ 


120 
100 


Duration of Storm, in| Minutes 


10 


(Once in A Given Number of Years) 


F, 


Intensity CurRvES ON SEMI- 
LoGaRItTHMIc PAPER 


Frequency, 


The curves from formulas 
for intensity of the compound 
interest law type when plotted 
on semi-logarithmic paper are [ We [ 4 
straight lines, and, therefore, Duration of Storm, in Minutes 4 
the intensities for any given a2 
duration have a constant dif- 
ference for frequencies that L 
vary in a geometric ratio, such io baal esi 7a) 2) 
as 5, 10, 20 and 40 yr. 7M wad poe 
EL RS eee ae Ray ri 


120 

100 
60-4 
Lo 


| 


F tt Ite : 0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 
greatest difference im intens1- Intensity, i, in Inches per Hour 
ties for any given frequencies ; FIG. 2.—FREQUENCY-INTENSITY GRAPHS, FROM 


hence, in Fig. 2, the 5-min line EQUATIONS OF THD FORM, i= 77> (Sup TABLE 5). 
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shows the greatest differences and the 120-min line the least, as would 
be expected. 

In 1930, C. S. Jarvis, M. Am. Soe. C. E., presented® a chart of frequency 
curves on semi-logarithmie paper, which shows the minimum and maximum 
annual precipitation for four stations, namely: Padua, Italy, 202 yr; Paris, 
France, 214 yr; Charleston, S. C., 187 yr; and, Boston, Mass., 111 yr. 
Commenting on “some interesting and useful relations” regarding periodic 
maximum and frequency curves, Mr. Jarvis ‘calls attention to the fact that 
the mean monthly or the mean annual precipitation seems to form a simple 
arithmetical progression, whereas the related.time intervals form a geomet- 
rical progression. His graph* illustrates, for the yearly precipitation, “how 
nearly the straight-line relation holds for frequency curves when they are 
thus plotted on semi-logarithmic paper.” Similar results are apparent for 
monthly periods. 


Strations STUDIED 


The records of nineteen U. S. Weather Bureau Stations for all storms 
occurring in the years, 1915 to 1932 (several thousand in number), that were 
classified as excessive by the Weather Bureau, were examined for intensities 
and durations coming within the limits of this study. The records selected 
were summarized by classes and added to the Meyer summary for the earlier 
years. No correction factor was used for the precipitation corresponding to 
any duration. ; 

The nineteen stations selected were: Albany, N. Y.; Asheville, N. C., 
Boston, Mass., Cairo, Ill., Chicago, Ill., Cincinnati, Ohio, Cleveland, Ohio, 
Detroit, Mich., Dodge City, Kans., Elkins, W. Va., Grand Haven, Mich., 
Indianapolis, Ind., Knoxville, Tenn., Madison, Wis., Memphis, Tenn., Moor- 
head, Minn., Pittsburgh, Pa., St. Paul, Minn., and Yankton, S. Dak. Inde- 
pendent studies and graphs were made for each of these nineteen stations 
for the 87 yr covered by the 1915-1932 data (18 yr) combined with the 
Meyer data (19 yr). A considerable degree of similarity was found with 
only such discrepancies as might be expected from data of such limited nature 
covering chance occurrences. 

Graphs and formulas were derived from these data, covering the quantities, 
intensities, frequencies, and durations for excessive storms. It was found, 
by plotting the tabulated statistical results on semi-logarithmic paper for 
storms of 5, 10, 15, 30, 60, 100, and 120-min duration, that the data were 
best represented by straight lines, as shown in Fig. 3(a). The precipitation, 
in inches of rainfall, was plotted on the arithmetical scale and the number 
of storms exceeding the given depth of rainfall on the logarithmic scale. 
The means of class intervals were used in plotting the curves. For example, 
on the 30-min graph shown in Fig. 3(a), 3583 storms were plotted against 
1.05 in. of rainfall for the class interval extending from 1 in. to 1.10 in., it 
being assumed that as many storms in the class interval exceeded the mean 
as were below the mean. The class intervals vary for storms of different dura- 
tions, but are the same for each duration in all these studies, With this 


° Transactions, Am, Soc. C. E., Vol. 95 (1981), Fig. 3, p. 400. 
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TABLE 4.—Summary or Recorps or Storms at Ten Stations, 1900 ro 1932 


Precipita- | Knox- | Mem- | Indian- | Cincin- | De- Chi- St. : Yank- | Dodge a 
in ville, | phis, | apolis, | nati, | troit, | cago, | Paul, ba ton, | City, | Total eae 
inches Tenn. | Tenn. iid. Ohio Mich. Ill. Minn. 8. Dak.| Iowa 

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) 

(a) Preciprration 1n 5 Minurtns 
0.35 to 0.39 14 12 20 ll 11 14 10 9 10 8 119 227 
0.40 to 0.44 4 4 6 3 8 3 4 3 7 4 46 108 
0.45 to 0.49 4 1 4 3 4 3 6 1 1 3 30 62 
0.50 to 0.54 1 0 3 4 1 3 2 1 2 4 21 32 
0.55 to 0.59 0 1 0 0 0 2 2 0 0 1 6 11 
0.60 to 0.69 0 1 0 0 0 0 0 1 0 0 2 5 
0.70 to 0.79 0 1 0 1 1 0 0 0 0 0 3 3 
0.80 to 0.89 0 0 0 0 0 0 0 0 0 0 0 0 
otal. 23 20 33 22 25 25 24 15 20 20 227) a. tee 
(6) Precrprration in 10 Minutes 
0.50 to 0.54 12 17 16 14 13 7 12 22 17 6 1 396 
0.55 to 0.59 9 13 13 10 3 10 6 7 12 3 8h 260 
0.60 to 0.69 9 5 16 8 10 7 7 g 11 8 &9 174 
0.70 to 0.79 4 3 4 2 7 5 6 5 4 5 45 85 
0.80 to 0.89 2 0 4 2 1 4 1 0 1 0 15 40 
0.90 to C.99 2 1 2 2 1 2 2 2 1 4 19 25 
1.00 to 1.09 0 1 0 0 0 0 0 c 0 2 3 6 
1.10 to 1.19 0 0 0 0 0 0 0 0 0 0 0 3 
1.20 to 1.29 0 1 0 0 0 0 0 0 0 0 1 3 
1.30 to 1.39 0 0 0 0 1 0 0 0 0 0 1 2 
1.40 to 1.49 0 0 0 1 0 0 0 0 0 0 1 1 
Total...... 38 41 55 39 36 35 34 44 46 28 S96. haa 
(c) Precipitation 1n 15 Mrnurtus 

0.65 to 0.69 5 13 11 5 6 6 5 13 7 4 75 334 
0.70 to 0.79 14 14 15 9 8 8 7 14 12 10 114 259 
0.80 to 0.89 4 3 14 5 4 6 9 5 Ul 5 62 145 
6.90 to 0.99 3 4 2 2 8 5 1 5 3 5 38 83 
1.00 to 1.09 4 1 5 2 1 1 2 1 1 0 18 45 
1.10 to 1.19 0 0 2 0 0 3 0 0 1 4 10 27 

1.20 to 1.39 3 0 1 2 0 1 2 2 1 2 14 17 

1.40 to 1.59 0 0 0 0 0 0 0 0 0 0 0 3 

1.60 to 1.79 0 ie! 0 1 0 0 0 0 0 0 2 3 

1.80 to 1.99 6 0 0 0 1 0 0 0 0 0 1 1 

Wotal. x26, 33 36 50 26 28 33 26 40 32 30 334 | ..... 
(d) Preciprration in 36 Minutes 
0.90 to 0.99 6 13 10 1l 7 4 
1.00 to 1.09 5 10 8 5 5 8 i 3 3 Fs 70 
1.10 to 1.19 2 9 7 1 4 6 4 9 5 5 52 148 
1.20 to 1.39 4 2 5 0 6 7 5 6 7 5 47 96 
1.40 to 1.59 5 1 2 4 2 2 3 1 *4 6 28 49 
1.60 to 1.79 1 0 1 1 0 1 0 3 2 0 9 2r 
1.80 to 1.99 1 0 1 0 C 0 0 0 0 1 3 12 
2.00 to 2.19 1 0 0 0 0 1 2 0 0 0 4 9 
2.20 to 2.39} 0 0 0 1 1 0 0 0 0 1 3 5 
2.40 to 2.59] 0 0 0 1 0 0 0 0 0 0 1 2 
2.60 to 2.79 0 220 0 0 0 0 0 0 
2.80 to 2.99] ° 0 1 0 0 0 1 

F 2. 0 0 0 0 0 0 0 0 1 1 
Total...... 25 2 6 a a 
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method of plotting, double points occur on certain lines as on the 10-min 
line in Fig. 3(b). The list of excessive storms shown in Table 4 indicates 
a total of three storms for each of the intervals, 1.10 to 1.19 in. and 1.20 to 
1.29 in. The statistical results for the 330 station-yr study, given in Table 
4, is typical. The respective class intervals are shown in Column (1) and 
the number of storms shown in Column (13) were the values plotted for 
each class interval. The deviation of individual points from a straight line 
was a matter of only a few hundredths of an inch of rainfall, except in 
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TABLE 4.—(Continued) 


Precipita- | Knox- | Mem- Indian- | Cincin- | LDe- Chi- St : Yank- | Dodge 
tion, in ville, phis, | apolis, nati, troit, cago, | Paul, Cairo, ton, City, | Total Sum- 
inches | Tenn | Tenn | Ind Ohio | Mich Ti *| Minn | 8¥Pt|s Dak| Towa Les 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) 
(e) Precipitation in 60 Minutus 
1.20 to 1.29 2 6 3 5 3 5 5 6 5 2 4 2 
1.30 te 1.89 7 4 2 2 4 6 3 4 3 6 re 167 
1.40 to 1.49 3 5 3 2 2 4 3 1 4 3 30 126 
1.56 to 1.59 1 3 4 a 0 1 2 6 2 0 20 96 
1.60 to 1.79 3 5 3 2 3 2 1 3 6 3 31 76 
1.80 to 1.99 2 1 0 1 0 2 0 1 3 2 12 45 
2.00 to 2.19 0 0 3 2 1 0 1 2 1 3 13 33 
2.20 to 2.39 1 0 0 1 1 2 2 0 1 2 10 20 
2.46 to 2.59 2 0 0 0 0 0 1 0) C 0 3 10 
2.60 to 2.7 0 0 1 1 0 0 1 0 0 0 3 7 
2.80 to 2.89 0 0 0 out) G 0 0 0 0 0 0 4 
3.00 to 3.24 0 0 0 0 1 0 0 1 G 0 2 4 
3.25 to 3.49 0 1 0 if 0 0 0 0 0 1 2} 2 
Mota... ss. 21 25 19 17 15 22 19 24 25 22 2007 E.naee 
(f) PreciprraTion in 100 MinvuTES 
1.30 to 1.39 7 3 2 1 4 6 3 5 2 8 41 192 
1.40 to 1.49 3 2 2 3 2 4 4 3 3 4 30 151 
1.50 to 1.59 1 3 5 1 0 2 2 3 2 1 20 121 
1.60 to 1.79 2 4 2 4 1 2 2 3 4 3 27 101 
1.80 to 1.99 2 5 2 0 3 2 2 3 5 1 25 74 
2.00 to 2.19 0 1 2 1 1 1 1 4 2 1 14 49 
2.20 to 2.39 0 2 2 2 0 2 1 0 0 3 12 35 
2.40 to 2.59 2 1 0 1 0 0 1 1 1 1 8 23 
2.60 to 2.79 1 0 6 1 2 0 1 0 0 1 6 15 
2.80 to 2.99 1 0 1 0 0 0 1 0 0 0 3 9 
3.00 to 3.24 0 0 0 0 0 0 0 1 1 0 2 6 
3.25 to 3.49 0 0 0 0 6 6 0 0 0 0 0 4 
3.50 to 3.74 0 0 0 0 0 0 0 1 0 0 1 4 
3.75 to 3.99 0 0 0 G 1 0 0 0 0 0 1 3 
4.00 to 4.49 0 0 0 0 0 0 0 0 0 0 0 2 
4.56 to 4.99 0) 1 0 0 0 0 0 0 0 1 2 2 
Motall sesh 19 22 18 14 14 19 18 24 20 24 192 Witecans 
(q) PRNCIPITATION IN 120 Minutes 
1.40 to 1.49 3 2 2 eo) 2 4 4 3 3 4 30 152 
1.50 to 1.59 1 3 5 i! 0 3 2 3 2 1 21 122 
1.60 to 1.79 2 2 2 2 1 2 2 3 4 3 23 101 
1.80 to 1.99 2 4 2 2 3 2 2 3 5 1 26 78 
2.00 to 2.19 0 3 2 1 1 1 1 3 1 1 14 '52 
2.20 to 2.39 0 73 2 2 0 2 1 1 0 3 13 38 
2.40 to 2.59 1 1 0 1 0 0 1 0 1 1 6 25 
2.60 to 2.79 1 0 0 1 2 0 1 1 0 0 6 19 
2.20 to 2.99 il 1 1 0 0 0 0 0 1 0 4 13 
3.00 to 3.24 0 0 0 0 0 0 1 1 1 1 4 9 
3.25 to 3.49 1 0 0 0 0 0 0 0 0 0 1 5 
3.50 to 3.74 0 0 0 0 0 0 0 1 0 0 1 4 
3.75 to 3.99 0 0 0 0 1 0 0 0 0 0 1 3 
0 0 0 6 0 0 0 0 2 
4.00 to 4.49 0 0 0 
4.50 to 4.99] 0 1 0 0 0 0 0 0 0 1 2 2 
Total tvecia:s 12 19 16 13 10 14 15 19 18 16 152 A 


certain cases where the indicated frequency exceeded 100 yr, which is to 
be expected, as the correct frequency of rare storms is always a matter of 
uncertainty in a short record. 

Some frequency lines are also shown on Fig. 3(a). The 10-yr frequency 
is represented by the horizontal line through the point, 65.9, which represents 
one storm in 10 station-yr. A frequency-quantity graph was derived directly 
from Fig. 3(a) by plotting the values of the depths for the 100-yr frequency 
line and the depths for the 5-yr frequency line, and drawing straight lines 


= és . “ 4 
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between the points plotted. In other words, such a graph would be similar 
to Fig. 3(a), except that the curves are inverted, and the logarithmic scale 
then gives the frequency for any number of years from 1 to 100. 


100 Fig. 4 gives the relation 


50 sity for the nineteen stations. 
These graphs were obtained 
directly from the atoremen- 
tioned  frequency-quantity 
Duration of Storm, in Minute graph by converting the quan- 
Bf = t tities for the various durations 
into intensities, or rates per 


uo 
~ 


quency on the logarithmic 
scale. This chart shows fre- 
quencies up to 100 yr, but 
as the data cover 659 sta- 
: Fiendeh eas A % e tion-yr, it might be reason- 
Fic. 4.—Frequency-InTensity Curves or Statis- able to extend the graphs to 
TICAL DATA; 65 STATION-YEARS. an even higher limit. 
Although the relation between durations and depths of rainfall for any 
frequency appears to follow a law as expressed by logarithmic formulas, it was 
found that the hyperbolic type of’ formula represented by, 


oe we A 
eed 


was the best form for showing the relation between intensity and duration 
for storms not exceeding 120 min of a given frequency. (In Equation (3), 
A and b are abstract constants, as explained subsequently under the heading 
“Constants in the Formulas for Intensity”.) Formulas of this type were 
derived from the 659-station-yr data. These formulas were then plotted, as 
shown by dots in Fig. 2(a), and furnish a basis of comparison with the 
graphs as derived from the statistical data as shown on Fig 4. The points 


Frequency, F, (Once in A Given Number of Years) 


Pe Ww 


aise ha Oe 
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TABLE 5.—Varuations or Constants IN THE Form or Equation (3) 


FRRQUENCY, IN YEARS 


; Formulas Ae 
or intensity ¢ 
Ae. of rainfall, 2 : 5 i 10 20 fend 40 80 
VO pee Nu- Nu- Nu- Nu- Nu- Nu- 
diagrams mera- | 6 | mera- | b | mera- | b | mera- | b | mera- |’ b | mera- | b 
tor, A tor, A tor, A tor, A tor, A | tor, A 
1 PAG gees Fists o7 | 16 126 | 18 152 20° hs 77 | Qa 202 | 22 22' 
2 2(b) and 5.... 102 | 16 138 | 19 166 | 21 193 22 222 | 24 351 = 
3 AG) te a ae oe 108 | 17 137 | 18 157 | 18 181 | 19 202i} LD: aces one - 


as plotted from these formulas give a straight line for each duration, indi- 
cating a remarkable consistency in the formulas. These graphs give values 
very close to those shown by the statistical graphs, except in the case of the 


1 


between frequency and inten- 


hour, and by plotting the fre- — 
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5-min line, and probably the values given by the formula are more nearly 
correct for this duration than the values given by the statistics. The curves of 
Fig. 2(a) are variations of Equation (3), as defined by Item No. 1, Table 5. 


HisTorIcAL 


The hyperbolic type of formula has been used since 1891, and the credit 
for it belongs to Professor Talbot. In reply to an inquiry concerning the 
history of it, Professor Talbot wrote to the writer on July 31, 1933, as 
follows: 


“Tn 1891 when I was making a study of rates of rainfall as affecting 
desirable size of stormwater sewers the only reference found in engineering 
literature was an article by Professor Nipher of St. Louis in the American 
Engineer, May 8, 1885, which gave a formula for intensity having a con- 


stant in the numerator and the time in the denominator (i = me). Nipher’s 
t 


data were limited to St. Louis. 

“The printed reports of the U. S. Weather Bureau gave the rainfall for 
certain time periods, but little or no attention was given to the rate or 
intensity of the rainfall as such. After plotting the rates against time for 
all the data available in the published records of the U. S. Weather Bureau 
and for different sections of the Country and for the larger cities, my studies 
indicate that a formula of the form of a constant in the numerator and the 
time plus a constant in the denominator would best envelop the plotted points 
for ‘rare rainfalls’ and another of the same form those for what were called 
‘ordinary rainfalls.” The studies further brought out that the maximum 
rates shown by the accumulation of data were not greatly different for the 
several sections of the country considered (the maximum rates, not their 
frequency), a conclusion quite different from the views then commonly held. 

“The studies were published as ‘Maximum Rates of Rainfall’ in The 
Technograph, No. 6, 1891-92, University of Illinois. This article was repub- 
lished in whole or in part in engineering journals and has been abstracted or 
referred to through the years in discussions and publications here and 
abroad. For thirty years hardly a year went by without seeing a reference 
to it in print. 

“So far as the form of the formula is concerned, it was devised by me, 
and L have seen nothing since that indicated a prior use by another. Mr. 
Kuichling told me later that he had used a straight-line formula in 1889. 
Mr. Rudolph Hering once showed me the rainfall plots he had made for New 
York City, but after reading my article he had not gone further in the study 
of the subject. 

“Tn the years intervening since the publication of ‘Maximum Rates of 
Rainfall’ there has been a great and valuable accumulation of rainfall sta- 
tistics. It would not be strange if now a new constant or even a new form 
of formula would better fit the data. Naturally I am pleased to learn that 
the form of the formula devised by me so many years ago is useful in express- 
ing the intensity of rainfall for Chicago.” 


Some of the hyperbolic formulas in common use are of the Talbot type. 
Formulas of this type that are used in other cities have been studied in 


connection with the frequency-intensity graphs, Figs. 2(a) and 4, and also 
on hyperbolic paper with varying results. Qonsiderable variation in fre- 


; 


9 
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quency has also been found for formulas of the exponential type such as, 


LAR Rh tiie Sitar 
~ + by 


Thus far, it has not been found, in any of these investigations, that a formula 
of this type would give a constant frequency for all durations between 5 and 
120 min. Rectangular hyperbolas fit the data better than any other curves 
and the Talbot type of formula is the simplest expression found for them 
for a given frequency. 


a 


Limitations oF ForMuLA For INTENSITY 


Although the hyperbolic type of formula appears to be singularly adapted 
to express the intensity for a given frequency, for excessive storms of dura- 
tions not exceeding 120 min, it is, from its fundamental structure, not 
applicable for storms of long duration, as shown by the following analysis. 
The formula, 


ER ShcA Ta se 
t+ 24 


gives the intensity or rate per hour for a 40-yr frequency curve. If it is 


multiplied by a the result will be the precipitation, d, for the time, ¢. Then: 


222 SNAPE Cay, <a (6) 
ep Tait mre 


da = 


The factor, , will always be less than unity for any value of ¢ and, 


therefore, the value of da cannot exceed 3.7 in. for any time. When ¢ becomes 
large, the change in dy is small for successive changes in ¢, as shown by the 
following tabulation: 


Duration, t, Precipitation, | 
in minutes da, in inches 
LOOT a este C ist ahetole ere sees ie stags lois tere . 3.08 
BOOK Sine Baek ARSE ceterslc otare otetacete lense the 3.56 
LAOS eee eco s cita ceistnielen ernie ene eevee tae ee 3.64 
2880 <<< e:0is-atecite eis Soke aeatehe tec tel tekeceesieie 3.67 


As the rainfdll in 10 hr, or 24 hr (600 min, or 1440 min) may greatly exceed 
the corresponding values shown for da, Equation (6) is evidently not 
applicable for the longer durations. 

A formula for depth of rainfall was derived as a function of log-time 
which fits closely the data used in the hyperbolic formula (Equation (8)) 
from ¢ = 10 to ¢ = 120 min and does not have the defect of reaching a maxi- 
mum. 

In the case of the 40-yr frequency, it was: 


da = 1.89 log t— 0.80. 5.2.5 te tS Se 


February, 1987 RAINFALL INTENSITIES AND. FREQUENCIES 239 


The hyperbolic form is simpler for computation and is the one preferred when 
the time extends only to 120 min. 


Curves For TEN SELECTED STATIONS 


After analyzing the data for the entire nineteen stations results were . 
examined to discover the ten stations having characteristics similar to 
Chicago conditions. This was done for the purpose of securing data that 
corresponded most closely to the Chicago conditions, in order to amplify 
limited records available locally. The ten stations were: Cairo, Ill., Chicago, 
Ill., Cincinnati, Ohio, Detroit, Mich., Dodge City, Kans., Indianapolis, Ind., 
Knoxville, Tenn., Memphis, Tenn., St. Paul, Minn., and Yankton, S. Dak. 

After selecting these stations an independent study of the records of the 
U. S. Weather Bureau for the 33 yr from 1900 to 1932, inclusive, was made 
and the excessive storms were tabulated as shown in Table 4. Similar tables, 
which are not shown, were prepared for the studies for 659 station-yr, and for 
Chicago. Graphs were made similar to the graphs prepared for the 659 
station-yr in the preliminary studies. 

Tt was found that the use of the data for storms of low intensity added 
little to the value or the accuracy of the graphs. In general, Table 4 includes 
only storms having intensities equal to or greater than those indicated in 
the definition of excessive storms. These intensities include all frequencies 
likely to be of interest to the designer of storm sewers for the reason that 
sewers should be designed to provide for storms of greater intensity than 
those likely to occur once a year or oftener. 

Fig. 3(b) shows the statistical data for ten stations for the years, 1900 
to 1932, inclusive, or a total of 330 station-yr plotted on semi-logarithmic 
paper, with the depth of rainfall shown on the arithmetical scale and the 
number of storms on the logarithmic scale Fig. 3(b) corresponds, for the ten 
stations, with Fig 3(a) showing the nineteen stations, and is similar in 
the relative position of the graphs. More than 1800 excessive storms were 
tabulated and studied to make the chart for ten stations. 

Fig. 2(b) shows frequency-intensity graphs for 330 station-yr plotted from 
the hyperbolic formulas which were derived from the statistical data. 
For the ten stations, Fig. 2(b) is comparable with Fig. 2(a) for the nineteen 
stations. With the exception of the 5-min and 10-min lines, the graphs fit the 
original data so nearly that they are practically coincident. From the formulas 
(Equation (3), and Items Nos. 1 and 2 in Table 5), the 5-min line is probably 
more nearly correct than the original data, as it gives larger values. The 
equation for the 60-min curve on this chart may be written in two forms: 


f= 1.08 + 100 log Pe vevaceSecee ence cess eB) 


or, 
F = 0.0938 parent yi ele aaa in gt 


in which e is the Naperian base. The curves of Fig. 2(b) are variations of 
Equation (3), as defined by Item No. 2, Table 5. 
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DERIVATION oF A ForMULA For THE 60-MinuTE GrapH oN THE FREQUENCY 
Twrensity Cuart ror 330 Sration-Years (See Fic. 2(b)) 
Any curve that appears as a straight line on semi-logarithmic paper has 


an equation of the form: 
Pe Lee ISNT cele i 


in which k is a constant, and r is the rate of increase. Substituting F’, the 
frequency, and i, the intensity, for y and x, Equation (10) becomes: 


Taking values of i from the curve for the 60-min storm (Fig. 2(b)) when 
F = 100 and F = 1 and substituting them in Equation (11): 100 = ke’; 
and, 1 = k e*™". Then, converting to the logarithmic form: 

For F = 100: 


log 100 = log & + 3.08 r loge... sc... 2. 2. Ca} 
TOTS Huei 
log. 1 = log By4- 4.03) rqlogad: -t)1n tee eee 
and, by subtraction, 
9. ==) 9.00.7. logles ao: <iaae bliss cs ae 
Finally, r = Per: = 2.30; and, by substituting this value in Equations 
0.4343 
(12) and solving simultaneously: log k = — 1.03 = 8.97 — 10; k = 0.0933; 
and, substituting in Equation (11): 
ES == 0.0083 A Aas. aa geeah, Atha. oe ee 


Equation (14) may be reduced to the formula for intensity, as follows: 


log F = Jog 0.0983 + 2.3 °% log @in%.... «. «neces qnenGian 
and since 2.3 log e = 1, 
log “FF * =, low, 0.0933. nay vc anes oa « ceuay See 
and, 
t= log Fo Jog 0.0933. = log + 1.08.45 2.81.0. tee 


which may also be obtained by inspection of Fig. 2(b). The equation for 


any other line on Fig. 2(b) can be obtained in a similar manner: 
Kor ¢.=~120, 


4s 80,57 4-10.61. log sri <a" eos Ghee ae 
for # = 100, 


i = 067) 2070. log Fasc scce ots ves seen 
for ¢ = 60, 


4 = 1.08 1+-1.00 log P54 aiden. use ete ee 


' 
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fore. == 430, 

ee OU EA MOR LL od ot gators! oie eee ds xe sw CLOSE) 
Horst) == 15, : 

PeeeNO Comte MO PLOW OE aed, 0. tage as «4, ee, S RESO) 
for t = 10, 

MOON 20st log UP eae: Bat OS LSP) 
and, for { = 5, 

ie aL 89. Sele Fie vide bin) ects OE ee LOD 


The constant is the value of the intensity for the 1-yr frequency and the 
coefficient of log F' is the 10-yr intensity minus the constant. As the loga- 
rithm of 10 is 1, it is apparent that the value of the 10-yr intensity is the 
sum of the constant and the coefficient. 


Tue CuHicAco CuRVES 


The methods of studying the nineteen stations and, later, the ten stations 
were then applied to the data of the U. S. Weather Bureau for the Chicago 
Station. Following the procedure previously described for the nineteen 
stations, a chart was prepared with graphs showing storms from 5 to 60-min 
duration, based on the statistical data for a period of 33 yr, which were all 
the official data available for that station, for excessive storms of those 
durations. 

Other rain-gages in the Chicago District furnished records that might be 
combined with the data of the Weather Bureau Station, to give charts based 
on nearly three times the statistics of the single station. Thirteen rain-gages 
of the automatic type furnished the precipitation data for the City of Chicago 
used in this study. The location of the gages is shown in Fig. 1 and Table 1. 
Of these, two are maintained by the U. S. Weather Bureau (three in 1937), 
four by the City, and seven by the Sanitary District of Chicago (six in 
1937). The distribution of the gages, although not ideal, is still fairly good 
as may be seen by reference to the outline map of Chicago in Fig. 1. 

Three gages were established in 1933. Five gages have records beginning 
in 1996. The records of excessive precipitation from two of the automatic 
gages of the Federal Government extend back to 1919 and 1900. It is quite 
possible in combining these records that too much emphasis is given to 
records of recent years, but there is no obvious method for balancing this 
defect except by adding new data as they occur. Seven years of observation 
with the present number of gages will about double the data. 

The official station (for observation purposes) of the U. S. Weather 
Bureau, in Chicago, was on the United States Court House (formerly the 
Federal Building) previous to 1926, when the official station was moved. 
Rosenwald Hall and the adjoining campus at the University of Chicago then 
became the official station (for observation purposes), although it. had been 


| 
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in existence as an unofficial station of the Weather Bureau since 1916. The 
station on the U. S. Court House has been continued, but its records have 
not been published since 1925. 


Curves APPLYING TO THE CuIcAaco DistRIcT 


Fig. 3(c) shows the statistical data for the combined records of two 
Weather Bureau gages,’and the several gages maintained by the City of 
Chicago and the Sanitary District of Chicago to the end of 1933, amounting 
to 107 station-yr. The longest record for one gage is for 34 yr. Fig. 2(c) 
shows frequency-intensity graphs for storms from 5 to 120-min duration, 
based on formulas derived from the foregoing statistics. The plotting of the 
formulas in this case shows the same consistency of the points on the lines 
and the relative position of the graphs that was shown in Figs. 2(a) and 2(b). 
The curves of Fig. 2(c) are variations of Equation (8), as defined by Item 
No. 8, Table 5. 


Semi-HyprerBouic PAPER 


The Talbot formula, Equation (3), is a special form of the general equa- 
tion xy = k, representing a rectangular hyperbola. Since the value of zx 
varies as a hyperbola, the locus of the equation should be a straight line 
when plotted on semi-hyperbolic paper, that is paper graduated in one 
dimension on an arithmetical scale and in the other dimension on a hyper- 
bolie scale. 

As an investigation failed to disclose any hyperbolic paper of suitable size 
on the market, paper of this type was prepared. For the purpose a form of 
semi-hyperbolic paper of letter-sheet size was prepared with the hyperbolic 
scale covering 10 in. and the arithmetical scale, 7 in. The hyperbolic scale 
is derived from the formula for a rectangular hyperbola. In this case the 
base line equals 10 in., and the divisions from the right-hand margin are equal 
to ten times the reciprocals of the numbers from 1 to 10. For example: The 
line, 5, is ten times 1 = 2 in. from the margin; the line, 2, is ten times 4 
= 5 in. from the margin; the value of the line at the left margin is 1.0; and 
the value of the line at the right margin is infinity. 

Equations of the form, zy = k, which includes equations for intensity of 

126 
t+ 18 
a range for i = 1 toi = 10; and a range for t = 0 to t = 120. 


rainfall, such as i = , appear as straight lines on this paper. It has 


Intensity Curves on Semi-Hypersouic Paper 


Fig. 5 shows, on semi-hyperbolic paper, the intensity-duration relation- 
ship for storms varying in frequency from 2 to 80 yr as determined by 
the formulas derived from the studies for the ten stations previously men- 
tioned, including 330 station-yr (see Table 5). The frequencies shown, for 
F = 5, 10, 20, 40, and 80 yr, are in a geometrical progression; the 2-yr fre- 
quency is an exception. The graph for the 10-yr frequency is midway 
between the graphs for the 5-yr and 20-yr frequencies, and the graph for any 
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term in the geometrical progression lies midway between the graphs of the 
adjacent terms. The application of this relationship for interpolating inter- 
mediate frequencies and for deriving formulas will be discussed subsequently. 

The intensity curves on hyperbolic paper are best adapted for use in pre- 
paring sewer designs. The range of the charts is sufficient to include all 
except the larger sewer projects. Curves are given for five or six different 
frequencies and for durations of as much as t = 120 min with 2-min intervals. 
Graphs for other frequencies than those shown, can easily be added if needed. 


120 


100 


80 


60 


t, in Minutes 


40 


Duration, 


20 


1 2 5 10 


Intensity, 7, in Inches per Hour 
Fig. 5.—INTENSITY-DURATION GRAPHS ; 330 SraTrIon-YHARS (SEH TABLE 5, ITEM No. 2). 


A brief examination of these charts reveals the great importance of the 
time element. A change of 10 min in the estimate of the concentration 
period, as from 50 to 40 min, may be the equivalent of changing from a 5-yr 
frequency to a 10-yr frequency; for example, the intensity for a 5-yr fre- 
quency is 2 in. for 50 min, and 2.33 in. for 40 min, the latter being the same 


as the intensity for a 10-yr frequency for 50 min. 


Tue ConsTANTS IN THE FORMULAS FOR INTENSITY 


The constants in the formulas for intensity were found originally by trial 
to make the formulas fit the values in the statistical data. This is easily 
done with the slide-rule. They may also be found by solving Equation (3), 
using the values for 7 and ¢ that are obtained from the graphs of the statis- 
tical data (Fig 3). After the formulas were determined for the various fre- 
quencies, the results were verified, and the accuracy and consistency of the 
formulas and data were examined by plotting the constants in the numerators 
and denominators on semi-logarithmic paper. 
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Fig. 6 shows the constants used in the intensity formulas applying to the 
data for nineteen Weather Bureau stations. The values for the constants 
in the numerators lie on a straight line with one exception and the values 


100 J 


50 


20 


5 /| L 


Frequency, F, (Once in A Given Number of Years) 


2 é f< 
75 100 125 150 175-200 10 15 20 25 20 30 40 50 60 70 80 90 100 110 120 130 140 


Numerators (Accumu- Denominators (Dura- Duration, t, in Minutes 
lated Depth, d,, tion, t + b, in 
in Inches) Minutes) 
Fic. 6.—CONSTANTS IN INTENSITY Fic. 7.—FREQUENCY DURATION GRAPHS FOR 
FORMULAS, 659 STATION-YEARS. THE INTERPOLATION OF FREQUENCIBS. 


used in the denominators are close to a line with very slight curvature. 
All the constants in these formulas are whole numbers, as it seemed that 
the introduction of fractions would be a needless refinement. By the use 
of the graphs the approximate values of the contents in the formulas for 
any desired frequency from 2 to 100 yr may be obtained, and formulas for the 
intensity for any desired frequencies within the range of the chart may be 
written. This gives a simple method for computing two values and, drawing 
any intermediate frequency line on the hyperbolic chart. 


GRAPHICAL INTERPOLATION OF FREQUENCY LINES 


A graphic method for interpolating frequencies on a hyperbolic chart of 
rainfall intensities for the ten stations, is shown in Fig. 7, in which intensity 
lines are drawn with frequency and time as the co-ordinates. In other words, 
it is a frequency-duration chart for various intensities. The points were 
found by solving for time in the intensity formulas for the several fre- 
quencies with assumed intensities from 1 in. per hr to 3 in. per hr. These 
points, for frequencies of 5 yr, or more, when plotted on the semi-logarithmie 
paper give a straight line for each intensity; for example, if it is desired 
to interpolate on the hyperbolic chart, Fig. 5, a line giving the’ intensities 
for a frequency of 15 yr, two values should be found for the time for that 
- frequengy, using different intensities. For an intensity, i = 3, Fig. 7 gives 
the time, ¢ = 39 min, and for i = 1.4, ¢ = 108 min. This permits the plot- 
ting of two points on the 15-yr line on the hyperbolic chart (Fig. 5) and 
the drawing of a straight line through these points, which will give the inten- 
sities for any time up to 120 min. 


a = 
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The formula adopted in 1914-15 for use in Chicago was of the form of 
Equation (4): ate 
. 28 - 

fy ener 8) 
This curve resembles a hyperbola, but it is not a true hyperbola. The intensi- 
ties computed from it have been plotted on the frequency intensity chart 
for the Chicago District and are shown by the curved line in Fig. 8. This 


50 


F 


nN 
=) 


10 


Values of Frequency, 


0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 
Intensity, 2, in Inches per Hour 


Fig. 8.—Curves SHOWING VARIABLE FREQUBNCY OF OLD ForRMULA. 
h 


graph indicates that the frequencies represented by Equation (19) vary from 
about 3 yr to more than 20 yr. Before these studies were made it was 
thought that the freqnency corresponding to the intensities obtained by 
Equation (19) was approximately 5 yr, but such is the fact only for dura- 
tions of 15 and 120 min, and it is not true for storms of other durations. 


Constant Ratio FOR FREQUENCIES Wuen Intensities INCREASE BY A Fixep Sum 


A characteristic of any formula which plots as a straight line on semi- 
logarithmic paper, is that adding a fixed sum to the intensity will multiply 
the frequency by a fixed sum. In other words, successive additions of a 
fixed sum to the intensity will correspond to frequencies with a constant 
ratio. As an example, consider the following quantities picked from the 


60-min frequency curve for 330 station-yr : 


Intensity, Frequency, Intensity, Frequency, 
in inches in years in inches in years 
JMOH puree es Ls O LOOM: ate mace. 
SO Mon ws eo 2.00 0s aie eae ee Re LAL 
fThukreee a 8 0 DBO Gaston: san eee 


Tn each ease, the ratio between successive frequencies 18 consistently 1.78. 
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Ratio or DEpTHs or RAINFALL (AND INTENSITIES) FROM CURVES 
FoR 330 STATION- YEARS 


Table 6 shows depths of rainfall for storms of 1, 10, and 100-yr frequency 
for durations of 5, 10, 15, 30, and 60 min, taken from graphs; it also shows 
the computed ratio of the depth corresponding to a frequency higher than the 
ratio for the next lower frequency. The precipitations for various durations 
are shown, but the intensities will have the same ratios. 


TABLE 6.—Comparison or FREQUENCY STUDIES 


Duration, t 
Frequency, F, at: 10 15 30 60 
gra Nery da, i da, i da, in da, in da, in 
a, In : ,» 1n . a, a, * ay ; 
inches Ratio inches Ratio inches Ratio inches Ratio inches Ratio 
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) 
MR barca leas) sin vhs es 0.34 0.5 0.67 0.9 1.04 
1.63 1 1.79 1.96 
RO) a esta ates ai oh o.s 0.51 0 1.14 1.63 2.04 
1.40 1 1.44 1.49 
Racine is atc oth ace 0.68 1 1.62 2.35 3.04 
An equation such as, 
. CF 
0 le sic ane least cetera (20) 
C+" 


will not fit the data in Table 6 because F’, with a constant exponent, indi- 
cates a constant ratio of the intensities for all durations when the frequencies 
are in a geometrical progression. The ratio of intensities actually increases 
with the duration and decreases with the frequency in Table 6. 


INTERPOLATION OF FREQUENCY CuRVES BY GEromETRIC MEAN 


Charts on hyperbolic paper show that if the frequency lines are in a 
geometrical progression they will intercept a given intensity line with equal 
intervals (time) between them; for example, the 10-yr frequency line in Fig. 5 
crosses the 2-in. intensity line half way between the 5-yr and the 20-yr 
frequency lines. Similarly, the line midway between the 5-yr and 10-yr lines 
will have a frequency of 7.07 yr, which is the square root of 5 x 10, and 
the line midway between the 10 and 20-yr lines will have a frequency of 
14.14 yr, which is the square root of 10 x 20. A geometrical progression has 
the form, 


e=@ + ar ar + ar ar. ae ae eee) 
in which a = the first term; r = the ratio; and n = the number of terms. 


Last ‘em ) 2 
ee es |p sie 


The ratio of the last term to the first term 
First term 


a yr 
a 


= grt 
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Then, for the interpolation between F = 5 and 10, or F = 10 and 20: 


log r = 


n—1 

When the first and last terms are given, all the intermediate terms may be 
found. 

Solving a 5-term series for three intermediate frequencies between 5 and 
10 yr gives lines for F = 5.95, 7.07, and 8.41 yr, equally spaced. These 
values may be found by taking square roots, but when the exact position is 
required for an integral frequency, it is generally necessary to find an 
exponent by logarithms 

The integral numbers, 5, 6, 7, 8, 9, and 10, apparently, are terms in an 
arithmetical progression, but they are also approximate terms in a geometric 
progression that has a large number of terms (say, 1001). Applying this 
method it is found that the spacing for the frequencies, /' = 6, 7, 8, and 9 
will be, respectively, 26.3%, 48.5%, 67.8%, and 84.8% of the distance between 
the 5-yr and the 10-yr frequencies. Intermediate integral frequencies 
between 10 and 20 will have the same proportionate spacing. 


DIFFERENCE IN TIME WHEN FREQUENCIES Ars in GEOMETRICAL PROGRESSION 


Tf the several formulas for intensity used in Fig. 5 (see Table 5, Item 
No. 2) that were derived from the chart showing the data for 380 station-yr 
are solved for the time with the same assumed intensity, it is found that 
the differences in time or in duration are constants for each intensity 
when the frequencies are in a geometrical progression. This is also true 
within narrow limits for the corresponding formulas for intensity for the 
Chicago District. This characteristic indicates a possible method for draw- 
ing additional curves on a chart. 


TABLE 7.—DrrrerENces In Duration Tre, At 


Intensity OF RAINFALL, IN INCHES PER Hour 


Fre- |— 


ee 1 2 3 4 
Ly oS ie ee SS ae 
Time, t,in| Differ- Time, ¢, in Differ- | Time, t, in Differ- | Time, ¢t, in Differ- 
minutes ence, At minutes ence, At minutes ence, At minutes ence, At 
(@) (2) (3) (4) (5) (6) (7) (8) Q) 
5 108 45 24 134 
f 24 on 11 ra 63 A 4} 
10 132 
24 ait 113 1 (e3 933 §i 
20 156 7 2 
24 113 7% 5% 
40 180 79 45 284 
24 114 7% 64 
204 904 523 333 


Table 7 gives values of At from the formulas for 659 station-yr for fre- 
quencies of 5, 10, 20, 40, and 80 yr (see Table 5, Item No. 1). From inspec- 
tion of Table 7 it appears that, 
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when frequencies form a geometrical progression. If t = 2 in. per hr, 
— 2 es ; 25—4 21 

Rae oe B28 ee 11g; and, if ¢ = 4 ine per he AY a eee 
2 2 “ 


The differences are constant for a given intensity when the frequencies vary 
as in a geometrical progression. 


CoNCLUSIONS 
The following conclusions are indicated by the foregoing arguments: 


(1) The statistical method which combines station-years affords a means 
for studying rainfall data which gives reasonably regular and consistent 
. results. 

(2) Semi-logarithmic and hyperbolic papers are effective tools in studies 
of rainfall. ; 

(3) For the shorter durations, the inlet time is an important factor in the 
time of concentration, as suggested in the comment on Fig. 5. Studies to 
find its probable mean value are desirable. 

(4) Formulas such as Equation (7) indicate that when the durations are 
in a geometrical series the differences in rainfall values are a constant. This 
suggests a method that may be useful in a study of storms exceeding 120 min. 
Fig. 5 indicates that when the frequencies are in a geometrical series the 
differences in durations for a given intensity are constant. These relations 
would seem to be more than a coincidence and may be worthy of more 
extended examination. 

(5) For the 5-yr and the 10-yr frequencies a close degree of similarity is 


shown for intensity values by the curves for the Chicago District and those ~ 


for the 330 station-yr, except for 5-min and 10-min durations. 

(6) The frequency-intensity curves give the probable intensity of rainfall 
for certain durations for a single gage. The average intensity over a large 
area, of course, is less than the maximum intensity. The ratio of this aver- 
age to the maximum intensity is as yet unknown, and is one of the factors 
needing further investigation. One of the methods suggested for overcoming 
this difficulty in sewer design is the use of a frequency which varies in 
some inverse ratio with the duration or time of concentration. The fre- 
quencies that should be used in sewer design, although theoretically a matter 
of economics, are actually a matter of judgment based on experience. 

(7) A study should be made of the relation of average intensities to 
maximum intensities of rainfall on small areas, such as may be used in sewer 
design, say, to 10000 acres. This would require a considerable number of 
gages spaced in a regular pattern so as to permit the drawing of isohyetals 
and the computation of average depths of rainfall. It is believed that the 
frequency graphs give values for areas that are comparable with the size 
of sewer districts, and that the maximum size of such areas may be between 
1000 and 10 000 acres. 

(8) The values obtained from the charts developed for the Chicago Dis- 
trict have greater statistical foundation and appear to be more reliable than 
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any curves previously used by the Board of Local Improvements, City of 


Chicago. These charts are now (1937) being used by the engineers of the 
Board. 
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FLOW CHARACTERISTICS IN ELBOW 
DRAFT-TUBES* 


By C. A. MocKMoreE,? M. Am. Soc. C. E. 


Synopsis 


The purpose of this study was to investigate the flow characteristics in the 
elbow draft-tube, placing special emphasis on the bent part of the tube. 
The first part of the study consisted of designing and building several differ- 
ent pipe bends and testing them with a Pitot tube for filamental velocities 
and pressures. Measurements for loss of head were made for various rates 
of flow to determine which shape of bend offered the least resistance to the 
flowing water. 

The second part of the study involved the design, construction, and testing 
of several model draft-tubes, patterned after the type of those at the Bonne- 
ville Dam, on the Columbia River, in Oregon. The model draft-tubes, as 
well as the experimental pipe bends, were made of pyralin, a transparent 
material through which it was possible to take photographs of the phenomena. 
Motion pictures were made for all conditions of flow in the pipe bends and the 
draft-tubes. 

The tests indicated that the pipe bend which was flattened in the direction 
of the plane of the bend offered less resistance to flow than any of the other 
bends, regardless of cross-sectional area. It also appeared that the distance 
between the inside and outside walls at the outlet of the bend of an elbow 
draft-tube should be small compared to the throat diameter of the tube. 


INTRODUCTION 


Function of Draft-Tubes.—The draft-tube of a water turbine is an exten- 
sion of the wheel passages, made so as to perform two principal functions: 


Norn.—Discussion on this paper will close in May, 1937, Proceedings. 


1 Based upon a thesis submitted to the State University of lowa in partial fulfillment 
i . The data supporting this 


for reference in the Library of the State University of 
Iowa, Iowa City, Iowa, and in Engineering Societies Library, in New York, N. Y. 
2 Head, Dept. of Civ. Eng., Oregon State Coll., Corvallis, Ore. 
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Cpa Co reduce the velocity of the water in an efficient manner as it passes 
through the tube; and (2) to permit the turbine runner to be placed at a 
convenient distance above the tail-water. 

It would be difficult to state which of these two functions is the more 
important because their relative values may change from one installation to 
another, depending upon the physical conditions of the plant. Whatever the 
relative values may be, the total head should not exceed about 25 ft, and this 
should vary inversely with the specific speed of the turbine, in order that 
the danger of cavitation may be lessened. 

Historical Development of Draft-T'ubes.—¥or those who may be interested 
in the historical development of draft-tubes, Appendix I will serve as a valu- 
able check list of reading material*. In general, they may be divided into 
two classes: (a) Those having straight axes; and (b) those having curved 
axes. This paper presents in detail a study of the flow characteristics in 
quarter-turn draft-tubes. Draft-tubes with straight axes, mentioned only 
incidentally herein, have been studied further at the State University of 
Iowa by Andreas Luksch (6). 

The most recent and most complete study of draft-tube literature the 
writer has been able to obtain was reported in April, 1935, by the National 
Bureau of Standards (16), of the Department of Commerce, at the request, 
of the Tennessee Valley Authority. According to the report, 


“The purpose of this investigation was to examine and report on all 
published literature on draft-tubes published in English and foreign lan- 
guages during the past 20 years, to prepare an annotated bibliography of this 
material, and to make recommendations as to the need for further experiments 
on draft-tubes, and as to the direction which such experiments should take.” 


“The current design of draft-tubes,” according to the report, “shows a 
persistent tendency to depart from the use of the spreading and symmetrical 
types.” This is attributed to the better structural features of the elbow 
draft-tubes and to the improvement in their hydraulic efficiencies. As an 
example of the findings in improved efficiency for the elbow draft-tube, refer- 
ence is made to the Lilla Edet (17) experiments in which a “special curved 
tube, shallow and very long, proved fo be superior to the Moody (10) and 
White (9) tubes at full load performance.” 

A listing of the recent installations of elbow draft-tubes, such as that 
given by J. S. Ball (18), seems to vindicate the pioneer work of the late 
Gardner 8. Williams, M. Am. Soc. C. E., who was among the earliest to claim 
that the elbow draft-tube may have as high efficiency as any other tube built. 
However, this is not to be construed to mean that the elbow draft-tube will 
ever entirely displace all draft-tubes having straight axes. No one type of 
tube could possibly be superior to all other types under all conditions of opera- 
tion. It was in this connection that Dr. D. Thoma (19) stated: “It is 
firmly established today that a given draft-tube may be the best possible form 


for one runner, but not for another. Consequently, the runner and draft-tube 
should be investigated as a single system.” 


%JIn this paper numerals in parenth [ 
ie oan D theses, thus (10), refer to corresponding numbers 


—— 
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1 Characteristic Parts of a Draft-Tube.—It appears logical that an elbow- 


type draft-tube may be considered as composed of three principal parts: 


(1) The vertical leg; (2) the bend; and (3) the lower leg, sometimes called 


~ the horizontal leg. 


In the report (16) by the Bureau of Standards, a hypothetical form of 
draft-tube was assumed as made up of four principal parts for the purposes 
of discussion. The fourth part was added following the bend, and assumed as 
consisting of a section of the tube in which there was no increase in cross- 


sectional area. It appears that this part was added to take care of the sug- 


gestion of Viktor Kaplan (13) that in his experiments he found that the 
addition of such a section had increased the efficiency of the draft-tube. To 
the writer it appears that this is merely a part of the bend, or should be con- 
sidered as such. Many designers of elbow draft-tubes believe that, in design- 
ing the bent part, the cross-sectional areas from section to section along the 
axis should increase in diminishing degree until near the end of the bend 
there is little or no increase in cross-sectional area from section to sec- 
tion. Then, as the lower leg is encountered, the flare may again be resumed. 


EXPERIMENTS wiItH Pipe BEenps 

Notation.—The symbols used throughout this paper are defined where 
they first appear. An effort has been made to conform as nearly as practicable 
with ‘Symbols for Hydraulics”,. compiled by a committee of the American 
Standards Association, with Society representation, and approved by the 
Association in 1929. 

Theory of Induced Spirals in Pipe Bends.—The bend of the quarter-turn 
draft-tube is the part in which the greatest complications arise in the func- 
tion of velocity reduction. In fact, complications are inherent with the flow 
of water in any channel where the filaments are forced to undergo a general 
change of direction. If there were stream-line flow of equal velocities at 
the entrance to a bend, and if fric- 
tion could be eliminated, no com- 
plications of any great import would efbes 
be encountered. With a whirl | 
component at the entrance to a pipe 
bend, even without frictional resis- 
tance, complications would arise due 
to gyral action. 

No pipe can be made in which 
frictional resistance to flow will not 
exist. Therefore, the filaments of 
flow near the walls of the pipe will 
be of less velocity than those near 
the center, and, as the water enters 
a bend, a spiral flow is induced 
automatically. Pipp BEND. 


4 A.S.A.—Z10b—1929. 


Fig. 1.—INpUcED SpPiRAL FLOW IN A 
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As an explanation of the cause of the spiral flow, let a small block of water, 
b, at a distance, r, from Point O (Fig. 1) have unit length and breadth, and a 
thickness, dr. Its volume then would be infinitesimally small as represented 
by the expression: dQ = dr; and its mass would be, 


dm = 2 dQ Si idite, Kae ee eee (1) 
g g 
in which w = the weight per unit volume; and g = the acceleration of 


gravity. 

From mechanics it is known that the centrifugal force induced by the 
water moving with a velocity, V, being deflected (20) by a circular bend of 
radius, r, is: 


y? dr 


GF = bmi Ver et a ee (2) 


is rg 


The area of the side of the small block is unity, since it is of unit length 
and breadth, and the intensity of pressure, increased on the left side of the 
small block caused by the centrifugal force, is: 


di 2a OS OO ee 

rg 
If the velocities of the filaments between Points a and b are considered 
equal, and if the inner radius is designated by r; and the outer radius by ro, 
the difference in pressure between these limits integrates into the following: 


3 2 To 2 
spawk f # = 2Y tog (%) baie AG hse ane (4) 
qu g "% 


Equation (4) indicates that the difference in pressure caused by the centri- 
fugal force is a function of the square of the velocity. It is similar to the 
expression for the impulse, or reaction of a jet of water: 


esa 


; (5) 


in which, #’ = the force, in pounds; V = the velocity of the jet, in feet per — 


second; and W = the flow of water, in pounds per second. The weight, in 
pounds per second, is then a function of velocity, so that the force, F, is a 
function of the square of the velocity. Thus, it appears logical that as the 
bend is encountered the pressure either should be increased at Point e (Fig. 1) 
or reduced at Point a by some amount, not necessarily exactly equal to that 
indicated by Equation (4), because the velocities along the traverse between 
Points a and e are not all of equal magnitude. These velocities will change 
as the pressures change in the flow around the bend, and perhaps changes will 
occur even in advance of the bend. 

If all the filamental velocities of the water were equal at the entrance to 
the bend (a condition which could not be obtained easily without a very 
special apparatus) the pressure at Point d (Fig. 1) would be the same as 


Ei or 


bs Sh 
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that at Point b; but, due to the lower velocities in the elementary strip, c-d, 
the pressure at Point d will be less than that at Point b. Therefore, a trans- 
fer of water from Point b toward Point d will tend to take place. Likewise, — 
movement will tend to occur from Point a toward Point b, and a double spiral 
is induced. The two principal causes of this condition are: (1) The centri- 
fugal force in the pipe bend; and (2) the existence of friction on the pipe 
walls so as to give higher velocities near the center of the pipe than near 
the walls. Under actual conditions the particles of water near Point e 


(Fig. 1), might progress in a path such as e-e’-e”, and another particle, such 


as at Point a, might progress in a path such as a-a’-a”. 

An explanation of the induced spiral probably was offered first by Professor 
James Thomson (21), in 1876. Recently, tests on the flow of water around 
bends in pipes were conducted by D. L. Yarnell and the late F. A. Nagler (22), 
Members, Am. Soe. C. E., at the Iowa Institute of Hydraulic Research. These 
experiments were undertaken for the purpose of determining the laws govern- 
ing the changes in pressure and velocity in different parts of the flowing 
stream, as the moving water undergoes the transition from motion along a 
straight path to motion around a curve, and then as it undergoes the opposite 
transition back to final straight-line motion. These experiments are especi- 
ally valuable because of the numerous Pitot tube measurements of the velocity 
and pressure at the various sections of the pipe bends. Several different 
shapes of the pipe bends were used, and tests were made to determine the 
loss of head due to flow around each bend. The closing statement in the dis- 
cussion of that paper is of particular interest to the designer of an elbow 
draft-tube: “Probably the most important finding in the investigation is that 
it is possible to have such conditions of flow that the loss of head may be very 
little, or unusually large, in the same bend for identical discharges”, depend- 
ing upon the velocity distribution at the entrance to the bend. 

Several of the pipe bends reported in this paper were sent to the Iowa 
Institute of Hydraulic Research and were tested for flow characteristics. Only 
part of the results of these tests were described by Messrs. Yarnell and Nagler. 

Design of Experimental Pipe Bends.—The general equation of continuity 
of flow of a fluid is: 


de, 2(e Vs) 4 2 (0 Vy) 4 OUD) she aaa (6) 
ot Ox oy 62 
in which p = density of the fluid; ¢ = element of time; Vo = component 


of velocity along the X-axis; Vy = component of velocity along the Y-axis; 
and V; = component of velocity along the Z-axis. 
The density of the water may be regarded as constant, and the equation of 


continuity becomes: 


OV, 1 2Vy 4 2Ve — Q = divergence ie, ee (7) 
Ox oy Oz 


Equation (7) satisfies the specification for two-dimensional irrotational flow 
since the divergence is zero. If the motion is irrotational (23) the curl of 
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the velocity vector is zero, and the vector of which Ve, Vy and Vz are com- 
ponents is derivable from a potential. 
For irrotational motion, the components of flow in the direction of the 


ov 
axes, XY, Y,and Z, are: Ve = — hy Vg = ee and Vz = — —. The 
ou ay dz 
equation of continuity then becomes: 


Ot 0 ON nein agy nnn paki ieee .. (8) 
02 oY? 02? 


which is the Laplace equation. 
If this is taken as a special case of two-dimensional flow, say, in the 
X-Y plane, then, 


i | 
OE fr Ones it ie kh ea er (9) 
o 2 oy 


The real part, y, of any function, f(x + iy), of a complex variable satis- 
fies the equation for the velocity potential, and, at the same time, the imagi- 
nary part gives the stream function. Assume that: 


¥+id=(a+wyy=v— xy? + 2i(ay).........+.-(10) 
Therefore, 
We cdS Et Sat af. ian sa ata tee Oe Lorene (11) 
and, 
go = 


 =?— y= Equipotentials 
=2zy = Streamlines 


Values of y, in Inches 


(o) THEORETICAL FLOW 


0 
O24 eG. GBA 10) 2 
Values of z, in Inches 


Fig. 2.—DESIGN oF PIPE Brenp No. 2. 


Equations (11) and (12) satisfy the specifications for two-dimensional irro- 
tational flow since the divergence is zero: 


14 16 #18 


ow ev o? (x? — 7? 2? (4? — 4? 
— <= ( v4 (x yee, 
Ox Oy 0 2? ay? 


~ 
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To design a pipe bend from this relation and not to take friction into 
account, of course, would omit an essential factor in the flow of water in 
pipes, but it was deemed desirable to try it and observe the results. Accord- 
ingly, a bend suitable for a 6-in. pipe was ‘designed, more or less by trial, 
until that shown in Fig. 2 was obtained. If the co-ordinates, in inches, of 
the beginning point, 7’, were used as (1, 12) instead of the (1, 18), the angle 
at Point D would become large. To use (0.5,18) instead of (1,18) made the 
width, A-B, rather large and, at the same time, gave a sharper curve near 
Point A. To avoid an abrupt angle at Point D, 1 in. was added to each of 
the x and y-distances to afford an opportunity to smooth out the hyperbolic 

- eurves to meet the parallel filamental flow from the 6-in. pipe at the entrance 
to the bend. The leg length, L, of the pipe thus became 15 in. as shown 
in Fig. 2. 

The distance across the pipe from side-wall to side-wall, measured 

along the equi-potential lines, is expressed by the equation: 


p= f[1+(#) | de ee eee (14) 
dx 


Since, 2? — y? = C = a constant; 2 # dx — 2y dy = 0; — = — ; and, 


be= f[1+(S)] ase ee (15) 
y 


When 2? — y? = wv = O (which is the special case half-way around the 
bend), Dy = 9.87 in. 

The area of the cross-section of the pipe half-way around the bend, Fig. 2, 
may ‘be expressed mathematically. Assuming, for example, cy = 18 = C, 


then 1 = c. At the 45° section, x = y, so that, (a2)” = C= 18 far, LRen, 
1 


mm = 82)" (am); de = (=) ade = de, @) = 8 Sh 
2 pee gi 
and, dA, = LdD,=3L ee _ Since the radius, r, of the entrance of the 
a 


pipe is 3 in., the length, L, of the elemental area, dA, is: 
Te ee, a ne sw cic ain oe mien es .(16) 


which is the same as the length of the corresponding elemental area for the 
section half-way around the bend. Then, 


7 0-5 
gd, 3 To = 6 Ga jute Lay af eittieten, (17) 
; eine 4 Ly 
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Equation (17) is an elliptic integral, which can be evaluated, By plot-. 


ting the curve to scale and using a planimeter, the area was found to be 
47.0 sq in. 

The generating angle of a cone having an equivalent increase in area 
in the same length as this hyperbolic bend between entrance and vertex was 
computed and found to be 4° 20’, which is well below the usual allowable 
value of the angle of flare for draft-tubes. This bend hereafter will be 
referred to as Bend No. 2. Bend No. 1 is a standard 6-in. pipe bend of 90° 
having a center-line radius of 8 in. 


Scale in Inches 
2 4° 648" 40 
EE ey Sy} 


C_ 3.00" 
Eee 
K | 3.0"_] 
Ln 3.367 


2 


(c) BEND NO. 4 


Fig. 3.—Dnsien or Prep BENDS. 


: S. M. Woodward, M. Am. Soe. OQ. E., has suggested designing a bend with 
side-walls defined by the cubic equation, 


y= 2 — — ve ohisien sloawielin tiv « cyte 
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This curve has a slope of 45° at the origin, and is horizontal at its maximum 
F 2a : 
point where « = a, and y = ati The radius of curvature is infinity at the 


origin, and is 0.5a@ at the maximum point. The part of the curve between 
the origin and the maximum point was used to make one-half the bend; 
and then it was turned over to make the other half of the bend, as shown 
in Fig. 3. 

By assuming values of a in Equation (18), the side-walls of the bend were 
obtained, This bend would always bulge at the vertex. The final dimensions 
of the bend, as adopted for testing, had a diameter at the vertex of 7.06 in., 
an entrance diameter of 6 in., and a leg length of 15 in. This was obtained 
by taking values of a for the inside wall, the axis, and the outside wall, 
equal to 7.88, 10, and 12.12, in., respectively. By using these values of a the 
leg length would have become 14.14 in., but this was arbitrarily increased 
to 15 in., making the additional leg length have parallel side-walls as in a 
6-in. cylinder. Hereafter, this pipe bend will be designated as Bend No. 3. 

Professor Nagler suggested making a bend having all cross-sections 
elliptical and of equal area. The axis of the bend was a quadrant with a 
radius of 15 in. as shown in Fig. 3. The maximum width of section was 
arbitrarily fixed at 10 in., giving a maximum angle between axis and side- 
wall of about 10 degrees. It is apparent from Fig. 3 that the side-walls, B-G 
and B-F, are not straight lines, but are drawn in to form smooth curves. By 
assuming the distance, F-G, as 10 in., and maintaining an area at the vertex 
equivalent to that of a 6-in. circle, the ellipse had the dimension, D-E, of 
36 in. Hereafter, this bend will be referred to as Bend No. 4. 

Another bend (No. 5) was designed by using the same axis as in the 
case of Bend No. 3, and applying Equation (18) with a = 10 in. The side- 
walls were designed to constrict the flow at the vertex of the bend, giving an 
arbitrary minimum diameter of 4in. The increase in velocity from entrance 
of bend to the mid-section was assumed to vary as in a straight line in 
accordance with the theory of a draft-tube, as suggested by F. Prasil (24). 
The dimensions of this bend are shown in Fig. 3. The differential equation 
required to represent the reduction in velocity, and the deceleration as a 
linear function of the distance measured along the axis of the bend is: 


tan a oats; eer OR Noe eet eke, 
dx 2x 


in which 7 = radius of the pipe; = distance out from origin to the point 
where ro is measured ; and, a = angle between the axis and the side-wall where 
ro is measured. Then, Qadr = — fodx; 2xadro + To do = 0; d (row) = 95 


rou = K = constant; nroe = Ki = Aa; and, — ee ava 


K’' 


which represents 4 straight line. 
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If the velocity is differentiated with respect to time, the result will be 


deceleration; thus: 
ays o\u-(¢) Via on (21) 
dt K'/ dt K' 


3 A A : tine A * x 
This, again, is a linear equation in 2, since a is velocity. The velocity 


variation from the entrance to the mid-point of this bend is shown in Fig. 3 
for a special case in which the rate of flow is 1.0 cu ft per sec. 


TABLE 1.—Summary or Pire-Benp DIMENSIONS 


Vertex area, Length of Generating angle of | Radius of curvature 
Bend No. in square bend on axis, equivalent conical of axis at vertex of 
inches in inches tube, in degrees bend, in inches 
De this Anaaete 2 28.27 12.6 0 8 
2 Re Seng ey pe 47.00 23.0 4° 20’ 12 
Peeiiete Wile ie i's: oe 38.15 26.4 ae O0! 5 
CECE Or eh Reo 28.27 23.6 0 15 
1 Sn cetehcicct, Cart Cee 12.57 26.4 4° 20’ 


Table 1 shows a summary of the dimensions of Bends Nos. 1 to 5, each of 
which had an entrance diameter of 6 in., and (except Bend No. 1, in which, 
L = 8), a leg length of 15 in. 

Construction of Pipe Bends.—All the pipe bends were constructed of 
transparent pyralin. After some preliminary experiments it was discovered 
that this material would become plastic when heated to a temperature of about 
275° F, without losing its transparency, and when it was pressed into various 
shapes and cooled, it again became rigid. 

The first stage in the construction of the bends was to make the moulds 
for pressing the material into the desired shapes. Full-sized drawings were 
made showing the intersections of planes passed through the bend parallel 
to, and at distances, in inches, of 1, 2, 3, etc., from the axis. The traces 
marking the intersection of the planes with the barrel of the pipe formed 
templates for marking the pieces of 1-in. sugar pine lumber so that they 
could be cut with a band-saw to the proper shapes. These pieces were then 
glued together and gouged out with a chisel to obtain the various cross-sec- 
tions according to the different designs. Allowance was made in the con- 
struction of the moulds for the 4-in. thickness of the pyralin between the two 
parts of each mould. 

The material was heated in an electric oven at a temperature of about 
275° F, and when the sheets became plastic they were placed between the 
moulds and pressed into shape. The pieces were put together with cement 
made by dissolving pyralin in acetone. 

If the material was heated too much, it would lose its transparency ; if not 
heated enough, it would wrinkle when pressed into warped surfaces; and, 
if heated too quickly, the surface became “frosty”, and impaired the ‘rane 
parency. The “frosty” condition was overcome by rubbing the material with 
water sand-paper and polishing it with pumice. 
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Laboratory Experiments with Pipe Bends.—Fig. 4 shows the general 
arrangement of the apparatus during a test. The water, admitted at Point K, 
flowed through a conical expanding tube, and was deflected by a flat plate, 
into Tank A. A conical bottom, C, and guide-vanes in the bottom of the 
head-water tank directed the water, with or without a whirl component as 
desired, into a vertical pipe, D, 6 in. in diameter and 24 in. long, above the 
bend. The bend to be tested is indicated by F. After leaving the bend, 
the water flowed through a straight section of 6-in. pipe, 32 in. long, to a 
second tank, B. This tank was open at the top and fitted with a discharge 
valve at Point H. 


_y Water Surface 


Tank 3' X3'X6' 


6" Transparent 
Pipe 


Fic. 4.—DESIGN OF LABORATORY APPARATUS. 


The velocities of the water filaments were measured with a Pitot tube 
which was calibrated at the State University of Iowa, the Colorado Agricul- 
tural College, and at the Oregon State College. Its coefficient was found 
to be 0.86. 

The rate of flow was determined by volumetric measurement. The water 
flowing from the test apparatus was collected in a concrete tank, and by use 
of a stop-watch and point-gage, readings were taken to determine the time 
required to raise the water surface to a given level in the tank so that the 
rate of flow could be established. 

The bends were tested with two types of flow: (1) Direct flow without 
whirl component; and (2) helical flow, or that with a whirl component at 
the entrance to the bend. It has ‘been stated that when the water 
approaches the bend with approximately uniform filamental velocities, there 
will be an induced double spiral as shown in Fig. 1. That this double spiral 
actually developed to a marked degree is indicated by Fig. 5(a), which is a 
view of the direct flow in Bend No. 3. At the vertex of the bend is shown 
a string stretched from the Pitot tube connections marked B-B’, and 
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attached to this string are several short pieces of yarn. The yarns show that 
the filaments of flow near the side-walls of the pipe, as at B and B’, have 
velocity components toward the inside of the bend, whereas the filaments of 


(a) Direct FLow. (bo) Hetican FiLow. 
Fic. 5.—Direct and HELICAL FLow 1N Bunp No. 3. 


flow near the center of the pipe have velocity components toward the out- 
side wall of the bend. A double spiral flow has been induced, as shown in 
iRise ale 

It is possible for a single spiral to exist in a pipe bend, with the water 
rotating in one direction or the other, depending on the flow at the entrance 
to the bend. This was shown in a series of experiments conducted by Messrs. 
Yarnell and Nagler (22) in 1934, in which the water at one side of the 
entrance to the bend had higher filamental velocities than on the other side. 
On the side where the axial velocities were small the water would move toward 
the inside, and on the side where the axial velocities were large the water 
would move toward the outside, of the bend, causing a single spiral instead of 
a double spiral. 

Fig. 6 shows the velocity contours at different sections of Bends Nos. 1, 2, 
3, and 4. In these diagrams the points marked A are at the outside of the 
bend, and the points marked A’ are at the inside of the bend. In all cases 
the view is looking down stream. From these diagrams it is evident that, 
as the water approached the ‘bend, the filaments of flow along the inside of 
the bend accelerated until they reached a maximum velocity about half-way 
around the bend. From that point the thread of maximum velocity moved to 
the outside of the bend. 

Attention should be called to the unsymmetrical velocity contours in 
Bends Nos. 2 and 4. This was caused by having the cone in the head-water 
tank, A (Fig. 4), slightly off center. When this cone was centered the velocity 
contours were symmetrical about the center of the pipe, as shown for Bends 
Nos. 1 and 3 (see Fig. 6). It should be noted that any minor disturbance up 
stream from the bend was found to be reflected in the velocity distributions 
throughout the bend. 

Curves were drawn for the combined velocity head and pressure head for 
all bends, as shown in Fig. 7. In the data the pressure has been recorded as D; 
for brevity, which was the indicated pressure head as given by the pressure 
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BEND NO.1,491 GAL PER MIN BEND NO. 3,545 GAL PER MIN 
a A! A’ 


A A 
Section 5. - Exits Section 6.- 12" from Exit Section 5. - Exit Section 6. - 12" from Exit 
BEND NO. 2,477 GAL PER MIN BEND NO. 4,443 GAL PER MIN 
A! 
Al 
‘5.00 
Ss 
clt Cc’ 
A 


A 
* Section 1.- Entrance Section 1. - Entrance 


A 


A 
Section 6. - 12" from Exit 


A 


A A ie ‘ 
Section 5, - Exit Section 6.-12" from Exit Section 5, - Exit 


Fie. 6.— VELOCITY Contours AT DIFFPRENT SeerroONs OF HXPERIMBNTAL BENDS. 
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BEND NO.1,491 GAL PER MIN BEND NO. 3,545 GAL PER MIN 
Al 


A A 
Section 3. -45° Section 3.-45° 


A’ A’ 


A. A A A , 
Section 5. - Exit Section 6.-12" from Exit Section 5. - Exit Section 6.-12" from Exit 
BEND NO. 2,477 GAL PER MIN BEND NO. 4,443 GAL PER MIN 


; A 0 A A A 
Section 5. - Exit Section 6. -12" from Exit Section 5, - Exit Section 6.-12" from Exit 


Fria. 7.—COMBINED VBPLOCITY-HEAD AND PRESSURE-HEAD CONTOURS AT DIFFERENT SECTIONS 
OF HXPPRIMENTAL BENDS, 2 ’ 
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rifice of the Pitot tube. To obtain the corrected pressure head the equation 
or the Pitot tube was used: 


Veen EMOTE, ss as co ldleng eae C22) 


‘rom Equation (22) h was computed for all the readings, added to i , and 
lotted as shown in Fig. 7. ‘ 
Tests were made to ascertain which of the bends induced the least loss of 
1ead for a given rate of flow. A bend was placed in the apparatus as shown 
it F in Fig. 4, and the water was admitted at a given rate so that the eleva- 
jons of the water surfaces in Tanks A and B could be determined. This was 
repeated for all the bends, keeping the rate of flow constant. Bend No. 4 
\ffered the least resistance to flow. As a check against this result, the bends 
vere tested for head loss due to friction, by Messrs. Yarnell and. Nagler (22) 


\ 2 

vho found that, in a straight 6-in. pipe, the loss was 0.0302 - per ft of 
g 

pipe. The loss of head in the several bends, expressed in terms of the velocity 


head, and exclusive of frictional resistance, was as follows: 


Bend No. Loss of head in 90° bend 
(exclusive of friction) 
E Vy? 
29 
2 
CT ote areca bree 
29 
2 
29 
2 
Se eth a ) hie Rite ata OATS 
29 


This tabulation shows that Bend No. 4 offers less resistance to flow than 
any of the others, the advantage over Bend No. 3 being more than 30% 
of the velocity head. Its advantage over the standard short-radius bend was 
more than 15% of the velocity head. By an inspection of Figs. 5(a) and 
8(a) it will be apparent that the induced spirals were more pronounced in 
Bend No. 3 than in Bend No. 4. Bend No. 4 has an additional advantage 
over the other bends when applied to elbow draft-tubes because it is flattened 
properly to avoid excessive excavation. This was a fortunate finding in the 
light of draft-tube construction, because of the desirability of widening 
the tube laterally to reduce excavation costs. 

Helical flow, or that with a whirl component at the entrance to the bend, 
was produced by placing a stationary wheel in the apparatus at Point D 
(see Fig. 4). Only one type of whirl was used, where the rotation appeared 
to be counter-clockwise, facing down stream. 

Bend No. 2 is shown in Fig. 9(a@) with whirling component of flow at the 


entrance. ‘The dark areas were made by admitting air in the stream of 


tine SE ee = SS 


| 
f 
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(a) Dtrect FLow. (b) Henican Frow 
Fig. 8.—DiIrRgecrt AND H&LICAL FLOW IN BEND No. 4. 


inflowing water. The air bubbles moved into the region of least pressure, 
near the center of the whirl, and when a light was placed behind the pipe 
the air bubbles intercepted the light. 


(a) Bend No. 2. (b) Bend No. 5. 
Fic. 9.—EXAMPLES OF HELICAL FLow. 


” nn 
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Helical flow caused pulsations in all the bends, but it was at its worst in 
ot No. 2. When the angle of whirl at the entrance to the bend was about 
45° and the rate of flow was 0.8 cu ft per sec, the center of the vertex whipped 
back and forth from the inside to the outside of the bend at the rate of 240 
times per min. This caused considerable vibration of the apparatus. 

Fig. 5(b) shows helical flow in Bend No. 3. In this case the cross-sec- 
tional area increased from the entrance to the vertex of the bend, but not 
as much as in Bend No. 2. The principal difference in the two bends was 
that one had circular cross-sections and the other elliptical sections with a 
long axis in the plane of the bend. There was considerable vibration in 
Bend No. 2, whereas there was very little vibration in Bend No. 3 under 
similar conditions. 

The center of the whirl in Bend No. 5, as shown in Fig. 9(b), was well 
defined in the upper (converging) half of the bend, but beyond the vertex of 
the bend the center of the whirl became disturbed, similar to that in the first 
half of Bend No. 3 (see Fig. 5(b)). Helical flow in Bend No. 4 (the bend 
which caused the least resistance to direct flow) caused some vibration, but 
not to the marked degree noted in tests of Bend No. 2. 

The center of the vortex immediately ahead of the entrance to the bends 
had very little if any motion in the general direction of flow in the pipe. 
Just below the wheel at Point D (Fig. 4), there was a well-defined region near 
the center of the pipe in which the flow was toward the wheel. Mr. W. K. 
Ramsey (25) has expressed his belief that when there is whirling flow in a 

-draft-tube, whether of straight or curved axis, there is a backward movement 
of water in the center of the whirl extending from the exit of the tube to 
the turbine runner. In none of the experimental bends or model draft-tubes 
described in this paper did the region of backward movement of water extend 
half-way around the bend, and in most cases it did not reach as far as the 
bend. Motion pictures were made of the flow through all the bends and draft- 
tubes to establish a permanent record of the conditions of flow. 

No velocity measurements were made in any of the experimental bends or 
draft-tubes described in this paper when there was a whirl component of flow. 
When a Pitot tube is used for velocity measurements, the fluid should flow 
past the velocity and pressure openings in exactly the same manner as it did 
when the tube was calibrated, otherwise the velocity measurements may be of 
little value. The greater the angle of whirl in a pipe the greater will be 
the difficulty of obtaining correct velocity measurements with a Pitot tube; 
and particularly is this true if it is not possible to observe the direction of 
flow past the end of the tube. 


EXPERIMENTS wiTH MopEL Drart-TUBES 


Design and Construction of Model Draft-Tubes.—During 1933 the Fed- 
eral Government appropriated funds for the construction of a dam at Bonne- 
ville, Ore., across the Columbia River. The model of the draft-tubes for this 
dam were made of transparent pyralin, the same as that of the pipe bends 
which have been described. Moulds were made of wood, and these moulds 
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were used to press the sheets of transparent material into the desired shapes. 
Some trouble was encountered in pressing the flat sheets into such warped 
shapes, but for the most part a fairly workmanlike and finished model draft- 
tube was obtained. Fig. 10 shows the moulds for a typical draft-tube bend. 


Fig. 10.—Movuups ror BEND oF MoprEL DRAFT-TuUBR No. 1. 


The mould on the left was for the lower half of the bend of Model Draft-Tube 
No. 1, and that on the right was for the inner half of the bend of the same 
tube. 

Pyralin is much superior to glass as a transparent material of which to 
build model draft-tubes because of its durability and ease of fabrication. 
Prasil (26) used glass in the construction of a draft-tube with a straight 
center line, but no mention was made of the use of Pitot tube connections in 
his experiments. Piezometer connections can be made much more easily of 
pyralin than of glass, and with less trouble due to breaking. 

The design of the model draft-tubes for the U. S. Engineer Department 
was made in the office at Portland, Ore. No information as to their de- 
sign was available to the writer other than the detail drawings, such as shown 
in Fig. 11, Draft-Tube No. 1, and the cross-sectional areas at different points 
along the axis of the tubes, as shown in Table 2. The cross-sections of Tube 
No. 1 are not circular at any point along its axis except at the entrance. 
The tube expands at the same rate as a cone having a 6° generating 
angle. There is no “splitter”, and the bearing partition does not enter the 


A) 
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bend. The distinctive feature of this bend is the manner in which the walls 
are “dished” down on the inside of the bend and lower leg. 


» 


LONGITUDINAL VIEW 
Fie. 11.—Dpraiws or Moprn Drarr-TuBe No. 1. 


Tube No. 2 has a 6° cone for the vertical. leg. The lower leg is rectangular 
in section. The “splitter” extends completely around the bend, as shown in 
Fig. 12, and the bearing partition terminates at about the middle of the bend. 
This tube is similar to the draft-tubes built at Ryburg-Sehworstadt (27) 
on the Rhine, in Germany. 


TABLE 2.—ArEAS oF DIFFERENT Sections oF MopeL Drart-TuBES 


AREAS OF SECTIONS, IN SQUARE AREAS OF SECTIONS, IN SQUARE 
Sec- | Area of 6° IncHES, ror DIFFERENT Sec | Area of 6° INCHES, FOR DIrrnRENT 
tion | cone, in Mopvet Drart-TuBEs tion | cone, in Mopev Drari-TuBEs 
No. square Now square 
inches Tube Tube Tube | inches Tube Tube Tube 
No. 1 No. 2 No. 3 No. 1 No. 2 No. 3 
1 28.3 28.3 28.3 28.3 9 84.5 76.0 83.7 68.5 
2 33.6 33.6 33.6 33.6 10 91.7 88.7 96.5 81.0 
3 39.4 39.0 39.4 39.4 11 103.0 100.3 104.5 94.5 
4 45.8 46.8 45.6 45.8 12 113.0 de 0 114.0 107.5 
5 52.6 53.5 54.3 7.0 13 124.0 122.3 124.0 120.5 
6 60.0 61.5 60.0 45.5 14 135.0 132.8 135.5 134.0 
< 67.7 60.0 66.4 45.5 15 146.0 143.0 148.5 146.5 
8 Asien 65.0 75.0 55.5 16 159.0 5310)" (lees Seay |W menane care 


Tube No. 3 is dished on the inside of the bend, but to a less degree 
than Tube No. 1. The vertical leg widens in a direction normal to the plane 
of the bend, and there is no “gnlitter.” The areas of the sections at different 
points along the axis of the tube are about the same as that for a 6° cone 
as given in Table 2. The bearing partition extends almost completely around 


the bend, as shown in Fig. 13. 
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Design of Model Draft-Tube No. j.—This tube was designed for the same 
setting as the model draft-tubes for the U. S. Engineer Department. The 
given data were: (1) Elevation of entrance of draft-tube; (2) entrance 


Os 


HALF PLAN OF THROAT 
a 


END VIEW A-A 


Center Line 


= 


1.35" 


135, SECTIONS 


LONGITUDINAL VIEW 
Fig. 12,—DETAILS OF MODEL DRAFT-T'uBE No. 2. 


diameter; (3) elevation of top edge of outlet; (4) maximum width; and, 
(5) normal discharge. The vertical leg of the tube was made as long as it 
could be conveniently, so that the velocity would be reduced before the water 


Fie, 13.—MopEeLt Drart-Tusn No. 3 


entered the bent part of the tube. 


It was trumpet-shaped, as suggested by 
Prasil (24). 


This type of vertical leg appeared to have certain advantages 
since the deceleration at the entrance of the tube was small and there seemed 


= a 


February, 1937 LOW CHARACTERISTICS IN ELBOW DRAFT-TUBES O71 


to be less likelihood of inducing cavitation. The length of the vertical leg 
used was the same as that of Tube No. 2—7.23 in.—and the entrance was 6 in. 
in diameter. 

The angle of flare of 7° was selected after considering earlier tests by the 
writer and by Hofmann (8). Draft-Tube No. 2, which showed a very high 
efficiency, had an angle of flare of 6 degrees. Hofmann reported that an 
angle of flare of 8.5° could be used to advantage, and common practice in 
draft-tube design has shown that a flare somewhat greater than 6° could 
be used. 

For purposes of design, the rate of flow was taken as 1.0 cu ft per sec. 
The mean velocity in the 6-in. entrance to the tube was 5.08 ft per sec. Then, 
at Section 7.23, the, radius of the tube became: ro = 2:00Je0. 7 23utenede 


= 9§.89 in.; and, V = ea = Bsr per sec. These values are 
A a (3.89)? 

to be substituted in Equation (20) which was derived by use of the theory 

suggested by Prasil (24). At the 

entrance to the tube (see Fig. 14), 

2 was found to be 17.94 in. and, 


consequently, the rate of decelera- 


= 3. In. Vo=5.08 Ft perSec §,=1725 Ft per Sec 


Ke 
to = [(5.08) (12) -- 17.94]? (17.94 
oye — 17.05° Tt per sec’; and 
Pre Gaction wi23, oom = (84)? 


2 
tion at that point becomes 69 = (£) 


x une i = 10.3 ft per sec.” 


The reduction of velocity per inch 
of distance along the axis is, 


PRASIL TUBE VELOCITY DECELERATION 
Fic. 14.—STrAicHT-LINn VBHLOCITY AND 


(5.08 — 3.03) — 0.9835 ft per sec pees CurvES IN PRASIL 
1.29 

per ft; the velocity at Section 10 18; Vic =. 508%, 10 (0.2885) = 2.25 

ft per sec; and, 8. = 17.25 — oon (17.25 — 10.3) = 7.63 ft per_sec.” 


From Section 10 the increase in area of the tube is the same as that for 
a 7° cone. It should be noted that where the change occurs from a Prasil 
section to a conical section, there is an abrupt change in the deceleration, 
as shown in Fig. 15. The deceleration in a cone is given by the equation: 


CRO OAV a) a tN, Ro RTOS 


et 0.5 
To Vo 


in which, ro = radius of cone at entrance of tube; Vo = entrance velocity of 
water; and, Vz = velocity of water at any other section where deceleration 1s 
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desired. The radius of a circle having an area of 0.448 sq ft at Section 10, 
2 (tan 7°) (2.25)? 
4.53 


——aaeoee, 


12 
= 3.3 ft per sec. Thus, the deceleration drops suddenly from 7.6 ft per sec.” 
to 3.3 ft per sec.*, as shown in Fig. 15. The deceleration at the entrance 
of the Prasil tube was computed to be 12.16 ft per sec.”, as compared to 15.3 ft 
per sec.” at the entrance of a 6° cone. 


is 4.53 in., which, substituted in Equation (23), yields, 31 = 


24 


Velocity, in Feet per Second 


Deceleration in Feet per Second per Second 


leceleration 
6° Cone 


0 4 8 12 - 16 20 24 28 32 36 
Distance from Entrance of Tube, in Inches 


Fig. 15.—VELOCITY AND DECELERATION IN Moprn DRArT-Tuspp No. 4 


The horizontal leg of the draft-tube, as designed, was rectangular in sec- 
tion. The upper wall was a plane surface, the sides were parallel, and the 
floor slope was varied in the direction of flow to provide for the increase in 
area necessary to obtain the flare equivalent to a 7° cone. Fig. 16 shows 
the details of the model draft-tube. 

At the upper end of the bent part the cross-sections were circular and at 
the lower end they were rectangular. The side curves were drawn in to obtain 
a smooth curve as shown in the plan view. The outside curves were 
drawn as smooth lines without any mathematical relation from which to 
establish them. 

The cross-sections of the bend in the draft-tube were patterned after the 
energy and velocity contours obtained for the test on Bend No. 4 and shown 
in Sections 4, Figs. 6 and 7. The general plan of the design of the cross-sec- 
tions of the bend was as follows: At the beginning of the bend, use a circular 
cross-section; at 224°, use an elliptical section; at 45°, use an ellipse of 
greater eccentricity for the inside than for the outside part of the section; 
and, at the end of the bend, use a rectangular section. 
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a 
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An equation suitable for obtaining such curves as could be used for the 


sections between the vertex and the end of the bend where the transition must 
be made from an ellipse to a rectangle, has the general form: 


HALF PLAN OF THROAT 
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LONGITUDINAL VIEW 
Fria. 16.—DETAILS oF MoprL Drarr-TuBn No, 4. 


in which 0 = x <a; 0 = y S BD; and the curve is limited to the first quad- 
rant. As the values of a and b could be sealed from Fig. 16, and the values 
of the exponent, n, could be varied to obtain the approximate total cross- 
section that would give the required area, an exact definition of the cross- sec- 
tions could be given. However, this refinement was not necessary, and no 
further mathematical analyses of the sections of the bends were made. 
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Percentage of Entrance Velocity Head 
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Fig. 17.—PERCENTAGH OF VeLociry Hap RBMAINING AT 
Various SECTIONS OF Mopren Drarr-Tusn No. 4. 
Fig. 17 shows the percentage of the entrance velocity head that remains in 
the water at different sections of Model Draft-Tube No. 4, the flow at the 


274 FLOW CHARACTERISTICS IN ELBOW DRAFT-TUBES Papers 


entrance being 1.0 cu ft per sec. From this curve it is evident that the major 
por’ion of the velocity head should be reclaimed in the vertical leg of the 
tube. 

Laboratory Tests on Model Draft-Tubes.—The tests of the model draft- 
tubes were made with the same apparatus that was used in testing the experi- 
mental pipe bends (see Fig. 4). The only change in this apparatus was to 
fasten the lower, or outlet, end of the draft-tube to Tank B. The throat of 
the draft-tube was fastened to the same flange to which the entrance of the 
pipe bend was fastened, as at Point L. 

The water that flowed through the draft-tube was measured by volume 
to establish the rate of flow, which was regulated by the valves in the inlet 
pipe, K, and in the outlet pipe, H. 

Each draft-tube was tested first with a direct flow of the entering water. 
The pressure at the throat of the tube was obtained through four piezometer 
connections spaced at equal intervals around it, and the pressure at the exit 
of the tube was obtained from the elevation of the water surface in the tank, B. 
Pitot tube measurements of velocities in the lower leg of two of the draft- 
tubes were recorded for several different rates of flow, both with aud without 
the “splitter” in place. 

To obtain whirling flow in a draft-tube, a special set of curved vanes was 
used above the entrance to the tube replacing the guide-vanes shown in Fig. 4. 
Air was admitted with the water to assist in observing and photographing the 
position of the center of the whirl. Motion pictures were taken of all 
the diffetent conditions of flow*’. 

The efficiency of a draft-tube as a regainer of static pressure has been 
defined in various ways. To the writer it seems logical to define it as the 
ratio of the head actually recovered to the head available for recovery, or, 


2" oe 
yc OR eee (25) 
Throat velocity head Veo" 
29 
in which p, = the pressure head at the exit of the tube; po = the pressure 


head at the throat of the tube; and Vo = the velocity at the throat of the 
tube. The Power Test Code of the American Society of Mechanical Engi- 
neers (28) recommends deducting the velocity head at the exit of the tube 
in computing efficiency. Luksch (6) stated that if the discharge velocity is 
deducted in computing the efficiency of a draft-tube the result would be inde- 
terminate if applied to a straight cylinder, and he concluded “that it is not 


Justified to account for the discharge energy out of the draft tube, a 


. . 2 g 
as acting in the sense of an improvement of the efficiency of a draft tube.” 


No method was devised by the writer for obtaining the efficiency of draft- 
tubes for conditions of whirling flow. When the water had a whirling motion 


Se Any one interested may borrow the ti i 
Pchteerlaercot the Sere se motion pictures by addressing a request to 


ie ee 
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at the entrance to the tube, the pressure as indicated by the piezometers at the 
walls of the pipe gave no indication of the mean pressure at that point. 
Under the conditions of testing as shown in Fig. 4, the pressure at the center 


- of the entrance pipe of the draft-tube was -below atmospheric, whereas the 


pressure near the walls of the entrance pipe was decidedly above atmospheric. 

Table 3 shows the efficiencies of the several draft-tubes under conditions 
of direct flow. Draft-Tube No. 2 showed the highest efficiency (about 65%), 
indicating that it actually converted into pressure head about 65% of the 
velocity head at the throat of the tube. 


TABLE 3.—Summary or Osservep Errictencies or Mover Drart-Tuses 


Flow, | Throat Velo- PRessURES Head | Per- Flow, | Throat Vel PRESSURES Head | Per- 
Q, in | veloc- ae ea cent- Q, in | veloc- a ————————|_ re- cent- 
cubie | ity,V, beat gained | age, cubic | ity,V, ae y _ |gained | age, 
feet | in feet v2 En- Exit by effi- feet | in feet ve »| En- | Exit by efti- 
Ze per a ot cal tare trance tube | ciency per a per A trance tube | ciency 
et secon 9 second | secon' 9 
(1) (2) (3) (4) (5) | (6) (7) (D (2) (3) (4) (5) (6) (7) 


(c) Tusn No. 2, with HortzonTau SPLITTER REMOVED 


(a) Tuse No. 1, Compiets 


1.270 | 6.65 | 0.689 | 3.502 | 3.937 | 0.435 
ie ee een 
PGR set ceil Seep |hesaris al Pde | feocaon as Goe 62.9 
se | gu |tap| ie lta loss] as 
"370 | 0.560 | 47.2 
1.65 8.68 1.170 | 3.310 | 3.870 | 0.560 | 47.8 (dj Tunn No. 3, Couptmrn ix Peace 


0.740 | 3.800 | 4.150 | 0.350 | 47.3 || 0.844 | 4.44 | 0.881 ) 3.017 ) 3.160 | 0.153 | 46.3 


(e) Tuszn No.4 Compiere in PLACE 


0.328 1.72 | 0.046 | 3.020 | 3.050 | 0.030 | 65.0 || 0.650 3.41 |-0.181 ) 3.663 | 3.775 } 0.112 ) 62.0 
0.725 3/81 | 0.226 | 4.670 | 4.212 | 0.142 | 62.8 || 0.817 4.30 | 0.288 | 3.642 | 3.822 | 0.180 | 62.5 
1.684 8 86 | 1.220 | 2.880 | 3.690 | 0.810 | 66.3 |} 0.822 4.32 | 0.291 | 3.674 | 3.855 | 0.181 | 62.2 
1.720 9.05 | 1.270 | 2.910 | 3.740 | 0.830 | 65.4 || 0.828 4.36 | 0.295 | 3.640 | 8.826 | 0.186 | 63.0 
1.250 6.60 | 0.675 | 3.424 | 3.864 | 0.440 | 65.1 || 0.830 4.37 | 0.297 | 3.661 | 3.846 | 0.185 | 62.3 
——— | —$_|_—___—_|}—_—_|__>_ 1.000 5.25 | 0.427 | 3.648 | 3.922 | 0.274 | 64.0 

PEVEREDE! css) ess [eres ||) sarees. fl eee 64.9 ||— _— — 


Average |) accel iste etie We tare lliiemiere oli oinierete 62.7 


When the horizontal “splitter” in Draft-Tube No. 2 was removed, the tests, 
summarized in Table 3, showed that the efficiency was lowered about 2 per 
cent. Of course, some of the cross-sectional areas of the bend were increased 
about 10% or 15%, but the writer does not believe this could account entirely 
for the reduced efficiency. 

Draft-Tubes Nos. 1 and 3 had an efficiency of about 47 per cent. These 
two tubes had the central portion of the top surface of the entrance to 
the lower leg “dished down” very much in the same manner as shown in 
drawings of a draft-tube developed by G. A. Jessop, Assoc, M. Am. Soc. 
CG. E. (29). Although the lowering of the roof part of the entrance of the 
lower leg might have been expected to eliminate the dead-water space com- 
mon in some elbow draft-tubes and thus show good efficiency as a 
regainer the results were not very good. 

There appeared to be no marked difference in the efficiency of the tubes 
for the different rates of flow. The efficiency was about the same for the low- 
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est rate of flow as for the highest rate; therefore, the fluctuations in efficiency 
as shown in Table 3 were attributed to experimental error. In tests on draft- 
tubes having throat diameters of 3 in., Gibson and Labrow (30) concluded 
that the efficiency was sensibly independent of the velocity for velocities 
exceeding about 5 ft per sec. In an investigation of the transformation of 
water velocity into pressure with diffusers having a throat diameter of 75 mm, 
K. Andres (31) found that the efficiency exhibited by any tube was inde- 
pendent of the velocity over a range of velocities between 30 and 180 ft per sec. 

The Pitot tube measurements of the velocities near the entrance (Section 
10) of the lower leg of Draft-Tube No. 2, both with and without the “splitter”, 
and facing in the direction of flow, are shown in Fig. 18. From these curves, 


(b) With Vertical Bearing Partition; Avg Q=1.193 Cu Ft per Sec 
Fig. 18.—VeELocity ContToURS IN LOWER Lra@ or MopDrn Drarr-Tuspn No. 2. 


it is evident that the “splitter” had a material effect on the filamental veloci- 
ties, but did not eliminate entirely the region of lessened velocities near 
the inner part of the exit of the bend. From the curves it appears that the 
velocities were higher near the right side of the tube, looking down stream, 
than on the left side. This was found to have been caused by the flaring 
tube in Tank A (Fig. 4), being about 4 in. off center. When the flaring tube 
was adjusted to the center of Tank A, its two sides showed approximately 
symmetrical conditions of flow. 

Fig. 19 shows velocity contours at a section (Section 20) near the exit 
of the bend of Draft-Tube No. 4, facing in the direction of flow. It is evi- 
dent that there was considerable dead water near the inside of the bend, a 
condition that did not exist in Tube No. 2. The reason for the occurrence 
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£ of the dead water was attributed to too great a distance between the top and 
bottom walls of the exit of the bend, a measurement hereafter designated as 
2 the A-distance of the tube. 


(b) Discharge, 1.54°Cu Ft per Sec 
Fic. 19.—Venociry Conrours iN Low#r Lye or Mopen Drarr-Tusp No. 4. 


In Draft-Tube No. 4 the “splitter” was designed to extend only part way 
around the bend. An extension was made so that it would extend com- 
pletely around the bend, but this made no difference in the efficiency of the 
tube. "Thus, the conclusion was drawn that the “splitter” need not extend 
completely around the bend to yield good efficiency. Tt would be better with 
whirling flow if the “splitter” were limited to a position about as shown in 


Fig. 16. 

With whirling flow there was considerable turbulence throughout the 
length of all the draft-tubes. This was at its worst with those tubes having 
the “splitter”, such as Tube No. 2, if the “splitter” extended completely 
around the bend. An attempt was made to correct the turbulence in Tube 
No. 2 by placing a “twisted fin” on the upper end of the “splitter.” The 
results of this experiment are shown in Table 4. 

The loss of head in flow through the tube was somewhat reduced by the “fin”, 
but the difference was not great. Tt is known that the whirl component of 
the filamental velocities in draft-tubes may be clockwise at one time and 
counter-clockwise at another, depending upon the changes in head and gate- 
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opening It is possible that the whirl may be clockwise near the walls of the 
draft-tube and counter-clockwise near the center of the tube. It is evident, 
therefore, that the use of any such deflector as described herein for correction 
of whirl in a draft-tube is not practicable. 


TABLE 4.—Exevations or Water Surraces 1n Tanks A Anp B For Drart- 
Tune No. 2, With aNp WirHout Specran Fin ror Corrective WHIRL 


ee 


Wrrs Fin tw Prace (Rate or Frow. 0.961 Cusic || Wrrnour Fin in Puiace (Rate or Fiow, 0.975 


Foor prr Srconp. Mpan VELOCITY AT Cusic Foot ppr Szeconp. Man VELOCITY AT 
ENTRANCE OF TusBz, 5.11 Fret per Seconp) ENTRANCE OF TUBE, 5.13 Frnt PER SECOND) 
Water-Surface Elevations Water-Surface Elevations 
Lost head — — Lost head 
Tank A Tank B Tank A Tank B 
4.327 2.034 2.293 4.410 2.020 2.390 
4.328 2.035 2.293 4.418 2.027 2.391 
4.335 2.037 2.298 4 2.012 2.396 
4.341 2.024 2.317 4.407 2.027 2.380 
4.335 2.035 2.300 4.410 2.012 2.398 
4.3329 2.044 2.295 4.420 2.025 2.395 
4.310 2.015 2.295 4.415 2.024 2.391 
4.345 2.025 2320S FO eee er, era eee ee cee 
Average.....]| waa 2.310 Averages scents 2.391 


RECOMMENDATIONS FOR THE Design oF Exsow Drart-TussEs 


The Vertical Leg—An elbow draft-tube should have a trumpet-shaped 
vertical leg as long as the suction head and the construction costs will permit. 
A long vertical leg seems to be justified by the fact that the bent part of 
an elbow draft-tube induces spiral flow and, consequently, friction and eddy 
losses which vary approximately as the square of the velocity of the flowing 
water. If there is a vertical leg in a draft-tube, the induced spiral velocities 
in the bend and the resultant hydraulic losses should be smaller than in an 
elbow draft-tube which has no vertical leg. 

As indicated in Fig. 17, there is a greater conversion of kinetic energy to 
potential energy per foot of draft-tube where the mean velocity is high than 
whereitislow. This is due to the fact that the velocity head varies as the square 
of the velocity. In the case of Model Draft-Tube No. 4, it would be theoret- 
ically possible, under ideal conditions, to obtain an efficiency of more than 
80% with the tube cut off at Section 10. Of course, it would be impossible 
to obtain ideal conditions where there would be no friction and eddy losses, 
but there can be a closer approach to ideal conditions in a straight pipe than 
in a curved pipe. Friction on pipe walls cannot be eliminated, and centrifugal 
force is inherent to change in the direction of flow. These two in combination 
induce spiral flow as shown in Fig. 5(a). The induced spirals cause hydraulic 
losses that would not occur in a straight pipe. ‘ 

There is a possibility that the induced spirals due to the bend in an 
elbow draft-tube may approximately offset the undesirable whirl components 
of flow from a turbine runner. It is very doubtful, however, whether a 
designer, either by chance or by careful planning, could discover the combina- 
tion of conditions needed for this delicate balance. Further research along 


— 
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this line may be expected in the future, since rational and experimental evi- 
- dences have been submitted (32) (83) (84) by many able engineers in sup- 
port of their conclusions that the form of draft-tube affects the performance 
- of the runner. ; 

The trumpet shape of the vertical leg, such as that suggested by Prasil (24) 
seems to be preferable to the straight circular cone. The experiments of 
Hofmann (8) Gibson and Labrow (30) and Andres (31) indicate that the 
trumpet-shaped tube has as great an efficiency as a straight cone, or greater, 
The cone-shaped tube has a further disadvantage that at the entrance to the 
tube the deceleration is comparatively high and is changing rapidly. This 
occurs in a region where cavitation troubles may arise. Research at the 
Massachusetts Institute of Technology (35) shows that cavitation is a mechan- 
ical phenomenon in which there is a rapid formation and collapse of small 
cavities in the flowing water. It appears that the rapidly changing decelerat- 
ing force at the entrance of a conical tube would make a turbine runner 
more susceptible to cavitation than the lesser decelerating forces in the 
trumpet-shaped draft-tubes. It seems, therefore, that the vertical leg of a 
draft-tube should be trumpet shaped. 

The Bend.—In the test of the experimental pipe bends it was shown that 
Bend No. 4, which was widened in the direction normal to the plane of 
the bend, offered the least resistance to flow. This was a fortunate finding, 
because of the ease with which this type of bend can be adapted to an elbow 
draft-tube. 

In the report of the Bureau of Standards (16) on the investigation of 
literature on draft-tubes, the following statement was made: 


“* * * some conditions for improving the efficiency of elbow type draft 
tubes will be stated, which probably are correct, since apparently they are all 
met with in practically all the elbow tubes of the better design. First, the 
eurvature of the inside wall should be sharp, reducing the length of the curve. 


° 


Secondly, the depth of the tube at the section where the water is deviated 
should be small. Third, where the inside wall has considerable curvature, 
the areas of the sections from point to point should be nearly constant.” 

It is interesting to note that Bend No. 4 essentially fulfills all these 
conditions, since the radius of curvature of the inside wall is smaller than 
that of the outside wall, all the cross-sectional areas are alike, and the pipe 
is flattened in the plane of the bend. 

This flattening, arranged so that the depth of the draft-tube at the exit 
of the bend is small, seems to be of considerable importance. Draft-Tube 
No. 2 (Fig. 12) has less depth at the exit of the bend than Draft-Tube No. 4 
(Fig. 16). Otherwise, the shapes are quite similar Draft-Tube No. 2 had 
no dead-water space in the lower leg (Fig. 18), whereas Tube No. 4 had con- 
siderable dead-water (Fig. 19), with a resultant lowered efficiency. 

Luksch (6) has shown that with direct flow in a trumpet-shaped draft-tube, 
the maximum efficiency occurred when the impact plate was placed so that 


nes 0.27, in which A = the distance between the impact plate and the 


Do 
bottom of the draft-tube; and Do = the throat diameter of the draft-tube. 
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With values of ee greater than 0.27, the water would jump free from 
oO 

the inner face of the tube and permit the formation of a dead-water 

zone. This same phenomenon probably occurs in an elbow draft-tube, 

because the’ bottom part of the bend acts in a manner similar to an : 

impact plate. 

It was stated that the radius of curvature of the inside wall of the bend 
should be smaller than that of the outside wall. Just what relation these 
radii should have to the throat diameter of the tube is not known, but some 
notion may be had from the experiments of Hofmann (8) who showed that if 
an impact plate is used below a conical draft-tube with rounded ‘bottom edges, 


the most favorable ratio for rounding is, _ — 0.85, in which Do = the throat 
0 
diameter: of the tube; and r = the radius of the rounded bottom edges of the 


draft-tube. He showed, furthermore, that "9 may vary between 0.67 and 1.00 


oO 
without much change in efficiency of the tube. This indicates that the elbow 
draft-tube may have a wide range of values of the radius of curvature 
for the inner walls of the bend without losing materially in efficiency. 

The shape which should be given the curve shown as the plan view, in 
Fig. 16, seems to be of no great importance, except that preferably, it should 
be a smooth curve. In all the model draft-tubes tested by the writer the water 
had comparatively high velocities of flow along the sides of the tubes, as 
shown in Figs. 18 and 19. 

The cross-section at the entrance of the bend should be circular, and, 
at the exit, it could well approach that of a rectangle. The intermediate sec- 
tions should be flatter on the inside of the bend than on the outside. 

A “splitter” should be used in the bend of an elbow draft-tube because of 
its tendency to assist in getting the water around the bend in an orderly 
manner. Tests on Draft-Tube No. 2 gave about 2% higher efficiency with 
the “splitter” than without it. In the Lilla Edet (17) tests, where the draft- 
tube had practically no vertical leg, the “splitter” increased the efficiency 
slightly. 

It is undesirable to extend the “splitter” completely around the bend. 
Tests with Draft-Tube No. 4 were made first with the “splitter” beginning 
at about one-third the way around the bend (Fig. 16) and then extended so 
that it began at the very entrance to the bend. No noticeable change in the 
efficiency was observed. Caflish (36) tested a turbine of the Francis type 
for which he showed that the “splitter” reduced the efficiency when extended 
into the vertical leg of the draft-tube. This reduction was to be expected, 
as the turbine caused a whirl component of flow at the part gate-opening. At 
the larger gate-openings the “splitter” seemed to have little effect on the 
efficiency. Had it been extended only part way around the bend, such as at 
the Kembs Power Plant (37), on the Rhine, there probably would have been 
less turbulence at part-gate operation. 
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Professor Spannhake (38) has mentioned the desirability of whirl in the 
draft-tube in the positive sense of the rotation of the runner, this whirl 
allowing the runner blades to be designed for lower relative velocities and, 


- in consequence, for reduced possibility of cdvitation. If this should be the 


practice, then the extension of the “splitter” into the vertical leg is undesir- 


able. However, it does seem desirable to have both the “splitter” and the 


vertical bearing partition, commonly built in the lower leg of the tube, extend 
some distance into the bend. 

The Lower Leg.—The length, and particularly the width, of the lower leg 
of an elbow draft-tube greatly influence the design of the power house. Gen- 
erally, the width of the draft-tube controls the spacing of the turbines, and 
the type and size of the plant determine whether or not a bearing partition 
shall be used in the lower leg of the draft-tube as a means of giving sta- 
bility to the power-house structure. 

The proportions that should be given the lower leg of elbow draft-tubes 
have been the subject of an investigation (39) for the Wheeler Dam, in the 
Tennessee Valley. Several tubes were tested with the result that the best 
efficiency in each tube was obtained when the length of the lower leg was the 
longest tested. In Plate A-6 of the report (15) of the National Electric Light 
Association on draft-tubes, are given the results of tests on changing the 
length of the lower leg of an elbow draft-tube by the Newport News Ship- 
building and Drydock Company. Leg lengths of 2.50, 3.00, and 3.71 times 
the throat diameter of the tube were used, and the efficiency of the tube was 
increased with each increase in leg length. “This does not mean that the length 
could be increased indefinitely with a continued increase in efficiency. Hot- 
mann’s tests (8) on conical tubes led him to conclude that at first an increase 
of the length of a draft-tulbe will cause an, improvement in efficiency and, 
finally, that the wall friction becomes too great and causes a decrease in 
efficiency. Further experiments are required to determine what the optimum 
length of the lower leg of an elbow draft-tube should be. 


SuMMARY AND CONCLUSIONS 


Experiments with Pipe Bends.— 
(1) The loss of head due to the flow of water through a standard 6-in. 


2 
pipe bend of 8-in. axial radius was 0.15 as compared to values of 0.13 > 
g g 


to 0.17 v for the other pipe bends tested. The specimen that offered the 
2 


g 
least resistance to the flow of water was flattened in the plane of the bend. 


Tts superior performance probably was due to the fact that fewer induced 
spirals occurred in this form than in the other bends. 

(2) The specimen that was widened in the plane of the bend had more 
vibration than the other bends when tested under conditions where the enter- 
ing water had a whirl component of velocity. 
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Experiments with Model Draft-T'ubes.— 


(3) The efficiency of the model draft-tubes of 6-in. throat diameter as a 
device for converting velocity head into pressure head varied between 47% and 
65% when the efficiency was defined as the ratio of the head actually recovered 
to the head available for recovery. There was no appreciable change in the 
efficiency of the model draft-tubes for changes in rate of flow. 

(4) When there was considerable whirl component of the velocities of flow 
in the draft-tubes, there was a central rotating core in the vertical leg of 
the tube in which there was a return flow of the water toward the entrance 
of the tube. 

(5) The insertion of a deflector in the model draft-tubes for the purpose 
of correcting the whirl component of flow was found to be impracticable. 


Suggestions for the Design of Elbow Draft-Tubes.— 


(6) The vertical leg of an elbow draft-tube should be trumpet-shaped. 
This shape is just as efficient as any other. It has the advantage over the 
conical tube that, for a given reduction in mean velocity in a given length 
of tube, the deceleration is less in the regions of higher velocity. 

(7) The following suggestions are offered as a basis for designing the 
cross-sections of the bend of an elbow draft-tube: (a) At 0°, beginning of 
bend, use a circular cross-section; (b) at 224°, use an elliptical section, with 
the major axis of the ellipse normal to the plane of the bend; (c) at 45°, use 
an ellipse of greater eccentricity for the inside than for the outside part of 
the section; and, (d) at the end of-the bend, use a rectangular section. 

(8) The radius of curvature of the inside walls of the bend of an elbow 
draft-tube should be smaller than the radius of curvature of the outside walls 
of the bend. The centers of the radii of curvature of the inside and outside 
walls of the bend should be located so that the distance between the walls 
diminishes from point to point along the axis of the bend. 

(8) A comparison of the results of the tests on pipe bends and draft-tubes, 
as described in this paper, with the performance of the best elbow draft- 
tubes described in current technical literature, indicates that, similar to a 
conical or trumpet-shaped draft-tube of given length and flare in which 
there is an optimum ratio of the distance between a deflector plate and the 
bottom edge of the tube to the throat diameter, there probably is an optimum 
ratio of the distance between the top and bottom walls of the exit of the bend 
of an elbow draft-tube of given length and flare to the throat diameter of 
the tube. Further experimentation is needed to establish the optimum ratio 
to be used in design. 

(10) When a guide-vane or “splitter” is used in the bend of an elbow 
draft-tube, it should extend to about tle third point of the bend. The exten- 
sion of a “splitter” completely around the bend effects no increase in efficiency 
for direct flow, and causes loss in efficiency for whirling flow. When a bear- 
ing partition is used in the lower leg of an elbow draft-tube, it should extend 
about half way around the bend to help divide the flow between the two halves 
of the tube when there is whirl component of the filamental velocities, 


—_ 
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A NEW THEORY OF RAIL EXPANSION 


By ALFRED AFRICANO,! JUN. AM. Soc. C. E. 


Synopsis 


The change in length of a rail resulting from a change in temperature is 

ordinarily taken as the product of the coefficient of linear expansion times 

the length times the change in temperature. The action of the ties in resist- 
ing longitudinal movement of the rail is neglected. 

For a 33-ft rail, with ordinary track construction, the resulting error is 
less than 2%, and, therefore, may be justly neglected; for a 66-ft rail, how- 
ever, it may be from 10% to 40%, depending upon how securely the rail is 

- fastened to the ties; and for the long continuous welded rails, the error is so 
great that it is evident that tie resistance must be taken into account. 

In the following analysis of the problem, formulas are developed which 
include the action of the ties, and, in addition, the effect of joint restraint. 
The resultant theoretical rail expansions are in good agreement with the 
general observations made on the German railroads, and the careful measure- 
ments made on four half-mile length rails in the Delaware and Hudson 
t.ack, at Mechanicville, N. Y. 

Notation.—The letter symbols in this paper are introduced in the text 
as they occur and are summarized for reference in Appendix I. An effort 
has been made to conform essentially with “Symbols for Mechanics, Struc- 
tural Engineering, and Testing Materials” compiled by a committee of the 
American Standards Association, with Society representation, and approved 
by the Association in 1932. 


The coefficient of linear expansion, , for hard steel is equal to 0.00000738 
in. per degree Fahrenheit per in. of length’. Therefore, the free expansion 
of a rail, expressed as a formula, is, 


A Up = MAE 1. oe eee ee cece cree ce eweeenes (1) 


Norr.—Discussion on this paper will be closed in May, 1937, Proceedings. 
1 Asst. Engr., Interborough Rapid Transit Co., New York, N. Y. 


2 A.S.A.—Z10a—1932. 
3 Bethlehem Manual of Steel Construction, Catalogue S-47, 1934, p. 299. 
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in which 1 = half the length of a rail; and Al; = change in length, due to a 
temperature change, At, when the rail is free to expand. If this expansion 
is prevented by fixing the ends of the rail, the resulting uniform Stress, s, 
in the rail is, in pounds per square inch, 


pve Bs =e SS AE 


l 


in which 8 = unit strain, in inches per inch; and # = modulus of elasticity. 
For EF = 30000000, s = 219 At, or the stress is 219 lb per sq. in. for every 
degree change in temperature. It should be noted that this stress is inde- 
pendent of the length of the rail. . 

If At = 100° F is the rise in temperature over that at which the rail was 
laid, the stress would be 21900 lb per sq. in.; and if the rail section were a 
100-lb A R A = B‘, with a cross-sectional area, A = 9.85 sq. in., the force, F, 


Total 


Y ts ral (N=1)T _NT | 


Raily 


EnAt 


Stress, s, in Pounds per Square Inch 


Middle of 


be Longitudinal Resistance; in Pounds;and 
So 
8 


3 


mn Distance Along Rail Free End 
i ¢ Any Length 
ss dee « No Movement 
U , . 


Fic. 1.—TEMPERATURE STRESSES IN A RAIL 


S 


required at each end to prevent expansion would be F = sA = 21900 x 9.85 
= 216000 lb. To develop this force in one-half the length, 1, of a 33-ft rail, 
with the tie spacing, c, equal to 22 in., would require the average tie resis- 


tance to longitudinal movement, 7, to be: T = 216 000 x 2 X 22 _ 216 000 Ib. 


33X12 —*-— 9 ties 
= 24000 lb per tie. 


TABLE 1.—Averacre Tiz Resistance Requirep to Devetop 216000 Pounps 


AT THE Mipp.eE or A Rain 
7 [EET ms, ,::-,_, ,..— 


No. of 33-ft Length, L,} Resistance, 7’, in No. of 33-ft Length, L i i 
rails in feet pounds per tie rails iw fant i Rese ae 

Mieveldicte Helse 33 24 000 LBP. cad caress 

Oi arene 66 12 000 BOL: es Ft 900 * 300 

Bnei «eter a 99 8 000 ADS renee Ucn 1 485 530 

De retare e Oiaye’ thane 165 4 800 OO) cinch sien. f 1 980 400 


eee Eee 
* Bethlehem Manual of Steel Construction, Catalogue S-47, 19384, p. 78. 
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Since it is improbable that one rail-fastening and the tie will develop a 

; resistance of 24000 lb, unless set in concrete, a 33-ft rail expands quite 

freely; but when several rails are made continuous the average tie resistance 

drops to an amount that can be developed reasonably, and the fixed-end con- 

dition is approached. Table 1 illustrates how the average tie resistance re- 
quired to prevent expansion varies inversely as the length of the rail. 


(c) CONTRACTION DECREASED BY LONGITUDINAL RpsIsTANcE, Not UNIFORM 


wie 


eo AB LONGI 
206 ee 


5 


(d) No LONGITUDINAL RESISTANCE REQUIRED OF HNDS IN 
THH FIXED Part OF THE RAIL 


Fic. 2—Mopret SHowine THAT RBSISTANCE TO LONGITUDINAL MOVEMENT DEVELOPED BY 
THE RAIL FASTENINGS NEAR THE Enps CAN Be SUFFICIENT TO PREVENT CONTRACTION 


OF THE REMAINDER OF THE RAIL. 


The free ends of the continuous rail will always expand a certain extent. 
To determine this actual expansion for any length of rail, and for any 
degree of tie resistance, jt is simply necessary to determine how much 
expansion is prevented, and to subtract that from the free expansion. The 
concept of the increasing resistance to longitudinal movement, from zero at 
the free ends to a maximum when N ties completely fix the rail, is illustrated 
in Fig. 1. 

It may be demonstrated very effectively with the model shown in Fig. 2, 
which consists of two elastic bands fastened to cardboard strips which rep- 
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resent equally spaced sections of the rail base. By first stretching the 
elastics, then placing weights on the strips to obtain various degrees of 
longitudinal resistance (rail-fastenings), and, finally, releasing the ends, 
the action will closely approximate that of a rail following a drop in tem- 
perature. Using compressed springs instead of the elastic bands would 
illustrate the case in expansion. 


DERVATION OF FoRMULAS FoR EXPANSION (oR CoNTRACTION) 
Without Joint Restraint.—For simplicity consider the tie resistance to 


be distributed uniformly along the rail so that L is in pounds per linear 
c 


inch. (A solution by summation of the terms of the arithmetical progression 
representing the expansion that is prevented in consecutive tie spans shows 
the error of this assumption to be small, and quite negligible for long rails.) 
The compressive stress at any point, x in. from the end of the rail, resulting 
when the tie resistance prevents expansion with a rise in temperature (or 
tensile stress with a drop in temperature), is, from Fig. 1: 


ee EL: 


cA (8) 


Sa 


and may be considered constant in the differential element, dz. 

Hooke’s law states that this stress is proportional to the strain; and this 
is true no matter how that strain is produced, whether by a load in the 
ordinary case with no change in temperature, or, as in this case, by sup- 
pressing part of the normal change in length required to leave the rail 
unstressed at the different temperature. Therefore, the strain in the 
differential element produced’ by preventing its lengthening or shortening 
an amount d(Al) can be substituted in the fundamental formula (Equation 
(3)) and equated to the stress in the rail at that point, as follows: 


. = Hi BeOS 2 ee 
dx cA 


Solving for the change in length that is prevented, 


T x dx 
d(ADe— Nae etre Ue ee 5 
) cAE (6) 


The total expansion (or contraction), Al,, that is prevented in the half- 
length, J, is now found by integrating between the limits, 7 = 0 and x = l, or, 


Tx dx T 7 
AL= ees. abe es 
fm 2cAE (8) 


(This result of integrating Equation (6) can be obtained without the 
use of calculus by noting that the sum of all the suppressed unit changes 
in length is equal to the area of the triangle which represents them as 
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changing uniformly from zero at the free end to a maximum when the rail 
is fixed. However, it is best to use calculus to illustrate the general method 
_ to be used in case the resistance to longitudinal movement of the rail is 
found to be some empirical curve rather than the simple straight-line varia- 
tion assumed in this analysis.) The net expansion is the free expansion 
minus that which is prevented, or, 


~~ m Tr 
AL= Aly — Alr = nAtl — —— .....- eee eeeees (7) 
2cAE 


The maximum end expansion occurs when J becomes equal to the critical 
length, 
En dAtAc 

T 


i = A) 
required to develop the longitudinal force, F = En At A, which fixes the 
rail thereafter, so that there is no further increment in the total expansion. 
If this is not sufficiently obvious from Fig. 1, a convincing proof may be 
obtained by setting the first derivative of Equation (7) equal to zero for a 
maximum, and solving for J. Consequently, the tie resistance, 7’ (which is 
simply a frictional reaction opposing any movement), does not come into 
action at all in any additional length of rail placed between the critical 
lengths, /, at each end, as the model action shown in Fig. 2(d) clearly demon- 
strates. 

Substituting the value of this critical length in Equation (7) results in 
the following simple expression for the maximum end movement of a rail 
without joint restraint: 


READ EA CAV Oe et en) 


27 2 


A anes = 


Stated as a theorem: 

Theorem 1.—For free ends, the maximum expansion at each end of a long 
continuous welded rail is one-half of what the free expansion would be in 

the length that 1s required to fix the rail. 

That this is what should be expected is evident when it is considered that 
the expansion varies from its normal unit free expansion at the end of the 
rail, uniformly, down to zero at the point along the rail where the force 
(independent of the length) required to fix it becomes fully developed. 

Note that Equation (9) shows that the maximum expansion: (1) Is 
~ independent of the length of the rail; (2) varies as the square of the tempera- 
ture difference for a given track; and, (3) for different tracks, varies 
inversely as the tie resistance. . This is quite a departure from the time- 
honored method of computing allowable gaps for 33-ft rails. That the actual 
expansion follows Equation (9) in principle is strongly supported by the care- 
ful observations made on four continuous rails, each about 2600 {t long, at 
Mechanicville, and the general observations made in Germany and other 


countries where long rails have been installed. 
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Example 1—For the case in which n = 0.0000078, At = 100° F; ¢ = 22 
in.; T = 1000 lb per tie; A = 9.85 sq in.; and H = 30 000 000 Ib per sq in.: 
F = 216000 lb; N = 216 ties; and Al’mx’ = 1.74 in. This maximum expan- 
216 X 22 X 2 _ 799 

12 
ft long. For any longer rail, the additional length would be fixed com- 
pletely against expansion, so that the total expansion at the ends would 
remain the same. 

Expansion of Rails Shorter Than the Critical Length—For lengths less 
than 792 ft, the net expansion can be derived from Equation (7), which 
reduces to, 


: ga ba! 
sion would occur at each end of a continuous rail, 27’) = 


At = 0,000731: =. LO.0TRX 102), Bs xno ve cies ukenh aaa 


for this case. 
The theoretical expansions from this equation for various lengths are 
given in Table 2 to show what can be expected under the assumed conditions. 


TABLE 2.—TueroreticaAL Expansion As Computep By Equation (10) 


in 


3 = 3 = i Beg oe ; 
69 g3 d % = 8 88 
6 ie jee 8 8 gs em a | 34 3 8 ‘a4 
33 # 1eo cs 3 dg or y S 2 3 Pe 
we | .8 | ea] 8 A EL . | goa] 8 # ae 
a. [e eee | 28 | Reel eo log 4 oak Gao) cae ee 
afer Osc ag Pe pe fos P| Boe junc le af alone 
Z 4 a a a 2 Z me 4 a ¥, 
Tone 33 9 | 0.145 | 0.003 | 0.14 | 10...| 330 90 | 1.45] 0.30] 1.15 
Dhreeeied 66 18 0.29 0.012 0.28 Suey aa OOO: 180 2.90 1.21 1.69 
CE AGS S 132 36 0.58 0.05 0.53 Pete oe 216 3.48 1.74 1.74* 
Omer 198 54 0.87 O41. 0.76 see] 990 270 3.48 1.74 1.74 
————————————— SNES RS SS ie rae eee ey 
* Al'max- : 


The maximum expansion varies inversely as 7. Therefore, a value of T 
= 5000 Ib (claimed possible in certain types of track construction), instead of 
the T = 1000 assumed, would give a result only one-fifth as great (that is, 
0.85 in.) and N = 48 would be the number of ties required on each side of 
the middle of the rail to prevent further expansion for longer rail lengths. 
For this case the critical length, ’, would be 79 ft. 

There probably would be a slight movement of the tie proportional 
to the resistance for so high a value of T. To show a possible cause of 
discrepancy in the observed and theoretical rail expansions, as described in 
this paper, and to show also that it is probably negligible if H, the modulus 
of horizontal resistance, is about the same as u, the vertical modulus of foun- 
dation’, the following calculation is given. (The modulus of foundation, wu, is 
the load per unit length of the rail required to produce a vertical deflection 
of the foundation equal to unity. By analogy, the modulus of horizontal 
resistance, H, is the force per unit length of the rail required to produce a 


5 Introduced in the First Progress R t of 
road Track, Transactions, Am. Soe! Gy B. Vol. LASS Tat ritee ett Btrenees 1a ie 
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horizontal deflection of the foundation equal to unity.) If, on the average, 
each tie moved about the same distance to develop its value of tie resistance, 
T, the additional movement of the end of the rail would be: 


Aly = BEN eet te: os pees «CLL 


c 

Substituting 7 = 5000, c = 22 in, and H =uw=1 500 lb per in. per in. 
(an average value), in Equation (11), the additional movement is found 
to be only 0.15 in. The total expansion at the end is, then, 0.35 + 0.15 
= 0.50 in., for this case. 

A length of continuous rail, 200, 400, or even 1000 ft long, would give 
the same theoretical expansion (0.50 in.), that is calculated for this 158-ft 
length. I+ follows that, for preventing expansion of the remaining length, 
only 79 ft at each end of the long continuous welded rail need have the 
higher resisting and more expensive rigid type of track. Maintenance-of-way 
engineers contemplating the change to welded joints will be interested in 
verifying this conclusion. In this connection the writer wishes to make 
it clear that, although he recognizes the desirability of rigid track for the 
entire length of the rail, his present purpose is to emphasize and call atten- 
tion to the basic fact that the longitudinal resistance is developed only as a 
reaction to movement, and this occurs near the ends of the rail, not at the 
middle, fixed part. 

For rail laid in cold weather, it may even be necessary to provide 
lateral anchors, in addition to stiff track, to prevent the rail from buckling 
laterally and from being thrown out of alignment. On the other hand, for 
tangent rail laid in hot weather, with only the tensile stresses resulting from 
a drop in temperature, no special type of track may be necessary. 


Formutas Inctupine Jot RESTRAINT 
Fig. 8. shows the longitudinal resistance assumed to be increasing uni- 
formly from the initial value, P, representing the joint restraint, to the maxi- 
mum value, F = FE n At A, that is required to fix the rail. As in the 
case without joint restraint, the change in length that is prevented depends 
directly on the stress developed in the rail, which is (see Equation (3)): 


Sea Ae Ver ge nem eo 6) 
Aer A, 
but (see Equation (4)): 
bree By aaal eg a a ans SLLES, 
dx 
Therefore, 
gl aoe fe Tx 
Ala oil Mapai) geese Wir aes Mr ta E (14) 
M r(Z rt) 
and, 
2 
ati cdh: CARRE LiL oie ase Soaae (15) 
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The net expansion for rails shorter than twice the critical length, 1” 


( tha is, 1 < rp?) is: 


T 
Pi fA 
Al = n At l — — — Oe ey rr ae 
AE 2cAE 
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P+T P+(N-)DT ELNT 
Joint 
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Ee I 

34 7 

we Sead x 
she Distance 

Along Rail 
Any Length 
No Movement 
Fie. 3—Forces IN A RAIL WITH R®STRAINED JOINTS. 
Substituting the critical length, 
c(EnatA — 
ri hn a Ee a eee (17) 


T 


required to finish fixing the rail (see Equation (8)), into Equation (16) 
will result in the simplified expression for maximum end movement with 
joint restraint, independent of the length, for any length of rail greater 
than the critical length (see Equation (9)): 


Al’ max o. €(E- nab A — Peres Sar) ; 


alee te oe OL 
2TAE 2TAE 


To Determine Values of P and T by Observation of End Expansions.— 


The procedure for determining the values of P and 7 by observing end expan- 
sions, is as follows: 


(1) Measure Al, the end movement with joint restraint from a fixed refer- 
ence point, for 2 known rail temperature change from the laying temperature. 

(2) Remove joint bolts, strike joint bars with a hammer to loosen their 
grip completely so that the ideal condition of free ends will be realized—to 
warrant applying Equation (9), which was derived with this assumption. 
Now, measure Al,, the end movement with free ends. 


= 
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(3) Substitute Al and the temperature difference in Equation (9) (or 
Equation (18) which reduces to Equation (9) when P = 0) and solve for the 


correct tie resistance, 7's. 


(4) Placing this correct value, T2, and the first measured end movement, 
Al, with the same temperature difference, in Equation (18), solve for the 
joint restraint, P; thus: 


ea ere UNAS del Se ©. ES ele 


c 


Equation (19) can be simplified so that the ratio of the two measured end 
movements can be substituted directly in the formula to give the ratio of 
joint restraint to the total force required to fix the rail. Multiplying the 
E n? (at)? Ac 
alas 


term under the radical by Al, A or its equivalent, 5 from 
Al, Al, 
Equation (9), 
Dean (ie oD eL 
Al, 


CoMPARISON WITH OBSERVED EXPANSIONS 


General.—For a comparison with general observed expansions in Germany, 
attention is called to the following quotations’; 

“In Germany a 1000 length of rail moved 4” and 3” at the joints. * * * 
The German engineers say the amount of movement at the ends regardless 
of the length is apparently only the normal movement for 40 ft. rails.” [The 
movements for 100, 200, and 400-ft lengths were compared. ] 

In Australia, engineers of the Victorian Railways found that the actual 
expansion and contraction was about one-half the “theoretical” expansion. 
This was for rails as long as 250 ft, with standard track construction. 


GRAPHICAL SOLUTION 


Equation (9) can be transposed and written: 


2 
an beret dt 9d ge ee 
Al'max. 
in which, 
2 
pe IE 5, oe eae) 
2 
Example 2.—Equation (21) can be solved by reference to Fig. 4. 
For example, let the observed end movement, Al’ = Se De ot =) Poets 


Paes 20 10 te = 1X 10°; c = 22 in; A = 12.86 sq in. By Equa- 
tion (22) the value of the track constant, K, is found to be 0.20. Then, 


s“Thermit Rail Welding,” in a brochure pub. by The Metal and Thermit Corporation, 
New York, N. Y. 


| 


« 
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entering Fig. 4 at At = 58° F, intersect the curve, K = 0.20; proceed hori- 
zontally from the intersection to the radial line, Al’ = 3 in., to determine 


the tie resistance, 7’ = 2100 lb per tie. 


‘e 


NS 


IN N 
LAW 
LAA 
WAAAY AM 
ANA 


iN 
HEE 


IN 
LLL 


iO TS 2 Sle SLAs ee CaO 


20 30 40 50 60 70 80 90 100. 110 
Tie Resistance, 7, in Thousands of Pounds perTie_  - Te 


mperature Change, At, in Degrees Fahrenheit 


Fie. 4.—GRAPHICAL SOLUTION OF EQUATION (9). 


Example $—Varying the conditions in Example 2, let 7’ = 2000 lb per 
tie; At = 100° F; and, K = 0.20. Proceed vertically from At = 100 to 
K = 0.20, as before; continue horizontally from this intersection to an 
intersection with the vertical line, 7 = 2000; and read the answer, Al’ = 1 in. 
on the diagonal lines. 


APPLICATION OF THE FoRMULAS TO THE MecHANICVILLE, N. Y., OBSERVATIONS 


Example 4.—Four continuous half-mile lengths of welded A.R.E.A., 
131-lb rail were laid in the main tracks of the Delaware and Hudson Rail- 
road, at Mechanicville, on an extremely hot day, and the closing rail tempera- 
ture was noted. Subsequently, the maximum observed contraction at one end 
was 0.75 in. for a temperature drop of 82° F. If the joint restraint were 
slight, or were removed entirely, Equation (9) (for free ends) applies. 

The values of the track constants are: Cross-sectional area of rail, 
Aw= 12.86 sq in.; # ="30 * 10°; 1-17 x 10S and\e. =)221n- 

Substituting the observed values of A Tnx. and At in Equation (9) (see 
heading “Graphical Solution”) and neglecting the small tie movements gives 
a value for the average tie resistance to longitudinal movement of T = 1860 lb 
per tie. The average calculated value of T from forty observations (that is, 
both ends of four rails measured at five different times after installation) was 
2100 for an average movement of 7; in., and an average temperature drop 
of 58° F. 

Using a value of, say 2000 for T, the maximum contraction for a tem- 
perature drop of 100° can now be predicted from Equation (9) (as shown in 
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Example 3), and results in the value, Al = 1 in. This will be the same for 
any rail (with similar track constants) longer than twice the critical 


length, and from Equation (9) this length is: D=20 = 4 A Vmax. = 475 it. 
n At 


Thus, the actual contraction is only one-half of what the free contraction 
would be at each end in a 475-ft length of rail, and one-eleventh of what 
jt would be at each end in the 2 600-ft+ length. 

Example 5—With Jot Restraint.—Since it is quite likely that joint 
restraint did exist when the observations were made at Mechanieville, it is 
important to show how the additional data obtained in the suggested pro- 
cedure for determining the degree of the joint restraint is to be applied in 
Equations (18) and (20). 

Suppose after Al, had been measured equal to 0.75 in., the joint bolts 
had been removed to allow the end to move freely an additional 0.50 in., 
making Al, = 1.25 in. The correct value of the tie resistance can now be 
solved from Equation (9), or more directly by making use of the fact that 
the maximum end movement for free ends varies inversely as the tie 
resistance : 


Olt a Laila: dant hun a beatae (23) 
Al, iy 
any hy = = Rs 2 x 1860 = 1120 lb per tie. The number of ties 
required as, the force, F = En At A = 922000 Ib, would be, for 
free ends: N2 = OD — 198 ties, and the critical length, ’ = 198 X - 


= 364 ft. 
The number of ties and the length of rail that were actually in use, how- 
ever, depend upon the degree of joint restraint. Applying Equation (20): 


P = 222000 (: aa 22) — 50000 lb. The number of ties in use with 


1.25 
this degree of restraint was: Ni = 22 ee — 154 ties; and, the 
22 


critical length: 1” = ™: Gy 15 49x as — 989 ft, This means that the maxi- 


mum contraction (0.75 in.) would have remained the same at each end, for 
any length of welded rail from 564 ft to the actual length of the installation, 
2600 ft. 

Tf the rail had been shorter than twice the critical length required to fix it 
completely, this fact would have been evident, according to Theorem 1, by 
its observed free end movement being greater than one-half the calculated 
free contraction. Equations (7) and (16) would then apply. 


ConcLUSION 
A complete analysis of the stresses in welded rail would have to include 
the complicated wheel load stresses in addition to the temperature stresses 


298 NEW THEORY OF RAIL EXPANSION Papers 
described in this paper. The various ways in which a rail can be stressed 
are summarized in Appendix II to show the extent of this subject and the 
necessity for limiting the present investigation to one particular aspect. 

The principal objection to the introduction of continuous welded rail has 
been the fear of excessive expansion or contraction. Therefore, the writer’s 
purpose has been solely to present a theortical explanation of the small 
observed expansions in existing long rails which are not accounted for under 
the existing “theory.” 

It is hoped that, with more observations of expansions, the correctness 
of the formulas presented in this paper will become established. It is only 
with this knowledge of what fundamentally takes place at the ends of the 
rail that the proper approach can be made to the economies resulting from 
the elimination of rail joints. 
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APPENDIX I 


Notation 
The following letter symbols have been adopted for use in the paper: 


= cross-sectional area of a rail, in square inches; 

distance between. ties; tie-spacing, in inches; 

modulus of elasticity; 

force; the total force required to restrain a rail, in pounds; 

a subscript denoting “free expansion”; 

modulus of horizontal resistance; 

a track constant (see Equation (22)); 

total length of a rail or track; 

length of a rail from one end to the middle, when the longi- 
tudinal resistance is insufficient to develop a force, F, to 
restrain a rail; Aly = change in length due to temperature 
change (in inches), with free expansion in the length, 1; 
Al, = change in length due to temperature change, with 
the rail restrained against expansion; I/ = critical length, or 
length required to develop a restraining force of F lb, or a 
force sufficient to restrain the rail entirely; 1” = a critical 
length which includes the effect of joint restraint; 1, = end 
movement when a joint is restrained, measured from a fixed 
reference point and corresponding to a known value of Af; 


Al, = end movement when a rail i i 
alist S$ permitted to expand 


Hea WW a a 
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number of ties required to develop a force, ee 

coefficient of linear expansion, in inches per degree Fahrenheit 
per inch; 

jnitial longitudinal resistance to expansion, or contraction; 

a subscript denoting “resists expansion” ; 

unit stress; 

resistance at the ends of each tie, in pounds; 7, = correct tie 
resistance ; 

temperature, in degrees Fahrenheit; Aft = a change in tem- 
perature; 

— vertical modulus of foundation; load, in pounds per linear inch 

of rail per inch of vertical deflection ; 
§ = unit strain resulting from a stress, s. 
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APPENDIX II 


Wueet Loap STRESSES 


Wheel loads may contribute to the stresses in rails in the following ways: 


1—Static Stresses—The rail is considered a loaded structure on an 
elastic foundation. Under this assumption corroborated by field tests with 
extensometers, the stress, Sz, in the extreme fiber at a distance + % from 
the position of the wheel load on the rail, is: 


Po P ef (cosBx — gin B&). se eccee ee ee ee (24) 


4BZ 


in which P is the wheel load, in pounds; f is a symbol representing a quan- 
4 
tity, Nea I and Z are, respectively, the moment of inertia and the sec- 


tion modulus of the rail about the horizontal neutral axis; wu is the modulus 
of foundation; H is the modulus of elasticity for steel; and e is the base of 
the natural logarithms, or Quulse 

9—Dynamic Stresses*—These are impact stresses caused by low spots in 
the rail, flat or out-of-round areas on the wheel, rail-joint gaps, differences 
in the elevation of adjoining rails, and the vertical components of the con- 
necting-rod and counterbalance forces in the case of steam locomotives. 

3—Shear Stresses—Formulas developed by Thomas and Hoersch® give 
values for the high localized shear stresses that form slightly below the con- 
tact surface of the rail and wheel. Once the initial crack starts from this 


1 For derivation of formula see “A pplied Blasticity,”’ by S. P. Timoshenko and J. M. 
Lessells, 1928, p. 141. 

8 “Stresses in Railroad Track” by S. P. Timoshenko and B. F. Langer, Transactions, 
A. S. M. E., November 30, 1931; also, “Rail Stresses and Locomotive Tracking Character- 
istics Found in Tests on the Great Northern Railway,” by J. P. Shamberger and Bs 
Langer, Bulletin 339, A. R. B. A, September, 1931. 

® Stresses Due to the Pressure of One Elastic Solid. Upon Another,” by H. R. Thomas 
and V. A. Hoersch, Bulletin 272, Wng. Bxperiment Station, Univ. of Illinois, Urbana, Til. 
1930. 


| ; 
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cause, it spreads under the constant reversal of bending stresses of much 
smaller magnitude. Transverse fissures are examples of this type of over- 
stress in the rail. 

4.—Web, Fillet, and Bolt-Hole Stresses —The sudden change of cross-sec- 
tion causes high concentration of stress which may result in minute initial — 
cracks. These stresses can be calculated by photo-elastic methods. 

§.—Torsion Stresses —These stresses may be caused by eccentric vertical 
loads, and the lateral forces due to swaying, unbalanced centrifugal and 
superelevation forces, and flange pressures. 

6.—Vibration Stresses—Vertical and lateral oscillations of the truck and 
rail may produce momentary, high stresses. 


In addition to the specific references given in the footnotes, data on rail 
stresses may be found in the Progress Reports of the Special Committee 
on Stresses in Railroad Track published in the Transactions of the Society; 
the Proceedings of the American Railway Engineering Association; and the 
quarterly reports of the Rails Investigation being undertaken at the Engi- 
neering Experiment Station, University of Illinois, at Urbana, IIl. 
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ECONOMICS OF HIGHWAY-BRIDGE FLOORINGS 
OF VARIOUS UNIT WEIGHTS 


BY Jf. LU. “WADDELL,? HON), M: Am. Soc.. C. E. 


SyNopsis 


The comparative economics of any two or more types of modern highway- 
bridge floors is presented in this paper. The method provides a means of 
answering questions of relative economy in a very few minutes, beyond the 
peradventure of doubt in regard to accuracy, either to-day or at any future 
time. The following information concerning each competing type must be 
known: The thickness of the flooring and its weight per square foot; the 
weight of metal per square foot of floor, between the stringers and the floor- 
ing with a stringer spacing of 5 ft, if there is any such special metal (or, 
otherwise, the extra weight of metal per square foot, in the floor sys- 
tem, due to a closer spacing of stringers); and the cost per square foot of 
flooring in place. 

Figs. 1 to 8, with Table 1, afford all the information required for making 
such economic comparisons; and the text describes the conditions that 
governed the computations for all diagrams and tables. Invariably, both 
superstructure and substructure costs are considered, under the average or 
the usual conditions that were assumed for the latter. 

Certain unit prices of materials in place were adopted for making the 
calculations of total costs per linear foot for the more than two hundred and 
fifty spans that were specially computed in making the investigation. Due 
cognizance was taken of the fact that the unit prices of both superstructure 
and substructure material, in place, increase as the total quantities thereof 
diminish; and certain empirical formulas are furnished for the proper and 
adequate correction (for this reason) of all such unit prices. _ 

The bridges covered in the records are for simple-truss and cantilever 
spans, for both wide and narrow roadways, and for both carbon-steel and sili- 


Norgn.—Discussion on this paper will be closed in May, 1937, Proceedings. 
1 Cons. Engr., New York, N. Y. 
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con-steel structures. Attention was paid, wherever necessary, to the 
augmenting of total metal weights due to wind loads, and to the effect on 
costs of both superstructure and substructure from the spreading of trusses 
beyond the requirement for width of roadway. The curves were determined 
upon the basis of there being solid rock or an equivalent reasonably hard 
foundation for piers; and the effect on the comparative economies of using 
pile foundations has been treated. 

Full explanations are provided regarding the-utilization of the diagrams 
and tables; and three practical cases for bridge-floor competitions have been 
solved in the text. The economic effects of using light floorings on vertical- 
lift and bascule spans and on suspension bridges have been treated at some 
length. The entire investigation has been made upon an absolutely unbiased 
basis; and the method of presenting the cost diagrams represents the acme 
of impartiality. 


INTRODUCTION 


In addition to the usual type of reinforced concrete flooring for modern 
highway bridges, termed herein the “Standard”, there are a number of 
patented floorings, the main object of which is to reduce the dead load on the 
structure and thus save metal and, therefore, expense. Because these special 
types are more costly than the ordinary type of reinforced concrete flooring, 
and, in addition, involve royalties, they are likely to increase rather than to 
decrease the total cost of structure in short-span bridges. 

Other considerations being equal (that is, ignoring all claims for superior- 
ity of surface, resistance to skidding, absence of pitch or crown, better drain- 
age, non-collection of snow and ice, etc.), the bridge engineer, in the interests 
of his clients, will very properly desire to design his structures so as to keep 
their total cost down to a minimum by selecting the most economic type of 
flooring. Each patent owner naturally wants people to believe that his special 
type is not only superior to all other types, but is also the least expensive, when 
the total cost of the completed structure is in question. Comparing any two 
types of equal suitability, it is evident that the lighter the flooring the smaller 
will be the percentage of steel required for both the floor system and the 
trusses; but the total saving of metal may not be great enough to offset the dif- 
ference in the costs of flooring for the two types under comparison, after 
the royalties have been included. 

It is evident that the longer the span the greater is the proportionate 
saving in metal weight of trusses resulting from the reduced dead load. As 
far as the different types of floor construction are concerned, it is almost 
axiomatic that the lighter the flooring the greater, generally, is (or should be) 
its actual cost per unit of area, because the thinner it is the larger must be its 
volume of expensive steel and the smaller its volume of cheap concrete. This 


statement does not always apply to varying thicknesses of flooring of the 
same type. 
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Since, at present (1937), few, if any, bridge specialists are at all certain 
about the comparative ultimate economics of the various bridge floorings, 
the establishment of an absolutely correct and impartial method for set- 


420 
T 
410 
tH 
sae + 
400 Hy H 
» 390 
s | 
ce) 
2 "= 
ra Ly 
Re xo tH 
= 380 tape ayeecesaees rt 
2 z : Syre Ob 
= 123-Lb oy 
3 ad t 
S OAD oS. 
5 370 we 
a s t 
5 ace 
3 90.0. 
= a 
= 360 : 
#2 H+ { 
8 Ree EA : 
2 10, aoe 
= s one 
& 350 eee Hoste 
oa 8) eth ine 
50 Ce oo 
* 
340 an 
co 
ane 
t Gat 
15 (+12) july Oe 
330 
320 Ext 
"150 175 200 225 250 275 300 325 350 375 400 


Span Lengths, in Feet 


Fic. 1.—PAR TIAL UNit COST OF SimpLy-TRUSS, HIGHWAY BRIDGES OF CARBON STHEL 5 
45-Foot CLpaAR ROADWAY 


tling the question would bea real boon, not only to the Engineering Profession, 
but also to the promoters of bridge projects and to the financiers whose money 
is to be spent for the materialization of the desired structures. It is for 
that reason that this paper, with Figs. 1 to 8, has been prepared. 


Basico ASSUMPTIONS 


A series of solid floorings having weights per square foot of floor equal to 
123, 110, 90, 70, 60, 50, and 40 lb, as well as an open-grate flooring computed 
for 15 lb per sq ft, plus an allowance of 12 lb per sq ft for small I-beam cross- 
girders, was assumed; and, for each one of the series, an arbitrary (but 
logical) cost per square foot was adopted, including royalty, these costs gen- 
erally increasing as the weight of floor-slab diminishes. 
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Next, cost curves were plotted to cover the substructure, the superstructure 
metal work contained in the floor system proper (on the basis of 5-ft stringer 
spacing), the lateral system, and the trusses (excluding the metal on piers 
and in the anchorages) for both simple-truss spans and cantilever bridges, in 
both carbon steel and silicon steel, and for both wide roadways and narrow 
roadways. These curves do not contain the costs per linear foot of the floor- 
ing, the metal in extra stringers, or that between flooring and floor systems, 
the guard-rails, or the hand-rails; but the costs of these enumerated items 
(except only the hand-rails) are given in tables, using the assumed unit prices 
that are adopted in the text for this investigation. In the future, the fore- 
going costs will. need to be computed for each special case as it arises before 
the diagrams can be utilized. This program, at first reading, may appear a 
bit complicated; but the examples, given hereinafter, for utilizing the cost 
eurves will make the procedure perfectly clear. 
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Because of its common use, a 110-Ib, 9-in. slab floor of ordinary rein- 
forced concrete, consisting of an 8-in. structural slab with its thickness 
sncreased 1 in. for wear, has been selected as the “Standard” type of non- 
patented flooring. The 123-lb flooring, designated as “Super-Standard”, con- 
sists of an 8-in., reinforced concrete slab, covered with a 2-in. thickness of 
asphalt paving. For both these types, the stringer spacing was assumed 
to be 5 ft. 

The 90-Ib flooring represents a T-in., concrete slab reinforced with trusses 
of welded-bar or other rigid construction, also carried by stringers spaced 
5 ft on centers. This thickness includes 1 in. of wearing surface, 
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Below a certain limit for the special fioorings, it is necessary to reduce the 
stringer spacing as the slab thickness decreases; hence, a proper varying 
increment to the floor-system weight was made for a number of the assumed 
reference types. 
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The open-grate flooring of this comparative series was based on using 
ts -in. metal throughout, but it is better practice to make the straight (or 
carrying bars 4 in. thick. ~ This would add 2 lb per sq ft to the weight 
of the floor, but would permit a saving of 1 Ib per sq ft (through slightly 
wider spacing) in the weight of the small transverse I-beams, making a net 
increase of 1 Ib of metal per sq ft. Consequently, if the heavier carrying bars 
are used, it will be necessary to allow a rebate of 4 cts per sq ft of floor, but, 
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20-Foor Cupar Rosapway. 


on the other hand, to provide for the increased cost of the structure due to 
the extra load of 1 lb per sq ft. In Table 1 are recorded full data concerning 
these eight comparable floorings. 


TABLE 1.—Data CONCERNING ComparABLE Foor TypEs 


Total weight Allowance included in cost 
Item Type of floor, in Cost in place per for extra floor metal 
No. pounds per square foot as compared with the 
square foot standard, Item No. 2 
ee |e Vested ee oe 
1 Super-standard 
a flooring.....- 123 $1.00 None 
2 Standard floor- 
HOS a eye ims 110 0.80 ; None 
3 90-Ib flooring 90 1.00 None 
4 70-lb flooring 70 1.50 None 
aw 60-lb flooring 60 1.40 None 
6 50-lb flooring 50 $1.30 + 0.18 = $1.48 3.5 lb. @ 5 cts = $0.18 
if 40-Ib flooring 40 1.40 + 0.36 = 1.76 9lb. @ 4 cts = 0.36 
8 Open-grate 
flooring. ....- A 12 lb. @ 4 cts = 0.48 
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STEELS 


The economics involved may depend somewhat upon the character of the 
steel adopted, because it is conceivable that one type of flooring for a 
certain span length might be more economical than another type in a car- 
bon-steel bridge, but not in a silicon-steel bridge; hence, curves had to be 
plotted for both steels. Structures of both materials were investigated for 
simple-truss bridges, but only siligon-steel structures for cantilever bridges 
(see Type A and Type C, Fig. 9), because it is now found to be uneconomical to 
use carbon steel in cantilever-bridge construction, except sometimes for floor 
systems and, generally, for certain parts of the lateral bracing. As, in 
simple-truss bridges, it is not economical to utilize carbon steel for long 
spans, the carbon-steel curves have been stopped at 400-ft span lengths. 


ROADWAYS AND SIDEWALKS 


A 45-ft and a 20-ft clear roadway were adopted as the standard floor 
widths for this investigation, partly because they saved much interpolation on 
the diagrams of “percentage ratios” that were used in making the calcula- 
tions for truss weights. This width of 45 ft is practically equivalent, as far 
as both weight and cost are concerned, to the very common floor cross-section 
consisting of a 40-ft, ‘clear roadway and two 5-ft, clear sidewalks, for the 


Partial Costs in Dollars per Linear Foot of Structure 
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Fig. 7.-ParTIAL UNIT COST OF SimpLn-TRUSS, HIGHWAY BRIDGES OF SILICON STEEL; 
90-Foor CLpAR ROADWAY ; SPANS, 400 Fenr To 650 Fret. 


reason that an ordinary reinforced concrete sidewalk weighs and costs about 
one-half as much per square foot as the ordinary main roadway. 


Hanp-Rains 


In computing dead loads for the various spans that were estimated, an 
allowance of 120 lb per lin ft of span was made for the weight of two hand- 
rails, but their cost has been (and in the future use of this paper is to be) 
ignored, as it is common to all the competing structures investigated. 


Guarp-RaILs 


Two types of guard-rails have been adopted for this investigation: 
(a) 12 by 12-in. curbs of reinforced concrete for structures with solid floors; 
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and (6) rolled channel guards for structures having all-steel flooring, ees 
ing those of the open-grate type. In Type (a), the flooring extends ease 

the curbs (or guards) so as to provide an attachment to them sufficiently 
strong to resist shock from passing vehicles; but, in Type (b), the channel 
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Fig, 8.—Parrian Unit Cost op TyPh A CANTILEVER HieHway Bripgps OF SILICON 
STEEL; 20-Foor CLEAR Roapway. 


guards are to be rigidly attached to the floor system by metal braces. The 
weight of carbon steel in the two channel guards and their bracing is 100 Ib 
per lin ft, and the cost, in place, is $4 per lin ft. 

The cost of a structure for the two reinforced concrete guards and their 
Supporting base is $2 per lin ft for the 2 eu ft of concrete in the curbs, plus 
the value of 2 sq ft of the flooring. It is self-evident that there is no need 
for extending the flooring outside the inner faces of the channel guard-rails. 
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SPECIFICATIONS 


The standard specifications that were used for making the computations 
are those now current, involving basic tensile unit stresses of 18000 lb per 
sq in. for carbon steel and 24000 Ib per sq ‘in. for silicon steel. 


(a) Type A, Cantilever Bridge 


or ee el is 
Ee 


(b) Type C, Cantilever Bridge 
Fie. 9. 


Although all the data in this paper are based on the usual standard (H-20) 
live loading, the general economic conclusions will apply quite closely to 
structures designed for lighter live loadings. For the usual H-15 loading, 
for instance, the 5-ft stringer spacing could be increased for all types of 
floor, or it could be kept unchanged and thinner floor-slabs utilized. In 
general, the percentage saving resulting from the use of the lighter floorings 
will be found a little less for the lighter live loads than for the H-20 
loading. . 

Deap Loap Repuction Errect oN Pirrs 


Any reduction in dead load saves money, not only on the superstructure, 
but usually also on the substructure because it is the sizes of shoe-plates 
that dictate both the width and the length of the pier tops; hence, it was 
necessary to include the cost of the substructure in making the comparative 
curves of costs per linear foot of bridge. 


Location EFFECT 


As bridge costs differ somewhat in various parts of the United States, 
it was considered advisable to select a particular locality for the comparison ; 
and Kansas City, Mo., was chosen as being centrally located. 


AppitionaL METAL FOR Supporting THin Fioorines 


Thin floorings may require more closely spaced supports than the “stand- 
ard” flooring (Item No. 2, Table 1). There are two ways of accomplishing 
this requirement—either by inserting additional stringers, or by adhering 
to the 5-ft spacing that is used with the “standard” flooring and crossing 
the stringers with small I-beams, spaced as far apart as the strength and the 
rigidity of the flooring under consideration will permit. The second method 
is the better one from the point of view of stiffness; and it is sometimes 
also the more economical. 

As none of the usual floorings less than 3 in. in thickness will permit 


of a support-spacing in excess of 3 ft, and as the cross-I-beam. construction 
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is usually so much more satisfactory, the writer concluded to utilize it for such 
thin floorings. For floorings weighing 60 lb per sq ft, or more, or for 
those 34 in., or more, thick, he assumed them to be able to carry properly 
over a 5-ft spacing. For thin floorings ranging from 3 to 34 in., he adopted 
a stringer spacing of 4 ft; and for all still thinner floorings the small 
transverse I-beams were used, their spacing being dependent upon the 
strength and rigidity of the floorings. The greatest, safe, usable, span length 
of any flooring is so difficult to compute that tests to destruction may be 
needed to determine its strength. 

Before using this paper for ascertaining the economics of any particular 
flooring, the designer will have to satisfy himself as to this safe span length, 
1 (less than 5 ft). He can find, accurately enough for his purpose, the corre- 
sponding excess weight of floor metal, e, per square foot of floor by the 
formula, 


b= (B28 0( 82s tT) ARS ia ed ere ao Les 
For instance, if 1 = 4 ft, e will be 3.5 lb. 


TRUSSES 


The truss weights were readily obtained by a method presented* by the 
writer in 1935. In Type A cantilever bridges* they were the properly 
adjusted average weights for the entire structure, namely, one suspended 
span, two cantilever arms, and two anchor arms, the metal in anchorages 
and on piers being omitted 


CorrEcTION FoR Errreot or Winp Loap 


It was anticipated originally that the computed truss weights would 
require correction to cover the effect of wind loading upon the sectional 
areas of certain bottom-chord members for all the various floorings, except 
the “standard” type, in which this effect had already been included. Such 
was found not to be the case for the simple-truss spans with the 45-ft, clear 
roadway; but it held true for the simple-truss spans with the 20-ft, clear road- 
way, and for all cantilever spans. 

These corrections were determined by reference to several actual bridges 
designed with “standard’ floorings, in which the wind loads had increased 
some of the bottom-chord sections. The weight of extra metal that would 
be required to care for the wind loading, if the dead load were reduced by 
using the lightest of all the floorings, was also computed. Oases of both 
wide and narrow roadways, involving both carbon steel and silicon steel, were 
selected; and enough of them were introduced to render this method of 
correction for wind loading perfectly satisfactory. The corrections for inter- 


mediate floorings were interpolated by proportionate weights per square foot 
of flooring. 


‘Weights of Metal in Steel Trusses’, 7: ti Am, 
(1936), p. 1. ransactions, Am, Soe. C. H., Vol. 101 
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Narrow Roapway 


Were it not for the aforementioned feature of correction for the effects of 
wind loading, the comparative economics of the various types of flooring 
might have been assumed as constant for all ‘widths of roadway; but, unfortu- 
nately, this feature is much more potent for narrow roadways than for wide 
ones; hence, the writer deemed it advisable to prepare the curves in Figs. 5 
to 8, inclusive, in order to cover highway bridges of 20-ft clear roadway. 
The methods of calculation used were the same as those for the structures of 
the 45-ft clear roadway, except only that earbon-steel floor systems were 
adopted in otherwise silicon-steel bridges for Figs. 6 and 7 and carbon-steel 
stringers with silicon-steel cross-girders for Fig. 8, and that the pound prices 
for metal erected were duly adjusted for the mixed steels. Proper cognizance 
was taken of the increased weights of metal in floor systems due to the 
necessary spreading of trusses in long-span, narrow-roadway bridges, in order 


to comply with standard engineering practice. 


Unit Prices or STEEL ERECTED 


The following unit prices of steel, erected, were adopted as representing 
the average current values at Kansas City, including a proper profit to the 
contractor, for bridges with the “standard” flooring: 


Simple-truss structures of carbon steel........5 cts per lb 
Simple-truss structures of silicon steel........ 6 cts per lb 
Cantilever structures of silicon BtOeKL emi AL pects petal 


For the mixed steels used in computing the curves of Figs. 3 and 4, 
the average unit prices for bridges with the “standard” flooring ranged uni- 
formly from 5.4 cts at 150-ft spans, to 5.7 cts at 600-ft spans; and for those 
used in computing the curves of Fig. 5, they ranged from 6.65 cts at 500-ft 
main openings to 6.85 cts at 1 200-ft main openings. 

For structures with decks lighter than the “standard,” a correction in 
the unit prices of the metal work was made, because, as the weight of metal 
in a structure is reduced, its pound price, erected, will increase. This 
correction was effected by means of the formula, 


Cv = £(3 +4) ee a ee eee 
4 w’ 


in which w = the weight of metal, in pounds per linear foot, in the bridge 
with the heavier deck; w’ = the weight of metal, in pounds per linear foot, 
in the bridge with the lighter deck; C = the unit cost of metal, erected, in 
the bridge with the heavier deck; and 0’ = the unit price of metal, erected, 
in the bridge with the lighter deck. 


SuBSTRUCTURES 


In determining the costs for substructures, it seemed desirable to make 
a distinction between the assumed profiles of crossings for simple-truss 
structures and those for cantilever structures. Generally, the grade line is 
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lower in the former than in the latter, and the depths below the water-line 
of the pier foundations are often less. For the simple-truss bridges, the 
height of the shafts was taken at 42 ft, and the height of the pneumatic 
bases at 50 ft, whereas, for the cantilever bridges, both the shafts and the bases 
were assumed to be 84 ft high. 

The all-around batter adopted for all piers was 4 in. to the foot. Dumb- 
bell shafts, as illustrated in plan by Fig. 10, were adopted for all cases, because 
of their economy in materials and 
cost. For the simple-truss bridges, 
with 45-ft roadways, two separate 
bases were assumed; but for the 
bridges with 20-ft roadways, and 
for all cantilever structures, single 
bases were adopted. The reason for 
the single bases in narrow struc- 
tures is that there would probably 
be no great pecuniary advantage in 
dividing them; and their use in 
cantilevers is generally called for because of location over navigable streams 
where the bed-rock is deep, and where, consequently, the sinking of small 
bases would be expensive per unit of volume. 

In computing the costs per linear foot for the substruturces of simple- 
truss bridges, the total value of one pier was estimated, and the amount 
was divided by the distance between pier centers; whereas in the case of 
cantilever bridges, the total value of a main pier was divided by one-half the 
length of the main opening plus one-half that of one anchor arm. This 
method assumes that one-half of each anchor arm pertains entirely to its 
anchor pier. As the design for any anchorage varies greatly with the 
foundation conditions, it is not advisable to assume the latter, but, instead, 
to designate the cost per linear foot of the substructure the amount computed 
from the value of one main pier, as previously described. If this is not 
strictly exact, no harm can be done, because all the competitive costs per 
linear foot are affected alike. 


Fic. 10.—PLAN oF PIER TopP. 


Unit Prices ror SuBSTRUCTURE 
For the masses of materials in the shafts and walls and in the pneumatic 
bases of piers, the following unit prices were adopted for structures with the 
“standard” flooring: 
Simple-Truss Structures: 
Shafts. and walle *fe.Oe i hiss os ee ee $15 per cu yd 
Bases 9s os. Ane os cee SPAS CU Oe $22 per cu yd 
Cantilever Structures: ; 
Shafts and walls 


sia thoa Stdve ORR sla cone pee $17 per cuyd 
Bases 


oo aja fag oe held o siane cercton ker atte te eae $25 per cu yd 


For structures with decks lighter than those of the “standard” flooring, 
a correction in substructure unit prices was applied, as in the case of super- 


~- 


a 
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structure metal, because, as the size of the pier decreases, the unit prices 
of shafts, wall, and bases will increase. This correction was made by 


means of the formula: 
= E84 FY ee) 
4 Vu 


in which V = total volume of shafts, wall, and base or bases, in pier with 
heavier deck; V’ = total volume of shafts, wall, and base or bases, in pier 
with lighter deck; C = one of the substructure unit prices for pier with 
heavier deck; and, C’ = the corresponding substructure unit price for pier 
with lighter deck. 

In respect to the application of the unit-price generic factor, 


0 E(B 4c te 


each of the sets of curves in this paper, was treated as an independent entity; 
jn other words, these factors do not function from diagram to diagram or 
from span length to span length, ‘but only, in each diagram and for each 
span length, between the “standard” flooring and the other floorings. 


Pier DESIGNING 


In pier designing, all steel pedestals were made square; and, in simple- 
truss structures, 6 in. clear were left between them. In these designs from 
the edge of any pedestal base-plate to the edge of the masonry, a minimum 
distance of 9 in. was allowed. The heavier of the two similar piers was first 
designed and ‘estimated, and then the dimensions were reduced (always exactly 
and in like manner) to agree with the lighter superimposed load on the 
pedestal or pedestals. The interpolation of pier costs for the other types of 
flooring was done with due reference to the superimposed loads and to the 
varying unit-prices of materials in place. ; 

For convenience, all piers were assumed to rest on solid rock. Had pile 
foundations been adopted, a still more economic showing would have been 
indicated for the light floorings. In computing volumes of shafts, 
the prismoidal-formula method was used invariably; but for the walls, the 
simpler method of averaging end areas was deemed to be sufficiently accu- 
rate. The permissible load on concrete under pedestals was taken at 600 lb 
per sq in., according to the latest standard specifications of the American 
Association of State Highway Officials. 


Errect or Pine FounpATIons 


It has been stated that, had pile foundations been adopted instead of 
those of solid rock, a better showing would have been made for the lighter 
floorings. For example, consider a foundation with 100-ft, large-diameter, 
timber, friction piles, embedded 10 ft in the concrete. A bearing capacity of 
45 tons per pile was assumed, the cost per linear foot of pile in place below 
the base being $1.00, and the cost per cubic yard of the mass of base 
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(placed by a steel sheet-pile coffer-dam) being $20.00. The costs of the two 
piers thus computed per linear foot of span, for the “standard” and the 
open-grate floorings, are $98.44 and $82.20, respectively, indicating an advan- 
tage of 16.5% in the substructure for the lightest flooring when compared with 
the “standard.” The longer the span the greater would be this percentage of 
advantage. The corresponding percentage for piers resting on bed-rock is 
14.5%, showing that the lightest flooring is only a little, if any, more 
economical with pile foundations than with rock foundations. 


Errect or Excess WEIGHTS IN FLoor SystEMs 


Before proceeding to show how to use the cost curves for actual cases 
of competition, it is necessary to indicate how to deal with any excess weight of 
metal per linear foot of span, as compared with the allowance therefor 
recorded in Table 1. If a competitor has a flooring so thin that it is not 
strong enough properly to carry over a 5-ft stringer-spacing, it will be 
necessary, as previously indicated, to put in either additional stringers, or 
small transverse I-beams, thus adding a number of pounds (n) per linear 
foot to the total load to be carried. It is then necessary merely to add to 
the cost of the floor the product of n by the pound price of the metal erected, 
and to include the extra weight of the metal per square foot of floor when 
entering the various diagrams 


D1aGRAMS OF PartTIAL Costs 


In the curves accompanying this paper are recorded the computed partial 
costs (including substructure, trusses, lateral systems, and floor system) per 
linear foot of structure, for the various types of bridges and the floorings 
listed in Table 1 As can be seen from these diagrams, the simple-truss 
spans vary from 150 ft to 600 ft in length, and the Type A cantilever spans 
from 500 ft to 1200 ft of main opening, all measured from center to center 
of piers. 

On the lowest three curves of each diagram there is noted the weight of 
extra floor metal resulting from close stringer spacing or small cross-beams, 
ac assumed in Table 1, as well as the weights of the flooring itself, because 
the trusses and substructure were designed to carry the weight of this extra 
metal These three curves, therefore, should be considered as representing 
floors weighing 585 Ib, 49 Ib, and 27 lb per sq ft. 

Type C Cantilevers—The curves for the Type A cantilever bridges 
can be used for Type C cantilever bridges by multiplying the main opening 
of the latter by 1.43. 


MeryHop or Computine tHE Toran, Costs or a SrrRuCTURE 


References have been made in the text to the fact that the several dia- 
grams record partial costs of bridges per linear foot of structure, and it was 
indicated that the curves covered only the cost of the substructure and that 
of the trusses, lateral system, and floor system upon the basis of a 5-ft 
spacing of floor stringers. In order to find the total cost per linear foot for 
any case, there must be added to the data given in the diagram the costs 


' 


: 


os 
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per linear foot for: (a) The flooring between curbs; (b) any extra stringers, 
at the unit price, erected, of the metal for the entire bridge; or, (c) the 
small cross-girders that rest on the stringers, worth in place only 4 cts per lb; 
and, (d) the steel guard-rails or the reinforeed concrete curbs, as the case 


may be. 


TABLE 2.—AppitionaL Costs or Structures, SuPPLEMENTING Data FROM THE 
Curves, For Finpine Totat Unit Costs 


ee 
ee 


Summation, 


Costs of flooring Costs per linear giving total 


, per linear foot of extra Costs per linear foot”of extra costs 

Types of flooring foot of metal in curbs or guard-rails per linear 
bridge floor system foot to add 
to diagram, 

readings 


(a) Data To Supprement Fics. 1 To 4, INcLUSIVE, FOR Wwe Hiahway BrinGEs 


i ee ae 


Super-standard....| 45 ft. @ $1.00 
= $45.00 


None $2.00 + $2.00 = $4.00 $49.00 
StANGALG sc. . » es 45 {t. @ 80 cts. 
= $36.00 None 1.60 + 2.00 = 3.60 39.60 
Gelb ee tte eecit/= er oce 45 ft. @ $1.00 
45.00 None 2.00 + 2.00 = 4.00 49.00 
5/03 1005S ee eee 45 ft. @ $1.50 
= $67.50 None 3.00 + 2.00 = 5.00 72.50 
GOD. 2 ce. vce eo one 45 ft. oO. $1.40 
= $63 None 2.80 + 2.00 = 4.80 67.80 
50-lb in carbon- 45 ft. @ H 51.30 45 {t. @ 18 cts. 
steel bridges. ... = $58.50 = $8.10 2.60 + 2.00 = 4.60 71.20 
50-lb in simple- 
truss bridges of 45 ft. @ $1.30 45 ft. @ 21 cts. 
silicon steel .... = $58.50 = $9.45 2.60 + 2.00 4.60 72.55 
50-lb in cantilever 
bridges of silicon} 45 ft. @ $1.30 45 ft. ace 24.5 cts. 
CGS sameeren = $58.50 = $11 2.60 + 2.00 4.60 74.13 
204 S-2 on eeeeeoee 45 ft. @ $1.40 45 ft. @ 336 cts. 
= $63.00 = $16 4.00 83.20 
Open-grating..... 45 ft. a $1.40 45 ft. ‘a. 48 cts. 
= $63 = $21 4.00 88.60 


(6) Dara to SuppLemuntT Fics. 1 To 4, INcLusivz, ror Narrow HiaHway BripGEs 


Super-standard... . 


Standard. ..<-.-. 


50-lb in Ca eee 
steel bridges. . 

50-lb in simple- 
truss bridges of 
silicon steel . 

50-lb in cantilever. 
bridges of silicon 
steel 


Open-grating..... 


ee oe 
AAR @ 80 ots. 


20 ft. @ $1.30 
= $26.00 


20 ft. @ $1.30 
= $26.00 


20 ft. @ $1.30 


None 
None 
None 
None 
None 
20 ft. @ 18 cts. 
= $3.60 


20 ft. @ 21 cts. 
= $4.20 


20 ft. @ 24.5 cts. 
= 4,90 
20 oie @ 36 cts. 


=$ 
20 ft. @ 48 cts. 
= $9.6 


$2.00 + $2.00 


1.60 + 
2.09 + 
3.00 + 
2.80 + 
2.60 + 
2.60 + 


2.60 + 


2.00 
2.00 
2.00 
2.00 
2.00 
2.00 


2.00 


“4.00 


4.00 


$4.00 
3.60 
4.00 
5.00 
4.80 
4.60 
4.60 


4.60 


$24.00 
19.60 
24.00 
35.00 
32.80 
34.20 
34.80 


ete ee 


These additional costs in wide highway 


and the unit prices given in Tabl 


data will supplement Figs. 


of wide highway bridges. 
to supplement Figs. 1 to 4, inclusive, 


The correspon 


e 1 are presented in Table 2(a). 
1 to 4, inclusive, for finding ‘the total unit costs 
ding data for narrow highway bridges, 
are given in Table 2(b). 


bridges for the flooring types 


These 
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How to Use THE Cost CuRvVES 


Assume, for example, that an engineer is contemplating the building of 
a four-lane, Type A, cantilever bridge, having a main opening of 750 ft, 
and two 5-ft sidewalks, and that he intends using a solid flooring. Two 
types of floor have been shown him, one by Mr. Smith and another by 
Mr. Jones. Either type would be satisfactory; hence, his choice is merely 
a matter of economics. 

The flooring offered by Mr. Smith is 3 in. thick, weighs 58 lb per sq tts 
and costs $1.23 per sq ft in place; but it has a superior limit of only 4 ft 
between supporting girders, necessitating 3.5 lb of extra metal per square 
foot of floor, worth 7 cts per lb in place. 

The flooring shown by Mr. Jones, is 24 in. thick, weighs 45 lb per sq its 
and costs $1.18 per sq ft in place; but it requires, for a stringer spacing of 
5 ft, small transverse I-beams, which he justly claims will weigh only 8 lb, and 
will cost only 32 cts per sq ft of floor. 

Mr. Smith's Case-—Turning to Fig. 4, and interpolating for 58 + 3.5 
= 61.5-lb flooring, the “partial cost” indicated is $680 per lin ft of bridge. 
The remaining cost per linear foot is found thus: 


Hloorme, 45) ft (@ SL 238 on fre.. citer aie, ole os otels ccene ates Che orale $55.35 
Extra metal in floor system, 45 X 3.5 = 158 lb worth 7 ects per 
ike) fee eine Me Apter mares Cen nt) om en ae Sec aa OP 11.06 
Curb supports, 2 x $1.23 = $2.46. Adding $2.00 for curbs 
MAKES Hea... sic cies ieee o ecto abate naa ene neat 4.46 
Summation icicle ees Cee a ere eee $70.87 
Plus partial cost from Wig. 4. 00s. sana Sateen Sees Sa eg BONE 
Total cost of bridge with Mr. Smith’s flooring. .......... $750.87 


Mr. Jones’ Case-—Turning to Fig. 4, and interpolating for 45 + 8 = 53-lb 
flooring, the “partial cost” indicated is $666 per lin. ft. The remaining cost 
per linear foot is found thus: 


Wtooriig, 40:1: (a) 171825... ; ects. ds. cas gene te eee ee ee $53.10 
Extra metal in floor system, 45 xX 8 = 360 lb worth 
£CLAP Per WbLLGr. se fascist a bcs nee as dae ete eee 14.40 
Steel guard-rails,100. Ib: @ 4 cts... .....sdbacuneack plese 4.40 
SUMMA LION Ms Mesias nlc is co nec FE de ee $71.50 
Pins’ partial costefrom Vig. '4: .. eae ey ee 666.00 
Total cost of bridge with Mr. Jones’ flooring...... 5 Pade 0737.50 


Difference in favor of Mr. Jones = $750.87 — $737.50 = $13.37 


To assume another case—a succession of wide, simple-truss, carbon-steel 
spans of 250 ft each: Mr. Brown thinks he can compete with the standard 


en 
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flooring by quoting a price of $1.30 per sq ft of floor for his type of flooring, 
which is 3 in. thick and weighs 50 lb per sq ft. It requires a 4-ft spacing 
of stringers, necessitating 3.5 lb per sq ft of extra metal for stringers, worth 
5 ets per lb in place—the same as the 50-lb flooring in Table 1. 

Turning to Fig. 1, the “partial cost” for 50 + 3.5 = 53.5-lb flooring is 
found to be $348.50. The remaining cost per linear foot is found thus: 


MR Re Coe SACs Or Baer ct tee hare apaievayh oe oe athe sian! vs 8, gre swede. $58.50 
Extra metal, 45 < 3.5 = 158 lb @ 5 ets.. ab vaaectes nh TOO 

Curb supports, 2 x 1.30 = $2.60. Adding $2. 00 for curbs 
DIP CS MINER AT Vere FV ce sterttiocticts centsus a cel siaracaiichs ihe AG Se talle. oo 4.60 
SUmmailea Goleta nese iaisttos eet kAdae ae ioe aisrec meds sess $71.00 
visa pantialicoste irom NI ek |r... 1atic ar reue eiepe elsus, css ie'e. sya'sisue s Fs 343.50 
Total cost with Mr. Brown’s flooring..................B414.50 

For the “standard” flooring, Fig. 1 indicates a partial 
COSTCO LM Mra tern ee emtas tte a ers ay ethelerssenete, novels wreteteter ais (orala $373.20 
Table 2(a)igives a remaining’ cost a. ...5. 6... ec rca te ese .OD,0U 
Plus the total cost with “standard” flooring is............... 412.80 


Mr. Brown, consequently, does not secure the contract. 

The following is an illustration of how to apply the diagrams to a 
comparison of the economics of an open-grate flooring and the “standard” 
flooring: An engineer has a 4-lane, simple-truss, silicon-steel, highway bridge, 
with a succession of 380-ft spans and double, 5-ft sidewalks, to design and 
build, and desires to know what percentage of saving in cost can be obtained 
by means of an open-grate flooring which has the longitudinal pieces, + in. 
thick. The best quotation he can secure for the flooring is $1.50 per sq ft 
in place. The open-grate flooring, of course, will be the criterion to use; 
but, as previously indicated, the thickness of the longitudinal pieces adopted 
for this type in Table 1 was #5 in. The increased thickness adds 2 lb per 
sq ft of floor to the dead load, but reduces the weight of the special cross- 
girders from 12 lb to 11 lb per sq. ft, thus making the net increase in total 
load, 1 lb per sq ft, or 45 lb per lin. ft of span. Turning to Fig. 2 the 
“partial costs” in pounds per linear foot, is found to be as follows: 


Standard flooring .........seee cee e eee eee e eee e etter eces $411.00 
Open-grate flooring (for 17 + 11 = 28 RIS ate eeccetd « Se ame 3538.60 
Table 2(a) gives for the remaining cost of the standard 
POPU cies ele os ain ad ast lem incre mans certs tons ots om ae 39.60 
Making the total cost for the bridge with standard flooring, 
450.60 


BALA Ae tg BO OsGO "or: 9:0 vin.ncesh. oie we Ripualole’s ste #0. cpr nies 9 eh omy 
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For the open-grate structure the additional cost is found thus: 


Flooring, 45 XX. 1.8009.0 s0c we o5.8 1D oie ies pene es ae $67.50 
Extra metal in floor system, 11 x 45 = 495 lb @ 4 cts...... 19.80 
Guard-rails vcs ls cco Acie sofas ale + aye Shag e tere pete ego Rsheirsearialayere 4.00 

SHriritiit hater bape ee ee Te iO O DPS COMloS Sano OS oc $91.80 
Plus partial cost from Fig. 2..........seeseeeseeesceccees 353.60 

A et Ae ee er on REE ET cc tte oot sokoun ac $444.90 

: F $444.9 # y 

The ratio of costs, therefore, will be rye: $0.987. Hence, the saving 


will be 1.8 per cent. 


MovasLe Spans 


This investigation has thus far ignored an important economic applica- 
tion of light floorings, namely, their use in vertical-lift and bascule bridges. 
In these cases, regardless of span length, there is a decided saving of money 
in adopting any of the light floorings, especially an open-grate flooring, be- 
cause the economy involved is not confined (as in fixed spans) to the floor 
system and the trusses, but extends to the cables with their connections, the 
counterweights, the sheaves with their bearings, the towers, the entire 
operating machinery in vertical-lift bridges and bascules, and to numerous 
other parts of bascule bridges—all in addition to the saving in cost of 
substructure. 

In the past, almost all bascule spans have been designed with light floor- 
ing, first of timber (which is most objectionable because of fire risk) and, 
later, of some patented type of thin flooring; but many vertical-lift spans 
have had ordinary flooring of reinforced concrete; and the weight of this 
flooring constitutes a considerable portion of the total load to be raised and 
lowered. 

The open-grate flooring has an additional advantage for bascule spans, 
shared by no other type of flooring: When the span is being raised or lowered, 
the force of the wind blowing through the grating largely reduces the 
pressure against the floor, thus lessening materially, under certain extreme 


conditions of operation, the quantity of power required to raise or to lower 
the moving leaf. 


The open-grate flooring has a characteristic that is of considerable 


economic importance in vertical-lift bridges—it does not have a tendency to 
collect snow or ice. Therefore, the customary excess-load allowance for snow 
or ice of 5 lb per sq ft of floor in such structures may safely be reduced, 
thus effecting quite a saving in total cost of structure and of the operating 
machinery, in addition, of course, to the numerous economies from the 
reduced weight of the flooring itself. 

The combination of all these savings by the open-grate flooring on both 
vertical-lift and bascule spans is so large, in comparison with the ordinary 
reinforced concrete deck, as always greatly to overcome the handicap of the 


——— 
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excess unit-price of the lighter flooring. At present (1937) it is not worth 
while to attempt to investigate the comparative economics of the various 
light floorings on movable spans; but at some time in the future it might 
prove otherwise. ‘ 


TRESTLE BriIpGES 


In view of the present, very intensive introduction of elevated highway 
structures to relieve the congestion of traffic in metropolitan centers, the 
writer has been urged to treat the economy of floors on such structures. 

In general, such structures are composed essentially of short spans, and 
are similar in layout to elevated railways in cities and to ordinary trestles. 
In such cases there is absolutely no economic advantage in lightening the 
floor by increasing, materially, its cost per square foot. The usual thick, 
reinforced concrete flooring. therefore, is the best type to adopt for both 
economy and rigidity, providing the matter of lateral skidding is ignored ; 
but should such structures contain spans exceeding 250 ft in length, a lighter 
flooring might be economical on these longer spans. 


Suspension BrinGEs 


The economics of the various types of flooring for suspension bridges may 
be stated in a very few words—the lighter the flooring the less will be the 
first cost of the structure, and, therefore, the open-grate type would seem 
to be called for in all cases; but sometimes the designer may desire to rely 
upon continuity in the flooring for lateral rigidity, because the usual narrow 
suspension bridge is unquestionably lacking in that desideratum. In such 
a case, it might be well to use a thin, solid flooring; but the writer’s prefer- 
ence would be to adopt the open grate and provide a rigid, substantial lateral 
system near the plane of the deck. 

A study of Figs. 4 and 8, in conjunction with Table 2, should con- 
vince any one that heavy floorings are always uneconomical in cantilever 
bridges, and that the open-grate flooring is specially economical for this type. 
It is conceded that a thick, solid flooring on the anchor arms would reduce 
the uplifts at the anchorages, and thus effect a saving in the truss weights 
of cantilever bridges, as well as in the cost of the flooring itself; but such 
a saving would not be as great as the gain from the reduced dead loads on 
the entire main span caused by the open-grate, which reduction affects favor- 
ably all the trusses in the suspended span, the cantilever arms, and the 
anchor arms. It is true that the open grating could be used on the main 
span, and the heavy flooring on the anchor arms; but the hybrid deck thus 
produced would be objectionable from the zsthetic viewpoint, and, possibly, 
also for other reasons. 

Warnincs 

Some one may claim that a fundamental change in the governing unit 

prices for materials and labor in connection with bridge building will render 


null and void the service of the cost-curve diagrams; but such is by no 
means the case, because the relativity of the results will still hold good, and 
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the comparisons of economics will remain reliable, in spite of any such 
changes. It is true that the unit prices for superstructure and those for sub- 
structure do not always vary in the same proportion; but eventually they 
settle down to an almost constant relationship. Even a permanent dislocation 
of their relativity, however, would not cause any material incorrectness in 
the results of the application of the curves to their legitimate function. 


CoNCLUSION 


Attention is called to the fact that no where in this paper has any refer- 
ence been made concerning the superiority, or the contrary, of any particular 
patented flooring; the problem investigated is solely one of economics, A 
consistent effort has been made to avoid advocating “special interests,” with 
the understanding that discussers, likewise, will confine their comments to the 
intended scope of the paper. 
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ADMINISTRATIVE CONTROL OF 
UNDERGROUND WATER: 
PEERY SICAL AND: LEGAL CASREGILS 


Discussion 
By WELLS A. HUTCHINS, Esq. 


Wetts A. Hurcnns,” Esa. (by letter).“"—A scholarly discussion of 
ground-water law in the United States and of the physical situations to which 
it applies, is presented in this paper. Mr. Conkling’s conclusions will merit 
study by those concerned with legislation pertaining to underground waters. 

Status of Ground-Water Law in Several States——Under the heading, 
“Underground Water Law in General”, a statement is made as to the status 
of the law governing such waters in each of the seventeen Western States. 
Additional comments in the case of several States may be in point. 

Arizona.—The water code provides that “the water of all sources, flowing 
* ® * in definite underground channels” belongs to the public and is subject 
to appropriation. The Courts have held, as Mr. Conkling states, that waters 
percolating generally through the soil belong to the land-owner and that the 
rule of reasonable use applies, subterranean streams flowing in natural chan- 
nels between well-defined banks being subject to appropriation under the same 
rule as surface streams. 

The decision in Maricopa County Municipal Water Conservation District 
Number One ef al. v. Southwest Cotton Company et al. (39 Ariz. 65, 4 Pac. 
(2d) 369), held that the presumption is that underground waters are perco- 
lating in their nature, and that one who asserts that they are not must prove 


ar and convincing evidence; furthermore, that before an 


his assertion by cle 
ertainty 


underground stream becomes subject to appropriation, there must be c 


Nore.—The paper by Harold Conkling, M. Am. Soe. C. E., was published in April, 
1936, Proceedings. Discussion on this paper has appeared in Proceedings, as follows: 
August, 1936, by Messrs. Joseph Jacobs, and W. D. Faucette and J. E. Willoughby; Sep- 
tember, 1936, by R. H. Savage, Assoc. M. Am. Soc. C. E.; December, 1936, by Messrs. 
Hal: y and January, 1987, by Messrs. G. EH. P. Smith, and 
David G. Thompson. Approved for publication in Proceedings, Am. Soc. C. B., by the 
Bureau of Agri. Eng., U. S. Dept. of Agriculture. 
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of location as well as of existence of the stream. Whether surface or subter- 
ranean, a watercourse is held to be essentially a channel, consisting of a 
well-defined bed and banks, and a current of water which need not flow 
continuously. Hence, a prior appropriator from a surface stream, who asserts 
that his rights are being infringed by pumping plants in a valley traversed 
by the stream, must demonstrate this physical interference, according to the 
foregoing rule, “by clear and convincing evidence.” 

Nevada.—Important additions and amendments to the ground-water law 
were made in 1935. The State Engineer is to designate underground areas 
and sub-areas for administrative purposes. No administrative areas, however, 
have yet been designated. 

Utah.—After a line of decisions supporting the correlative doctrine, the 
Supreme Court of Utah has now (1936) announced the application of 
the appropriation doctrine to at least some underground waters. The two 
cases in point are Wrathall v. Johnson et al. (86 Utah 50, 40 Pac. (2d) 755, 
January 2, 1935), and Justeson v. Olsen et al. (86 Utah, 158, 40 Pac. (2d) 
802, January 10, 1935). 

The Wrathall case went up on demurrer, and the Supreme Court 
held that the complaint stated a cause of action and that the demurrer should 
have been over-ruled; but the Justices were not in agreement as to why it 
should have been over-ruled. Two Justices stated that the doctrine of appro- 
priation and beneficial use should be applied to underground percolating 
waters, and a third that a cause of action was stated under either doctrine, 
and that waters in an artesian basin should be distinguished from mere 
“percolating” or “diffused” waters in privately owned land, not connected 
with other waters. The other two Justices indicated that the complaint 
stated a cause of action under only the correlative doctrine. 

A week later came the decision in the Justeson case, involving a conflict 
between owners of adjoining tracts, part of each being underlaid by a com- 
mon artesian basin. Three Justices applied the appropriative doctrine to an 
“artesian basin”, which is “nothing more than a body of water more or less 
compact, moving through the soils with more or less resistance.” The con- 
curring opinion distinguished such waters from “mere percolating or diffused 
waters.” The two Justices who in the Wrathall case concurred in the results 
but in favor of the correlative doctrine, dissented in the Justeson case. 

Shortly afterward the Legislature declared all waters in the State to be the 
property of the public, subject to existing rights, and provided complete 
machinery for appropriating underground waters. To the present time 
(November 2, 1936) the Supreme Court has not had oceasion to construe these 
provisions. In the meantime, the State Engineer is actively administering 
the statute, twenty-six underground water areas having been defined. to 
September 28, 1936. 

In view of the facts: (a) That the recent decisions—all handed down 
prior to the comprehensive legislation—were rendered by a divided Court, 
with sharp and definite dissenting opinions; (b) that the prevailing opinions 
classified underground waters; and (c) that the legislation covering all under- 
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ground waters has not yet been before the Supreme Court, it appears that 
further decisions should be awaited before stating, too conclusively, the law 
of Utah in regard to underground waters. 

Wyoming.—So far as the writer is aware, the only decision of the Wyom- 
ing Supreme Court on underground waters is Hunt v. City of Laramie (26 
Wyo. 160, 181 Pac. 187, June 2, 1919). This holds that, if developed artifi- 
cially, percolating waters belong to the owner of the land on which they are 
developed. 

Co-Ordination of Surface and Ground-Water Rights——In discussing the 
administration of surface streams, the author states that only recently has 
the connection between surface water and underground water been recognized 
legally, and that the two are still, to a great extent, treated in separate and 
distinct doctrines of law. Doubtless, this situation has resulted from the fact 
that surface water is out in the open for all to see, its courses and boundaries 
readily ascertainable, and its quantity subject to reasonably accurate measure- 
ment; whereas, exactly the reverse is characteristic of underground water, 
although the technique of estimating ground-water supplies has been greatly 
developed and improved in recent years. 

One of the cardinal principles of the doctrine of prior appropriation is 
that an appropriative right is entitled to protection on all sources of supply 
of the stream to which the right attaches. An attempted diversion of water 
from a tributary, at a time it is needed by prior appropriators on the main 
stream, will be enjoined; for it was recognized in early decisions that the 
unlimited acquisition of rights on tributaries would eventually deprive 
the main-stream prior appropriators of their water supply; and, yet, some of 
these States which follow the appropriation doctrine exclusively as to surface 
streams have applied the correlative doctrine to underground waters generally, 
regardless of the fact that such waters may be an important source of supply 
of surface streams to which prior rights have attached. Doubtless, these 
inconsistencies have resulted, in part, from the location of tracts over which 
the first controversies arose; from the failure of river appropriators to recog- 
nize the implications of a suit between owners of land overlying a basin con- 
stituting one of their sources of supply, and to intervene to protect their 
rights; and from the difficulties of proving the physical inter-connections 
of subterranean and surface waters. ae 

Obviously, underground and surface waters cannot be entirely dissociated. 
The connection between surface streams and tributary or supporting under- 
ground waters is too marked. An aggregate flow of 100 cu ft per sec entering 
a river is no less tributary, physically, when it rises in numerous places 
through the bottom or seeps through the sides of the channel than when it 
spills over the bank. To intercept this flow of 100 cu ft per sec by pumping 
plants, if underground, or by dams, if a surface flow, reduces the river to the 
same extent; yet in a correlative-doctrine State, such as California, these 

subject to different rules of law. In States in 


methods of interception are s : 5 
which the doctrine of appropriation of all waters 1s carried to its logical con- 


clusion, such as in Colorado, neither pumping nor surface diversions would be 
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permitted to interfere with the passage of this 100 cu ft per sec while it is 
needed to satisfy earlier river priorities. The pumping diversion, however, 
would have its own priority to the same extent as would a surface intercep- 
tion if it antedated the river appropriation or became vested with a prescrip- 
tive right. All priorities, in other words, relate to the stream system—the 
river and all contributing sources. To divide the surface waters in an area 
embracing any part of that system according to one set of priorities, and 
the underground waters according to a different set, without regard to possible 
inter-relationships, would (if the development proceeded far enough), inevi- 
tably infringe sooner or later upon prior river rights and result in a hopeless 
confusion of water titles. 

Co-ordination of rights to surface and underground waters, therefore, 
appears to be a condition precedent to the most complete utilization of water 
in areas in which physical interconnections exist. Under the doctrine of 
appropriation this will involve in a given region the separation of percolating 
waters tributary to surface streams from those not so tributary; adjudications 
of existing rights; allocation of the remainder of the water supply to further 
appropriations at diversion points consistent with those of established priori- 
ties; and extinguishment of some existing priorities, either through voluntary 
agreement or condemnation by public authority, in order that ground-water 
development may proceed, where the proposed development is sufficiently 
valuable to justify the expense. 

Desirability of Administrative Control—tIn summing up the results of his 
examination of State laws affecting the use of underground waters, the author 
lists four doctrines of law, three of which recognize ownership of water by 
the land owner and one by the State. Administrative control will be con- - 
cerned with this fourth doctrine, under which the title to the ground-water 
is in the public or the State, subject to beneficial use by individual appropria- 
tors. There is a possible field for State control under the correlative doctrine 
likewise, in basins subject to overdrafts; but if experience with riparian rights 
on surface streams may be taken as a guide, adjustments of controversies over 
water in individual ownership will be left to the Courts 

When a State is once committed to a doctrine of private ownership of 
water, change to a public ownership system is difficult. The change is much 
more feasible before great development has been made, than afterward; before 
vested rights and their protection offer serious resistance. The Nevada 
Courts for a period of thirteen years recognized the riparian doctrine as to 
surface streams, to a certain extent at least, and then abrogated it. Riparian 
rights embodied in Court decrees became vested, but the abrogation was 
sufficiently early in the State’s development to avoid widespread complications. 
After a long line of decisions supporting the correlative doctrine of. ground- 
waters, the Utah Court now favors the appropriation doctrine; but only a 
very small percentage of the irrigated area receives its supply from wells. 
The situation in California is very different; in that State nearly one-third 
of the total irrigated area secures water exclusively from wells. A movement 
now under way to effect a modification of the correlative doctrine in Cali- 
fornia is faced with difficult constitutional questions. 
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Undoubtedly, in various areas, development of ground-water exists that 
would not have existed had control been in effect. Nevertheless, a certain 
amount of this has taken place at the expense and to the injury of early 
appropriators. This may or may not be in the public interest in a given 
locality, depending upon local conditions. In parts of California—a correla- 
tive-doctrine State—early users of underground water have been forced to go 
deeper and deeper into the ground for their water supplies as a result of 
increasing later use by other owners of land overlying the same basin. Devel- 
opment has been great; but against this must be cited the great increase in 
cost of operation forced upon the early users, the failures on the part of those 
who could not stand the mounting costs, and the uncertainty as to available 
water supply if and when all those who are entitled to pump the water choose 
to exercise their rights. Under the correlative doctrine, as compared with the 
appropriation doctrine, those who install pumping plants have little protection 
in the maintenance of their water right; no matter how long they may use 
the water, its adequacy and availability may be impaired at any time by the 
installation of pumping plants by other correlative owners. In other words, 
a correlative right to pump in an area in which the tillable land exceeds 
the water supply simply means that when all exercise their rights no one 
will have enough; if some develop a supply adequate for their needs in the 
meantime, they will be deprived of at least part of it later. 

Extreme application of the appropriation doctrine, on the other hand, 
is open sometimes to serious objections. For example, the first appropriator is 
entitled to have the water flow in the stream to his point of diversion when 
it will do so in quantities sufficient to be useful; and he is not to be deprived 
of this right in favor of a later appropriator higher up the stream on the 
ground that the water would be greater in quantity and, consequently, more 
useful up stream. Regardless of heavy losses in the stream bed, the earlier 
appropriator is entitled to the flow to the extent of his appropriation. To 
require 100 cu ft per sec to be released up stream to supply 5 cu ft per sec 
to the early priority down stream may appear unreasonable, but it is the 
latter’s right. Analogous to this situation would be the prevention of any 
later development of underground water that would lower the water level at 
the earliest user’s well below the point from which he can afford to pump. The 
earliest user in each case would have protection under the strict applica- 
tion of the appropriation doctrine. This is a property right, important to the 
individual. The application in such case is objectionable from the stand- 
point of the public interest, for it requires an allotment of natural resources 
to one individual that is capable of serving many to greater advantage. 

The appropriation doctrine has proved better suited to the Western 
States than the riparian doctrine. Nevertheless, the last word in its develop- 
ment has not necessarily been spoken. The author indicates that there is a 
tendency toward modification ; undoubtedly, there is room for modification to 
jnclude economic use, and for laying more stress upon the element of public 
benefit. 

Granted that the appropriation doctrine as to surface waters, in substan- 
tially its present form, will be retained, and that interest in bringing ground- 
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waters under State control on an appropriative basis has grown in recent 
years, the key to the future development of ground-waters tributary to a 
stream system in a strict appropriation State may lie in some form of public 
or co-operative acquisition and extinguishment of prior rights which interfere 
with development, compensation to be made to the holders of the rights thus 
extinguished. The same reasoning applies to extinguishing prior ground- 
water rights along the rim of a basin, which if not extinguished may prevent 
the use of a much greater water supply drawn from storage in the interior 
of the basin. The prospective ground-water use must justify itself however; 
and if the user can not afford to pay just compensation, the necessity for any 
such exchange of water right is questionable unless some other public benefit 
is involved. In the case of surface-water appropriations, the working out of 
an equitable basis for an adjustment should not present great difficulties. In 
the case of ground-water it is more complicated, of course, both physically and 
economically. 

Difficulties of Administration—The author indicates some of the difficul- 
ties that face the administrator charged with control of ground-water. It is 
a complicated proceeding, of course, and it is appreciated that precise deter- 
minations may be difficult or impossible in a given case, or so costly as to be 
prohibitive. Nevertheless, in view of the increasing knowledge and mastery 
of ground-water hydrology, there seems little reason to doubt that a careful, 
scientific investigation will yield substantial justice to the elements. 

Administration of underground waters will be more expensive than that 
of surface streams, due to the cost of necessary investigations. That, how- 
ever, is an element to be considered in any proposed development of ground- 
waters, just as is the high cost of pumping from underground, as compared 
with the cost of gravity diversions from surface, streams. 

The fact that the administrator must enter the field of economics, from 
which he has been free in the administration of surface streams, may be an 
unwelcome departure to the individual, but is not an insuperable obstacle. 
Methods have been developed for determining costs and returns in farming 
operations, costs of water, and capacity of lands to pay for irrigation develop- 
ment. The administrator will adapt existing methods in reaching his deci- 
sions as to issuance of permits and regulation of pumping drafts, rather than 
develop an entirely new technique. 
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BACK-WATER AND DROP-DOWN CURVES FOR 
UNIFORM CHANNELS 


Discussion 
By Messrs. CHESLEY J. POSEY, AND A. A. KALINSKE 


Cuxstay J. Posny,? Jun. Am. Soo. C. E. (by letter).°"—A unique method 
of solving the general equation of motion for steady non-uniform flow in 
uniform channels is presented in this paper. It is the only method yet pub- 
lished that takes into account the effects of changing velocity head, friction, 
and channel shape, without any necessity for dividing the reach into steps. 
The velocity head is assumed to be equal to a constant, a, times the theoretical 
velocity head based on the average velocity in the cross-section. At present, 
there is no basis for any other assumption. Consideration of the friction 
factor is based on an exponential type of formula; no more satisfactory 
formula is available. The assumption is made that the friction loss for a 
stream flowing at Velocity V, and Depth D, not the neutral depth, is the 
same as if there were neutral flow at that velocity and depth. This assumption 
is open to question, because of the inherent differences between convergent, 
parallel, and divergent flow. In uniform channels, however, the angle of diver- 
gence is not likely to be great enough for serious errors to arise from this 
source. Consideration of the effect of the shape of the channel is made 
possible by expressing the area and wetted perimeter as monomial exponential 
functions of the depth. Simple logarithmic plotting will demonstrate the high 
degree of approximation that is possible, over a wide variety of channel shapes. 

Proof of the accuracy of the author’s method is evidenced by the remark- 
able agreement obtained in the laboratory tests, reported in the paper. These 
tests covered as wide a range of the variables in question as could be included 
in a laboratory investigation without unreasonable cost. Data secured from 
tests in larger and longer channels would be desirable to establish a further 
check. Additional information might be secured as a by-product of some other 
investigation, and it is to be hoped that experimental workers and practicing 
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engineers will take advantage of opportunities to secure and report further 
data on back-water and drop-down curves. 

The author’s method possesses definite advantages over those methods that 
require the use of steps. A vital part of the curve may be determined quickly 
without the tedious computation of steps intervening between it and the con- 
trol point. Furthermore, theoretical curves such as those presented by the 
author may be used in the study of the shapes of the various possible surface 
curves, and in determining under what circumstances they will occur and 
from what feature their position along the length of the channel is fixed. The 
author applies his method to the two most common types of back-water curves. 
A complete discussion of the twelve possible types has been given” by 
Sherman M. Woodward, M. Am. Soe. C. E. 

Integration, taking into account the shape of the channel, is made possible 
by the author’s empirical Equations (13). Before giving these formulas the 
author sets up Differential Equation (8), based on Equations (5) in which 
the hydraulic area, the wetted perimeter, the hydraulic radius, and the aver- 
age velocity “are expressed most generally as functions of D, the depth of 
water measured from the lowest line of the channel bed.” As can be seen 
from Equations (24), (28), (29), and (81), Equations (5) are not the most 
general; as approximations it is doubtful whether they are much better than 
Equations (13). Since neither Equation (8) nor Equation (12) is integrated, 
it is difficult to see why Cases 1 and 2 are included in the paper. Their 
presence, for which there is only a slight logical justification, makes the paper 
more formidable than it need be. 

To determine the values of s and k, the area and wetted perimeter may be 
plotted logarithmically as functions of the depth, and straight lines approxi- 
mating the relations over the range desired, drawn in by eye. The values of 
s and k are determined by the slopes of these lines. This graphical method 
has the advantage of enabling one to judge the closeness of fit obtained. In 
cases where there is no question but that a high degree of approximation will 
be secured, Figs. 9, 11, and 12 may be used. 

The writer has been unable to check certain values from these diagrams 
and believes they may contain errors. For the example of the rectangular 
section for which the author gives s = 1.0 and k = 0.38, the writer obtains 
s = 1.0 and k = 0.41. For the example of the circular section, for which 
the author gives s = 1.34 and k = 0.59, the writer obtains s = 1.29 and 
k = 0.65. These results were obtained by the graphical method and can be 
checked by any one familiar with logarithmic plotting; for this reason it is 
considered unnecessary to reproduce the graphica] work herein. It should 


y r- 2s) cf 


be noted, furthermore, that, in Equation (18), On if dy; and, in 


oon 
Equation (30), an equality sign precedes y’. : 
The author’s method is simple and straightforward. It may justly be 
considered the culmination of the work started by Belanger and Bresse. In 
making the method useful to practicing engineers, it will be necessary to 
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simplify the charts of Fig. 3, re-drawing them to a larger scale, and separat- 
ing the curves for ¢, and ds, as has been done with y, and y in Figs. 5, 
6, and 7. 


A. A. Kaunske,™ Esq. (by letter).““—Undoubtedly, the most important 
contribution by the author is the presentation of data from certain carefully 
conducted experiments on back-water and drop-down curves and his discussion 
of the different varied-flow expressions developed by others. Although he 
does not go into any great detail as to experimental procedure, which is 
always of interest to those engaged in experimental hydraulics, his general 
description indicates considerable painstaking experimental and analytical 
effort. His “Concluding Remarks” should be of particular interest to those 
concerned with errors introduced by making various assumptions when setting 
up or using varied-flow formulas. 

In developing his expression for back-water and drop-down surface curves 
the author demonstrates effectively that the most complicating item in the 
development of any varied-flow expression is the difficulty of obtaining a 
simple relation between the height of water above the channel bottom, the 
cross-sectional area of water flowing, and the hydraulic radius. To express 
A and R in terms of depth always leads to extremely complicated notations 
and mathematical expressions. Nearly all varied-flow expressions developed 
have led to such integrations that special tables and curves must be used if 
a problem is to be solved in any reasonable time. Furthermore, the special 
notations used require considerable time to master, and, frequently, the 
fundamental hydraulic principles are obscured. This makes it particularly 
difficult to present the subject of varied flow to students of hydraulics. 

The author’s back-water and drop-down functions are quite involved 
and probably will not be of great use to practicing engineers, or of great 
value in presenting the general subject to students. In trying to apply the 
various functions and also other existing varied-flow formulas to non-uniform 
flow in circular sewers, the writer encountered considerable difficulty, and 
lost much time in obtaining answers to specific problems. 

The author’s formulas for total length of back-water and drop-down curves 
(Equations (18) and (20), respectively) can be used for any length of 
reach as long as the relations between depth, hydraulic radius, and area 
remain constant and the channel slope does not vary. However, in many 
types of cross-sections the constants in the type of monomial used by the 
author, in expressing the relation between area, hydraulic radius, and depth, 
vary enough so that good accuracy in outlining the surface curve can only be 
obtained by solving for distances between successive depths. Furthermore, if 
a number of points are desired on the surface curve, computation of its total 
length by solving for the distance between successive depths does not com- 
plicate matters, especially if the reaches need not be too short in order to 
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A considerable number of mathematical operations and notations can be 
omitted without the sacrifice of any precision or lengthening of time of com- 
putation by dispensing with an expression for hydraulic radius in terms of 
depth (Equation (13c)). Since the hydraulic radius, relatively, changes the 
least from depth to depth of any of the variables, it is a convenient term to 
average in any reach; and in the development of the varied-flow integral from 
the fundamental Bernouilli equality (Equation (3)), worth while simplifica- 
tions result if the velocity is the variable instead of the depth. Note that 


d(V)" , in Equation (3), is equal to Vay A 
g dx g dx 
types of cross-sections, whether regular or irregular, for a particular range 
of depths, the area and depth can be conveniently expressed in a straight-line 


For many common 


the term, 


relationship of the type, D = a A + b. Substituting (2) for A, the value 


: 
of oD in Equation (3) becomes — aQ dV The straight-line relationship 
dx V? dx 
is much more simple to use since the slope of the line, a, can be so easily 
D, — D, 


obtained; for any given reach, it is equal to 


A, RS An ; 
Making the foregoing changes and substitutions in Equation (3), the fol- 
lowing integral results: 


aVdV aQdV 
ac leer’ = SU dice VR! 145 yahelehaees Steno (37) 
- —Sog Ve RT — So 
C? R'™ C2 R™ 


which, on integration, gives an expression for the distance between any two 
depths (or velocities) : 


V,—V,z 


C* Rk’ eV 2 
L= 22 * tog, (Fa w)—$2(4-2) 2 Or gain era 
29 V*%, — V*x So V; Va 2Seive V.— Vz 


Vat Vu 


In Equation (38), Vu = C R” So’, in which R is the average value of 
the hydraulic radius between. the depths chosen. If the surface curve in the 
reach approaches a straight line, R is an arithmetical average 3 if it is con- 
siderably concave or convex, the value of R can be slightly decreased or 
increased to make it approach more truly the average in the section. Using 
only a slide-rule and arithmetical averages of R, computations were performed 
on the experimental back-water and drop-down curve data given by the 
author (see Table 10). Equation (38) applies to either back-water or drop- 
down curves on sustaining slopes; V, is the up-stream velocity and V2, the 
down-stream velocity. 

The values for C (Table 10) were computed from data given by the 
author; the value of m in the back-water problem was 0.65 and in the drop- 
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down problem, 0.70. Note that the increments used are relatively large, and 
the values obtained are comparable in accuracy to those of the author. 
Although the expression itself appears quite formidable, the computations are 
not tedious and can be performed very quickly on a slide-rule. It is also 
of advantage to be able to use the same expression for either back-water or 
. drop-down curves instead of different functions as is done by the author. 


TABLE 10.—Compurations Pertamine To 4 SmootH RecrancuLtar CHANNEL 


a 


D-inches v R Cc Tactersent Meee 
‘Computed | Test | Mononobe 
Sp a he 
(a) Back-Watsr Curvss; S.= 0.002 
a nn nn ne EEE EEE EEE SERRE 
3.937 0.805 0.164 152 Ae retee ates.” pero coat cus tart tein, parte alte 
2.953 1.074 0.140 152 47.4 47.4 47.6 47.8 
2.165 1.453 0.116 152 49.5 96.9 98.4 97.0 
LE a TLR ae ce ee EEE 
(b) Drop-Down Curvzs; S, = 0.001 
2.461 2.200 0.126 155 et MO inten tations Weieerenen etna Werth aac Gi 
3.030 1.790 0.143 155 13.5 13.5 12.4 128. 
3.752 1.446 0.160 155 99.0 112.5 101.0 110.0 


For a rectangular section, the value of a, of course, remains constant; 
also, for wide trapezoidal sections, it does not change greatly in value for 
different ranges of depth. For circular sections, a does not change 
much in its value in a range of depths between 10% to 90% of the diameter. 
For triangular and narrow trapezoidal sections the more accurate relation 
between depth and area is of the type, D = k Agee 

Use of this parabolic relationship complicates the second term of the integral 
in Equation (37); however, direct integration is quite possible, and is not 
beyond the scope of the mathematical equipment of the average engineer. 
The straight-line and parabolic reationship will take care of all types of chan- 
nels, and there seems no real necessity to complicate matters by using 
monomials of the type introduced by the author. 

The intricate mathematical expressions presented by Professor Mononobe 
are perhaps justified in that they provided one means for obtaining theoretical 
surface curves which coincided almost exactly with the experimental results. 
However, it seems that the same effect could have been accomplished by much 
simpler methods. If, in outlining surface curves by computing distances 
between successive depths, there would be a loss of precision and time, then 
the author’s functions would be of distinct help, however, since such is 
not the case it seems that nothing in particular is gained for any engineer or 
student of hydraulics to familiarize himself with the mathematics presented 
so that he can use the author’s methods with confidence. 

From the standpoint of presenting the subject of back-water and drop- 
down curves to those unfamiliar with the hydraulics of varied flow, the 
author’s discussion of the fundamentals could be improved if it were pointed 
out how the momentum principle applies and how it can be used as a basis 
for the development of the fundamental equations just as readily as 
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B: rnouilli’s theorem. For instance, since the acceleration (or retardation) of 
y 


V , it ean be readily shown that the 


the water at any point is equal to 


change in velocity head with respect to distance is equal to the ratio of the 


a 


water acceleration to the gravity acceleration. From Equation (3) it can be 


seen that this ratio is equal to the difference between friction slope and slope 
of the water surface. The acceleration term is very useful in indicating what 
must be done with eddy and turbulence losses for flow at a decreasing velocity. 
The writer wonders whether there was any need to take account of such 
extra losses in the author’s experimental data on back-water. No definite 
mention of it is made in the discussion of the test results. 
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ANALYSIS OF VIERENDEEL TRUSSES 


Discussion 


By MEssrs. LOUIS BAES, E. C. INGALLS AN 
RALPH B. PECK, HAROLD E. WESSMAN, AND A. FLORIS 


Lours Bass,” Ese. (by letter).°"—The author develops the equations of his 
problem very skilfully, but he states, under the heading “Conclusions”, that 
his method is based upon the principles of virtual work. The writer does not 
discern anywhere in the paper that these principles are involved. On the 
other hand, Equations (1), (21), (27), (83), and (38), which are the funda- 
mental formulas, are merely the Bresse formulas, relating to the deflection 
of the mean fiber of curved members, applied to the case of rigid frames 
(polygonal members). 

Under the heading, “Introduction to Stress Analysis”, the author states 
that his aim is to describe a method of analysis less laborious than others 
actually in use in the United States. In Belgium, where a great number of 
Vierendeel trusses have already been built, methods of analysis much simpler 
than that of the. paper are being used. Among others, there is a method 
developed by Professor Vierendeel himself and another by Professors Keelhoff 
and Magnel. These methods are exact, in the usual sense of this word, for 
symmetrical trusses; they include simplifying assumptions for non-sym- 
metrical trusses, which is also true for the author’s method. 

The simplifying assumptions in the paper involve the reasonable selection 
of the values of the two coefficients which are, in fact, the ratios between the 
bending moments taken by the upper chord and by the lower chord. 
The author rightly shows that the value reasonably assumed for these ratios 
only slightly effects the results. This is only true within the customary limits, 
but not in a general way. In fact, the author recalls that Professor Vierendeel 


uses the assumption that, 
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and that this assumption greatly simplifies the work. The assumptions gen- 
erally made in Belgium refer to the location of the point of contraflexure 
in the vertical members of the truss. 

The methods by Professor Vierendeel and Professors Keelhoff and Magnel 
assume the location of these points of contraflexure to be known and, this 
location being given, make the truss statically determinate in cutting it 
into two great combs separated from each other at the points of contra- 
flexure in each vertical. This leads them to one equation which is the equiva- 
lent of Equation (53), but instead of the long Equations (66) and (68), they 
obtain only simple formulas. This results from the fact that the author does 
not take advantage of the location of contraflexure points, except in the case 
of symmetrical trusses. Consequently, he finds himself confronted by three 
systems of equations of the type of Equations (53), (66), and (68) 

These three systems are rather long and difficult to solve and require (as 
has been recognized in Belgium) either very long direct numerical computa- 
tions, or the use of the method of successive approximations (see Example 4 
or Example 5). In fact, the results are derived from the difference between 
two very great numbers which differ slightly, so that if one does not compute 
by successive approximations, one might obtain entirely erroneous numerical 
results. Thus, the method suggested by Professor Young seems to be longer 
than those developed by Professor Vierendeel or by Professors Keelhoff and 
Magnel. 

The writer has proved” that the location of the points of contraflexure 
in the verticals can be found with great precision by a single formula, which 
has been checked by more than fifty photo-elastic tests conducted on fifteen 
models of non-symmetrical trusses. These tests cover a considerable field, 
extending beyond all the needs of bridge construction, and show the points 
of contraflexure in the verticals remarkably well. They reveal that these 
points are actual physical elements on which it is logical to base the method 
of analysis. 

Finally, the writer has shown® that Kriso’s method may be generalized 
to all cases. In this method, contrary to what has been done by Professor 
Vierendeel or by Professor Keelhoff, the system is made statically determinate 
by cutting a section in one of the chords in each panel. This generalized 
method leads to one equation for every group of two or three successive panels 
separated by two successive verticals. The other equations are elementary. 

The only long computation is in the solution of the system of these special 
equations, which are equal to the number of panels. This solution, however, 
does not involve any difficulty and the equations may well be compared to 
-the three-moment equations of the continuous beams.“*’ Each unknown is 
obtained by an expression in which all the terms have the same’ sign. This 
is very important in that it permits computation by slide-rule. On the other 
See es ern > ee 
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hand, it is impossible to make any error in sign. In fine, it must be noted 
that by this method the designers very easily, can determine the influence 

“lines of all the variables in the problem. For the ordinary cases of bridges, 
influence lines show that computations may be limited to the case of one or 
two conditions of loading. 

To the writer, this is the shortest method; it is “exact” for symmetrical 
trusses, and almost “exact” for the others since from experimental proofs” of 
this essential fact, the location of the points of contraflexure is known quite 
accurately. 


E. C. Incauts,” Esq., AND Ratpu B. Peck,” Jun. Am. Soo. C. E. (by letter).°* 
—It is unusual to find a paper so carefully prepared that the derivations can 
be followed step by step without need for pencil and paper. The author is 
to be complimented for the excellent presentation of the development of his 

_ working equations. 

The writers have used Professor Young’s method to analyze the truss 

shown in Fig. 25. The relative moments of inertia assumed are indicated at 
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the mid-point of each member. The quantities, a and 6, were each assumed 
to unity. The symmetry of both the truss and the loading made the jabor 
involved comparatively slight. 


TABLE 2.—ComParison or RESULTS BY Storr DEFLECTION AND BY THE 
Young MertHop 
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To obtain a more correct analysis, involving no assumption of a and B, 
the writers analyzed the truss using the slope-deflection equations. 
Although the solution of the simultaneous equations makes the labor great, 


— 


#2 Troy, N, Y. 
#0 Received by the Secretary Jjecember 2, 1936. 


338 WESSMAN ON ANALYSIS OF VIERENDEEL TRUSSES Discussions 


so that the writers do not recommend the slope-deflection method as a prac- 
tical means of solving this truss, the problem is more general than any 
which they have seen solved by slope deflection. It includes a modified form 
of the bent equation and certain relations between the R-values for each 
panel that would seem to justify its consideration as an alternate method 
of solution for the Vierendeel truss. 

A detailed discussion of alternate methods is beyond the scope of dis- 
cussion; but a comparison of results obtained by the slope-deflection method 
for the truss of Fig. 25, with those obtained by Professor Young’s method, 
assuming a = 8 = 1, is given in Table 2. The agreement is quite satisfactory. 


Harotp E. Wessman,” Assoc. M. Am. Soc. ©. E. (by letter).“*—There® 
have been considerable additions in recent years to the literature of multi- 
story rigid frames, namely, the steel or reinforced concrete building skeleton. 
Little has been written in the United States, however, about the multi-panel 
rigid frame known as the Vierendeel truss. This paper, therefore, is of some 
value not only because of the contribution made by the author, but also 
because of the discussion which it has provoked. 

As the author states, the paper is restricted to considerations of stress 
“analysis only. Hence, discussion should confine itself primarily to analysis, 
Nevertheless, it is worth noting that, from the practical viewpoint, the Vieren- 
deel truss is one of those.structures in which it is difficult to separate analysis 
and design. It is simple enough to assume values for the relative stiffness 
of chords and web members in order to make an analysis of the shears, bend- 
ing moments, and direct stresses; but when the designer proportions the vari- 
ous members on the basis of this analysis and in accordance with limiting 
unit stresses established by specification, and then makes a new analysis based 
on correct values of relativé stiffness, he finds that the resulting shears,* 
moments, and direct stresses may be radically different from those obtained 
in the first analysis. The normal procedure is to revise the design in accord- 
ance with the new values, but then, when the process of analysis is again 
repeated, considerable variations may again be found. In other words, the 
analysis is so sensitive to changes in sections, that it is almost impossible 
to obtain the final design in one or two trials, unless it is recognized that — 
excess section must be used for some members. 

Here, again, the designer faces the questions: “From where does one 
start? Can one use the same limiting unit stresses in all members or must 
one ‘waste’ material in order to get a design that conforms to the analysis ?” 
This particular problem is another one which emphasizes the need for research 
in preliminary design methods, research in which analysis and design are 
more closely correlated. ; 

From the standpoint of elementary mechanics, the author’s paper is of 
‘value in illustrating the statics of free body diagrams. From the standpoint 
of advanced structural analysis, the paper is of value in illustrating the 
application of virtual work equations to satisfy the condition that there 
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must be no relative translation, horizontally or vertically, or any relative rota- 
tion at a cut section in a continuous structure. The writer feels, however, 
‘that the author’s presentation could have been improved at certain points, 
although he realizes the limitations imposed by condensing a paper. For 
example, Equation (1) would be much clearer if the author had noted that 
‘the origin of co-ordinates for the first integral on the right side is at 
Point B (see Fig. 2(a)) and that the origin of co-ordinates for the second 
integral is at the upper right-hand corner. It is also worth noting that, 
although the displacement of Point B is found with respect to Point A, the 
absolute base of reference is the upper left-hand corner in Fig. 2(a). By 
fixing this corner and drawing all moment diagrams as if there were two 
cantilevered members, one extending down to Point A and the other extending 
to the right and then down to Point B, the basic equation may be easily 
visualized in: terms of area moments. 

The same criticism also applies to Professor Young’s treatment of the 
unsymmetrical case. In Equation (21), origins of co-ordinates are not 
the same for each integral. In connection with this equation, it may be 
stated that students using area moments blindly are prone to omit the first 
term, H 6, (Dy — Da). In solving for the movement of Point D relative to 
Point C, the rotation of the end, C, when it is not on the same level as Point D 
must be considered, of course. 

In the development of his equations the author emphasizes one method for 
the analysis of rigid frames. Tt is a method which is based fundamentally on 
setting up independent equations for all the unknowns and solving them 
simultaneously. Presumably, it is an “exact” method; nevertheless, in attack- 
ing the unsymmetrical case, certain approximations must be made in order 
to obtain a solution readily. These approximations, as the author indicates, 
are not necessary in the symmetrical case. It is evident from the work done 
by Professor Young and from the equations set up by various other investi- 
gators that the computations necessary in order to reach a final design by this 
method are over-burdening, especially when several analyses are required. 

The writer much prefers another method for the solution of the multi- 
panel rigid frame. It is moment and shear distribution facilitated by 
superimposing arbitrary joint rotations in order to hasten convergence. There 
is nothing new“ about the method, although it does not seem to be widely 
known, at least in the accurate sense. 

The solution of the symmetrical case (see Example 1) by this method is 
shown in Fig. 26, in which, consistent with the notation of the paper, 
M,, = the moment from joint rotation ; M, = the moment from shear ; M, = the 
balancing moment; Mc = the moment carried over; and, 3 M = the summa- 
tion of moments. Note the rapid convergence of values. For all practical 
purposes, the procedure could have been terminated after two eycles and the 
results would be sufficiently accurate. Tf the arbitrary joint rotations had not 
been superimposed upon the shear translations, however, the convergence 


would be much slower. 


tal ee ee 
4 “Continuous Frames of Reinforced Concrete’, by Hardy Cross and N. D. Morgan, 
Members, Am. Soe. C. B., pp. 229-233; in particular, footnote at bottom of p. 233. 
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_ The process will not be explained in detail in this discussion. It is 
worth noting, however, that a sketch of panel distortions due to joint trans- 
lations acts as a guide in indicating the sense of the arbitrary joint rotations. 
‘It is not necessary to impose equal rotations at all joints; it is not necessary 
to make all of them of the same sense; moreover, one does not need to know 
the actual rotation as long as the arbitrary moments at each end of each 
member due to rotation bear the proper ratio to one another. If the ratio 
is correct, geometrical continuity is preserved. 

Fig. 27 shows the results from three cycles of computations when this 
process is applied to the author’s unsymmetrical case (see Example 3). All 
calculations were made on a slide-rule. 


Fie. 27. 


This paper demonstrates to the writer that a slide-rule, combined with the 
proper method of attack, is a rather useful and universal instrument; it 1s 
much less expensive than a computing machine and its effect on the eyes 
not nearly so severe as a nine-place logarithmic table. Even if the author’s 
results are obtained by the so-called “exact” solution of simultaneous equa- 
tions, it must be kept in mind that his work also involved certain | approxi- 
mations. Moreover, when certain values depend upon small differences 
between two large values, it is evident that the large values must be deter- 
mined with extreme precision to a great number of significant places in 

| order to obviate errors in the final result. That is one serious drawback to 
~ methods such as that used by Professor Young. ' 

As long as procedure is scientific, however, the most important matter is 
not “what method was used”, but rather, “how shall one interpret the results 
in the light of the actual design.” 

The alternate method cited by the writer® may also be used in the analysis 
of wind stresses in multiple-story buildings. It greatly facilitates convergence 
and obviates the need for extending a mathematical series to obtain the 


final answer. ; 


A. Fuoris,” Esq. (by letter).“*—The classical methods used by the author 
in the analysis of the Vierendeel truss will undoubtedly divert the atten- 
dion of engineers, somewhat, from the so-called arithmetical methods which 
ari ean kk a ee ee 


45 Dipl.-Ing., Los Angeles, Calif. 
45a Received by the Secretary January 12, 1937. 
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have almost dominated the technical literature since the introduction by Hardy ° 
Cross, M. Am. Soc. C. E., of the moment distirbution method. . 

The author sidesteps, wisely, the question of the merits of this type of ' 
structure. This question, however, is of great importance in practical prob: | 
lems involving safety and economy. Unfortunately, the Vierendeel truss is 
fundamentally inferior to trusses without diagonals, for the following obvious 
reasons. In the ordinary truss the primary direct stresses can be calculated 
with great accuracy. The analysis of the secondary bending stresses, of 
course, is less accurate. These stresses, however, can be reduced to a mini- 
mum in a properly designed structure. In the Vierendeel truss, on the other 
hand, the bending stresses become primary stresses. Consequently, the struc- 
ture will be more expensive and, because of the approximate nature of such 
an analysis, less safe stresses are allowed unless a larger factor of safety 
is adopted. In general, it is more expensive to transfer loads to the founda- 
tion by means of members subjected mainly to bending than by means of 
members subjected preponderately to direct stress. 

Since the first analysis of the truss under consideration was given by 
Professor Vierendeel*, the problem has attracted, widely, the attention of 
theorists. This is obviously due to the desire to simplify the complicated, 
although not necessarily difficult, calculations. Theoretically, the analysis 
of statically indeterminate structures does not present essential difficulties. 
Any one familiar with such an analysis can write down the necessary equation 
with ease. However, the time consumed in the derivation of these expressions 
and their subsequent tedious numerical evaluation are serious obstacles to 
their use in practice. 

’ Following the trend for greater simplicity and expediency the author gives 
an approximate (and, for practical purposes, sufficiently accurate) method of 
analyzing the Vierendeel truss. The writer does not intend to enter into a 
detailed discussion of this excellent paper. For a proper appreciation of 
the work done and the efforts made in this direction by the author and 
others, the available extensive literature on the subject should be studied 
carefully.” 


“ “Tongerons en treillis et longerons A arcades”, par Arthur Vierendeel, Paris, 1897. 


“On the Theory of Trusses Without Diagonals”, by G. P. Peredery, Moscow, 1905 (in 
Russian) ; also “Reinforced Concrete Bridges”, by G. P. Peredery, St. Petersburg, 1912, 
p. 166 (in Russian); “Trusses Without Diagonals, Their Analysis and Application to 
Steel and Reinforced Concrete Structures”, by J. Podolsky, Moscow, 1909 (in Russian) ; 
also, Beton-Kalender, 1929, Pt. I, 290; “Beitrag zur Berechnung von Vierendeeltriigern”, 
von A. Ostenfeld, Beton und Hisen, 1910, p. 30; also, “Die Deformationsmethode”, von 
A. Ostenfeld, Berlin, 1926, p. 86; “Beitrag zur Theorie der Vierendeelschen Triger”, 
von H. Marcus, Armierter Beton, 1910, p. 208; “Hinflusslinien fiir die Berechnung 
paralleler Vierendeeltriiger’’, von W. St. Ritter von Balicki, Berlin, 1910; also, ‘‘Vierendeel- 
Triger mit Parallelen Gurtungen”’, von E. Reich, Wien, 1911; “Gesetzmissigkeiten in 
der Statik des Vierendeel-Trigers”, von L. Freytag, Miinchen, 1911; ‘Der Pfostentriiger 
mit ungleichen Gurtungen”, yon L. Mann; in Festschrift fiir H. Miiller-Breslau, Leipzig, 
1912 AY Die Berechnung der Pfostentriiger”, yon Otto Mohr, Der Hisenbau, 1912, p. 85; 
also, Abhandlungen aus dem Gebiete der technischen Mechanik”, von Otto Mohr, Berlin, 
1914, p. 506; On the Analysis of Trusses Without Diago ls”, by J. Podolsky, Engineer 
(Kiev), 1913, No. 7 to 10 (in Russian) ; “Die Berechnu der Rahmentriger’, von F. 
Engesser, Berlin, 1918; “Die Berechnung statisch unbestimmter Tragwerke nach der 
Methode des Viermomentensatzes”, von Friedrich Bleich, Berlin, 1918, p. 125 “Die 
Berechnung der Rahmentriiger’, von Tschalyscheff, Der Bauingenieur, 1922, pp. 208 and 
244; “Die statisch unbestimmten Systeme des Hisen-und Hisenbetonbaues”, von Fried- 
rich Hartmann, Berlin, 1922, p. 169; “Statik der Vierendeeltriger”’, von K. Kriso, Berlin, 
1922 ; Caleul des Constructions _Continues 4 Eléments Droits’, par P. Thomas, Paris 
1925, ,D- 57; _ “Berechnung Statisch Unbestimmter Biegefester Stab-und Flichentrag- 
werke”, von Peter Pasternak, Ziirich, 1927, Ptso0 4 “Analyse statique des 
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poutres Vierendeel”’, par B. Enyedy, Paris, 1928: “ i Yl 
End Chie ioe, y ; 5 ie Statik des ebenen Tragwerkes”, 
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DISGUSslONsS 


SIMPLIFIED METHOD OF DETERMINING TRUE 
BEARINGS OF A LINE 


Discussion 
By Messrs. J. C. PINNEY, R. L. VAUGHN, AND JOHN C, PENN 


J. OC. Piney,” M. Am. Soo. C. E. (by letter).**—The determination of the 
true meridian by direct solar observation is a practical necessity in ordinary 
surveying work, and any method which will reduce the time necessary for 
computing the field observations without sacrificing accuracy is worthy of 
consideration. Several formulas have been developed for computing the 
azimuth, Z, of the sun from the spherical triangle. The four which the writer 


recalls give the solution in terms of cos Z, vers Z, cot 4, and sin 4) and 
2 Z 


from these terms an equation can be developed for other trigonometric func- 
tions. With the ordinary instruments and methods used by the land surveyor, 
about 1’ in azimuth is the limit in accuracy, and computations carried 
beyond 0.1’ are futile. 
Mr. Inch has presented a method for solving the cosine formula arith- 
metically in a much shorter time than a regular arithmetic solution would 
take without the use of a computing machine. This is accomplished by pre- 
senting the major computations pre-worked in the form of Table 1. The 
writer’s main criticism of this table is that a straight-line interpolation is 
used for determining the constants, A and B, between whole degrees. For 
certain values of the altitude and latitude, this may lead to appreciable errors. 
The cosine formula, Equation (1), is usually assumed as being adaptable 
to natural functions rather than to logarithms. The writer, however, believes 
that when properly arranged it is very susceptible to logarithms, and he 
presents herewith the solution of Example 1 by logarithmic computations of 
both the cosine and versine formulas, comparing the number of operations 
Norp.—The paper by Philip L. Inch, Assoc. M. Am. Soc. C. H., was published in 
September, 1936, Proceedings. Discussion on the paper has appeared in Proceedings, as 
follows: November, 1936, by Messrs. Harl F. Church, Paul E. Wylie, James B. Goodwin, 
HI. Swick, Philip Kissam, and George D. Whitmore ; December, 1936, by Messrs. O. H. 


C. 
hilton, Chalmers C. Schrontz, Frank M. Johnson, Walter H. Starkweather, and C. I. Day; 
oad Janbary, 1937, by Messrs. L. McRee, F. J. Duarte, and Leonard C, Jordan. 


20 Asst. Cadastral Engr., U. S. Biological Survey, W'ashington, D. C. 
20a Received by the Secretary November 27, 1936. 


344 PINNBY ON TRUE BEARINGS OF A LINE Discussions 


involved in these formulas and in Mr. Inch’s solution. For convenience of 
reference the versine formula is given: 


vers Z = 1 sin | 9 —(h+ ¢) | + gin 6 sec h sec d..... (10) 


Example 6—Using Equation (1), with north as the zero azimuth, and 
correcting the observed h for refraction and parallax: 


colog cos 0.044128 h = 25° 23.6... log tan 9.676408 
colog cos 0.108851 ...¢ = 38°53/7... log tan 9.906741 
OY a 1s 


log sin 8.258190n... —1° 02.’3 

log A 8.411169n A = —0.02578 
B= 0.88296 9.583149 

A-B = —0.40874 


cos 245° 52.5 = S$ 65° 52.5 W 


Example 7—Using Equation (10) with south as zero azimuth, and cor- 
recting h as in Example 6:” 


h = 25° 23.6 .. log sec 0.044128 
go = 38° 53/7 .. log sec 0.108851 


0 ce ii oY as Wy 33 
nat sin 0.43384....co-sum = 25° 49/7 
nat sin —0.01812.... 6 = —1° 02.3 


Algebraicosum. “0.415722 .. «24%. < sate ed ee eee ene LOR O BESSOT 
log vers 9.771780 
Zi = 65° 525 Se6b oboe 
Although the most rapid method for obtaining the final result depends 
largely upon the computer and the method of procedure with which he is best 
acquainted, it may be worth while, nevertheless, to compare these three — 
solutions in respect to the number and kind of operations required in each. 
These operations may be classified as: Arithmetic multiplication and division, 
arithmetic addition and subtraction, and references to tables. Of these, 


multiplication and division are to be particularly avoided as tedious and, 
therefore, subject to errors. 


TABLE 7.—Comparison or Work INVoLveED IN SoLutions 
—ewoveae6=«qjao$*$“<“_—_0eSSS SSS 


Method Example 6 Example 7 Inch method 
Addition and subtraction. ................. 0 0 5 
Multiplication and division................ 4 5 3 
phabletreference <<). scssias hc dei cn tenes 7 7 i 2 


The comparison (adding one more addition and one more table reference 
to the cosine and versine methods than is shown in Examples 6 and 7 because 
Table 1 includes refraction correction) is shown in Table 7. It is assumed 
for the cosine formula (Example 6) that the cosine and tangent combined 

7 This solution is taken from “Azimuth” 


L by the late Geo i g 
C. H., and the arrangement is taken from Form *Bi-1096 of the U. 8, Roleciar Boa 


_— a 


ass 
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will constitute only one table reference as the logarithmic sines, cosines, tan- 
gents, and cotangents are contained in a single table. 

As compared with the method given by Mr. Inch the writer believes either 

“of the other two methods are preferable, because of the five arithmetic multi- 

plication and division operations alone. The cosine method seems to have 
a very slight advantage over the versine method only if the computer is able 
to write down the co-log cosine directly from his reading of the log cosine. 
Even in this case there is a fertile field for error. This same objection is also 
true for the versine method in case the computer has no table of log secants 
(= colog cosines). If the computer is equipped with a handbook” containing 
consecutive, five-place tables of log secants, natural sines, logarithms of num- 
bers, and log versines, the versine method is considerably shorter. - 

The foregoing discussion applies primarily to conditions where the com- 
putations are to be made in the field, or under circumstances where a comput- 
ing machine is not available. 


R. L. Vaueun,” M. Am. Soc. C. E. (by letter).”"—Of all methods of 
obtaining a true bearing that by observation of Polaris at elongation is the 
most simple. It has several disadvantages, among which may be mentioned : 
(1) In high latitudes it is difficult to observe, and even more difficult to obtain, 
a desirable degree of accuracy; and (2) in low latitudes, even on clear nights, 
the star is likely to be obscured by atmospheric haze, the necessary arrange- 
ments for illuminating the cross-hairs, the verniers, and the station sighted 
on entail more or less bother. A fairly accurate determination of the lati- 
tude is essential. Lastly, the time of elongation is more than likely to be 
at a most inconvenient hour. Accurate local time is not indispensable. 

The “any hour method” of observation on Polaris is subject to all but one 
of the foregoing objections, and furthermore requires accurate local time 
(not standard time). It does possess the advantage that the observation may 
be made at any time when Polaris is visible. 

Methods of obtaining true azimuths or bearings by observation on the sun, 
of course, are by no means new. To an engineer not particularly versed in 
field astronomy and who has only occasional need for making an azimuth 
determination, the method may appear involved and laborious. Such, how- 
ever, is not the case. Whenever a determination accurate to the nearest 
minute will suffice, sun observations will be found to be greatly superior | 
to observations on Polaris both as regards speed and as regards convenience. 

A number of formulas are available, one of which is given by the author 
in Equation (1). This formula is well adapted to computations where 
natural functions and a calculating machine are used. For computations 
using logarithmic functions a somewhat more convenient formula is: 


ee tn ah ON 
cot $4 =A sec 8, sec (S—P), sin (S —h), sin (S—¢)...-.. (11) 


2 Cons. Engr., Sau Francisco, Calif. 
22a Received by the Secretary January 6, 1937. 
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TABLE 8.—AztmutH ComMpuTATION FROM SOLAR 

(Latitude, 37° 21’ 00” N; Longitude, 122° 54’ 

ee onoao 
Set I (Direct) 


_tecrivEn® Horizontal Vertical 
angles angles 
(1) (2) (3) 

WRGAT 5a Pes ain oa Ree a sieje'k whe gaia bforeiace ke boob bo Uhe ale iw i ihe SL Sk 140°-03’ 3 1°-28’-30” 
Paralla¥ and! Tefraotion . Ve a. y aeiels e050. ole ery a oisraree 4 a ule tiers ole @ sueisin as 0°— 17-20” 
IT rTZGRALEIULLAG, et aieicle ere ire siete wreTeieies viele cie.e’ ojbretelavs eile are netataa ins: Mrearo gs 31°-27’—10” 
Local (average) time of observation.......... 00+ e eee ee rere eee nens 9:00 A.M. 
Front Qe: (hour ANTE) wos! «sso eio%n,s ile o%4) ahh ]ej «a, eiereeleepebaye <Te prs «)simutain 8:00 A.M. 
Greenwich (average) time of observation. ........-..0+2+eeeeeeeeee 5:00 P.M. 

Interval from Green Wich NOOD's ./.% 0s © s+ asc. vies aiaiphs « aaveleitiorsle tele alells 5:00 P.M. 
(Gonrected:declina tions «« «:cislsce's «ob ole-sqesiere 8s sad eed taneie eee er aratags ere S 11°-52’-24” 

eT) 0. ho ee OE PR AE AREER SS PMT EST Marra SC ERS EncA tea: Mc + 90° 0’ 0” 

North polar distance, P eR 101°—52’—24” 

PLE te ibe na ccts-olstshoieleca's mae ae one 31°-27’-10” 
Latitude, > 37°-21’— 0” 

DEAS 2a NIN Oe eee ecele es chaeteelatate aiaichara a lage & wtaiela: anthetehet caters 170°—40’-34” 

PT AES TOE, AEs OE ee delice aad bite asia cae atone citistans Steaks 85°-20'-17” 
North pOlan distance, Ph. chev sofas cles lee lase olotacs Sava holaighaks ieee oa 101°-52’-24” 
16°-32’-07” 
85°-20'-17” 
31°-27'-10” 
85°-53’-07” 
85°-20’-17” 
37°-21'— 0” 
47°-59/-17” 
1.09 008 
0.01 834 
9.90 732 
9.87 09 
Po BUN SEE eo Wee aA Naik Cm Ms Pb AEA 0.88 673 
LGRGOU (OLGA) aeecelsicn araraid oi ies, ae estteiee oe cette Soleo ihn eran 0.44 336 

OSD Als ee eis nystarass c 5 tins Oe Kiera oo miele aielave @lare stealer atone ene eee a 19°—48’—45” 

SMa etetcha giotnazs orale aka Seo. Geleelehapensd suis wee ero eie 39°-37'-30” 
Agimathofaun. (North =='0°-0"-0")* . S25) skyo.guitontsenicerd. dawaeee een 140°-22’-30” 
Angle FPONE GUN TO MALE Tos Fo esa ok ee occas le i ae 140°-03’— 0” 
Azmuth, atawon to markt, Seb. .-.s,.,.<cis feces oheutic Dude eRe 0°—19’-30” 
Azimuth, Set Il...... PES RUE S PEL: °_19’-00" 
Mearaiel Get STt Ws Vey. eas. Skane eae 4 02-19-30" 
ASIIMULN NOU Vie da tener hale tice eae ee 0°-18’-30” 

Pre ai divide by: four. 514 chk) ve aiseic eae ee 0°-76’-30" 
Average azimuth, station to markt. ...........ccccccccccccceccene P—19/. * 
Dearing, SUAvION tO MAK T\ 2... wohebe ecco Delete ate ee N O°-18'-00" E 


e636uN=CN’ee0e‘le—Oo=«=$=—™—0@—@>$@™@$@ROomwT000wTwT9S oo 


* In the afternoon, the azimuth of the sun is A; in the forenoon, it is 360° A (from south point). 
} For example, “ East corner of the chimney, gymnasium of the P. Burnett, Jr., High School. 


in which A is the angle between the true south and the sun, measured clock- 
wise if the observation was made in the afternoon; counter-clockwise, if the 
observation was in the morning; P is the north polar distance of the sun (90° 
plus a south declination, or minus a north declination) ; h is the altitude, 


\ 
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Set IL (Reversed) 


Set III (Reversed) 


Set IV (Direct) 


Horizontal Vertical Horizontal Vertical Horizontal Vertical 
angles angles angles angles angles 2 ae 
a @ (5) 6) (1) (8) “3) 
320°-38’-30” 31°-46’-30” 321°-16/-30" °_96’-0” °_13/-30" 33" c 
caer 16/—30' pit Pa 142°-13’-30” Rte ae 
3 1°-45’-10” 32°-04’-40” 32°-31’-40” 
9:00 A.M 9:00 A.M 9:00 A.M 
S 11°-52’-24” S 11°-52/-24” 7] 252/94" 
790°- 0 0” +90°- 0’—00” 8 Sono OF 
O_R9/_94” O_For_ r a 
eee eae eter 
37°-21'-00" 37°-21/-00" 37°-21'-00" 
170°-58’-34” 171°-18’—04” 171°—45’-04” 
85°-29’-17” 85°-39’-02” 85°-52’-32” ii 
101°—52’—24” 101°-52’—24” 101°-52-24” 
16°—23’-07” 16°-13’—22” 15°-59’—52” 
85°-29/-17” 85°-39’—-02” 85°-52’-32” 
31°-45’-10” 32°-04’—40” 32°-31’—40” 
53°-44’-07” 53°-34/-22” 53°-20’-52” 
85°-29’-17” 85°-39’-02” 85°-52'-32” 
37°—21’-00” 37°-21’—00” 37°-21’-00” 
48°-08/—17” 48°-18’—02” 48°-31’-32” FF: 
1.10 423 1.12 005 1.14 307 
0.01 800 0.01 765 0.01 716 
9.90 649 9.90 559 9.90 442 
9.87 201 9.87 311 9.87 462 
0.90 073 9.91 630 0.93 927 
0.45 036 0.45 815 0.46 964 
19°-31/-15” 19°—12’—00” 18°—44’—00” * 
39°-02’—30” 38°-24’-G0” 37°-28’—-00” 
140°—57’-30” 141°-36’—00” 142°-32’—00” 
140°-38’-30” 141°-16’-30” 142°-13’-30” 
0°-19"-00” 0°-19/-30” 0°-18'-30” 


——E nn 


of the sun, corrected for parallax and refraction; ¢ is the latitude of the sta- 
tion from which the observation is taken; and, 


S=4(P+h+4 $).. 


e0k6 he cba) 676) 6 eee ee 


eae) 


Whenever 8 is less than P or h or ¢, merely subtract the smaller angle 
from the larger and proceed without regard to the negative algebraic sign. 

During the early years of its existence, regulations of the Bureau of 
Publie Lands of the Insular Government of the Philippine Islands required 


that an astronomical determination of azimuth s 


hould be made as a part of 


each land survey. The solar method was preferred on account of reliability 
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and convenience. The standard observation consisted of eight pointings on 
the sun, as shown in Table 8, Sets I and IV being made with the telescope 
erect and Sets II and III with the telescope reversed, and the A vernier being 
read in all cases. A fairly rapid instrumentman could set up an instrument 
and take the entire observation in a period of 20 min, or less; a fairly profi- 
cient computer could perform all the calculations in an additional 20 min. It 
cannot be said that the determination of a true bearing was an unduly 
burdensome task. 

The true purpose of the time of observation seems to be misunderstood by 
some surveyors. Accurate local time is not required for a solar observation. 
The only purpose for which time is used is to obtain the sun’s declination 
at the time of observation, which requires that the Greenwich time of the 
observation be known within an accuracy of about 5 min. Within the area 
of the United States the observer’s watch will almost certainly be keeping 
standard time, and in order to obtain Greenwich mean time it is merely 
necessary to add 5, 6, 7, or 8 hr to the observed time, depending on which 
standard time is carried. If the observation is made in some other part of 
the world, it will be necessary to ascertain in some manner the relation 
between watch time and Greenwich time, but in no case is the longitude of the 
place of observation needed. In some cases it will be found that the partic- 
ular Ephemeris which happens to be available gives the sun’s declination 
for Greenwich mean noon. In this case the calculation of the declination for 
the time of observation is simple and obvious. It may be found that the 
declination is given for Greenwich apparent noon, in which case the apparent 
time of observation may be found by adding or subtracting the equation 
of time (also given in the Ephemeris) to the mean time. 

Solar attachments, and sextant telescopes, contain special arrangements 
of wires by the use of which the sun may be centered. Ordinary transits are 
not so equipped and it is necessary to make observations in pairs and use 
averages, as is indicated in Table 8. This method assumes that the path of 
the sun is a straight line between the two positions in each set. Such is 
not the case, but no appreciable error is introduced providing the observations 
are taken with reasonable speed. However, the telescope should not be 
reversed between the two pointings which constitute any one “set.” 

Two methods are available by means of which the necessary readings may 
be taken. In one method the sun’s image and the pattern of the cross-hairs 
are cast upon a card held about 6 in. from the eye-piece. There will be no~ 
difficulty in focusing so as to obtain a sharp image of the sun, but the eye- 
piece must be especially set to obtain a sharp image of the cross-hairs. With 
some transits there will be no difficulty about focusing the eye-piece. 
With other instruments, however, it will be found impossible to obtain a 
sharp image of the cross-hairs within the limit of motion of the eye-piece. 
In such instances, the small screw which limits the motion of the eye-piece 
may be removed, after which the latter may be drawn outward a sufficient 
distance to give the required sharp image of the wires. Fairly good results 
may be obtained by this method in the hands of an experienced observer. 


«. 


February, 1937 VAUGHN ON TRUE BEARINGS OF A LINE 349 


However, at the exact instant of tangency of any wire with the edge of the 
sun, the image of that wire is not visible on the card and in order to get 
really accurate results the observer must be a.good guesser. 

A much better method of observation is by the use of a diagonal eye-piece. 
Most of the better instruments: are fitted to receive this simple and inexpen- 
sive attachment which consists, essentially, of a mirror and a colored-glass 
shade. When using the diagonal eye-piece it is not necessary to change the 
focusing of the wires, and the latter will be visible whenever they are in any 
position near the edge of the sun. It will be found necessary to remove the 
attachment each time the instrument is transited. 

Observed altitudes of the sun must be corrected for refraction. The cor- 
rection is always subtractive, and is usually obtained from a table of average 
refraction values. Theoretically, there should be a correction for parallax 
because the point of observation is on the surface of the earth, not at its 
center. Parallax is not of great importance in a solar observation, although 
it is a serious factor in lunar observations. However, both refraction and 
parallax are a function of the altitude and may be combined quite simply. 
Many standard texts give tables of combined refraction and parallax, and 
the correction should be taken from such a table rather than from one giving 
refraction only. In this connection it is well to emphasize the fact that 
the author has incorporated the parallax and refraction correction in his 
table and when using it the observed altitudes should not be corrected. In 
fact, attention should be invited to this circumstance in the heading to the 
tables. 

Properly used, the solar method is capable of excellent results. The writer 
does not approve of reversing the instrument between the two observations 
constituting a pair, as indicated by the author in Fig. 2; nor should reliance 
be placed on a single pair of observations. The method used by the Bureau 
of Lands was found to be quite satisfactory. The results of Sets I and IV, 
Table 8, should agree within 1 min, as should the results of Sets II and III. 
The discrepancy between the former and the latter may be considerably wider, 
reflecting the effect of lack of instrumental adjustment. Taking the average 
of all four sets will eliminate the effect of such instrumental errors and, of 
course, will minimize accidental errors of observation. 

One instrumental error that cannot be eliminated by the method of reversal, 
is the effect of error in leveling the horizontal plates. Any error in the deter- 
mination of the latitude will be reflected to an appreciable extent in the 
results. However, error from this source may be eliminated by taking one 
complete series of observations in the morning and another in the afternoon. 

The method of dealing with horizontal angles shown by the author in 
Fig. 1 is correct; but with the sun in a different relative position, it might 
cause confusion because of the necessity of measuring angles in a counter- 
clockwise direction. Adherence to the following rule will avoid all difficulty: Set 
the horizontal plates so that they read 0° 00’ when pointing along the line the 
direction of which is to be determined. Read all horizontal angles to the sun in 
a clockwise direction, from 0° to 360°. Compute the azimuth of the sun 
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(not its bearing). Subtract the observed horizontal angle from the computed 
azimuth of the sun, adding 360° to the latter if necessary. The remainder 
is the desired azimuth of the line. 

Table 1 of the paper certainly represents an impressive mass of labor, 
and the publication of the complete table would be a service to the profession 
which should be encouraged. It entails double interpolation: One to reach 
the values for the actual latitude, and another to reach the actual altitude. 
Interpolation by second differences must be resorted to in order to achieve an 
accuracy in the computations commensurate with the precision of the method. 
Experience has shown that it is almost impossible to publish such a table for 
the first time without some errors. The possibility of such errors should be 
guarded against when using the table. 

The formulas given in this discussion apply equally well to any other 
heavenly body. The Nautical Almanac gives the necessary data concerning 
the planets and a selected list of fixed stars. The only difficulty is to iden- 
tify the particular body under observation. Star charts are available by means 
of which the fixed stars may be identified. Planets are most easily identified 
by computing the approximate elevation and time of transit across the local 
meridian. In some locations and under some atmospheric conditions, it may 
be desirable to determine azimuth by observation on some object other than 
the sun or Polaris In case a planet is observed, which is closer to the 
earth than the sun, the parallax correction should be given due consideration. 
Observations on the moon are not likely to give very good results, and this 
body is best avoided. 


Joun C. Penn,” M. Am. Soc. C. E. (by letter).**—The most favorable time 
for observations on the sun: is when it is on or near the prime vertical; 
that is, when it is east or west, or nearly so. The azimuth of the sun is. 
then + 90° (0° is assumed to be north). Any formula that solves the 
azimuth by means of its “cosine” necessitates entering a logarithmic table or 
tables of natural functions where the interpolation is most difficult and most 
inaccurate. In the United States, most work will be done in the field when 
the sun’s declination is north (that is, in the time between March 21 and 
September 21), and with a lower limit for altitude of 25° (because of uncer- 
tainty in refraction correction below that figure), azimuth will fall between 
80° and 100°, and slide-rules, tables, and any other arrangements for using 
cos Z will not be accurate. 

Any astronomical method for finding azimuth requires the nautical 
almanac, an ephemeris, or a similar table. The choice of the year 1910 in 
the example in Mr. Inch’s paper is unfortunate. The astronomical day, 
like the civil day, has begun at midnight ever since 1925. The American — 
Nautical Almanac now (1937) contains tables for refraction, parallax, ete. 

The solar ephemerides, as published by instrument companies for use with 
solar attachments, contain tables for refractions, but care must be taken in 
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not using these refraction corrections for the setting of the attachment. 
Refraction corrections involve the latitude of the place and cannot be applied 
as corrections for an observed altitude. 4 

There are several other formulas available, and surveyors are not neces- 
sarily limited to observations on the sun for the determination of meridian. 
Navigators use, 


Z ge ea i ee 
cos a = NM cos S cos (S — P) sec @ sec h +++ +--+ +e ee (18) 
in which Z = the azimuth of a heavenly body (star, planet or sun); 
S=4(h + ¢ + P) in which h = corrected altitude; ¢ = latitude; and 
P = polar distance (90° + declination). For those not familiar with 


“secants,” this formula may be written: 


LOG oe LIISICE hte) pee eee (14) 
2 


cos @ cos h 
Equation (14) solves for azimuth in terms of 4 and involves logarithmic 
2 


tables in the vicinity of 45° where the values for cosine mean something. 

It is a pity that the present American Nautical Almanac gives the azimuth 
of Polaris for various hour angles of Polaris only to the nearest tenth of a 
degree. Older almanacs and the American Ephemeris give azimuths of 
Polaris to 0.1’. If the American Nautical Almanac gave the same considera- 
tion to surveyors as it now does to aviators, the necessity for tables and slide- 
rules would be entirely obviated and, incidentally, there would be no need for 
an accurate map for the determination of latitude, as both azimuth and 
latitude can be determined by an observation on Polaris with very little 
arithmetic. 

If the table suggested by Mr. Inch is to be of any value to a surveyor it 
must be well understood that the surveyor goes into the field with the 
_ following equipment: 

(A) The table itself, extended to allow for better interpolation ; 

(B) Instructions for use of this table to include: (1) A bold statement 
that altitudes need not be corrected for parallax and refraction; (2) a 
similarly strong statement that if the declination of the sun is north, A sin « 
and B are subtracted (the smaller from the larger) ; (3) if A sin a is the 
larger, the bearing of the sun will be from the north, and if B is the larger, 
the bearing is from the south; and (4) if the declination is negative, the bear- 
ing is from the south; 

(C) A table of natural sines; 

(D) An almanac for the year; ; 

(Z) A watch correction within a few minutes; and, 

(F) A quadrangle sheet of the U. S. Geological Survey, or a similar map 
for the determination of latitude. (Perhaps this map could be left in the 


office.) 


i 
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Some of these items are facetious, of course. A little knowledge of 
trigonometry will eliminate Items B (2), B (3), and B (4), but to one who — 
is not “on his toes” in the mathematics of surveying and the bearing 
should prove to be 90° = 20’, these very rules will save many an anxious” 
moment. 

The writer would rather carry an almanac, a log table, with the value of 
cos 0.5 Z neatly printed inside the cover, and a small pad of paper, for meri- 
dian determinations during the day. The solution of Example 1 of the 
paper, by Equation (11) is as follows: Refraction plus parallax correction 
is 0° 1’ 54”; corrected altitude equals 25° 23’ 36”. 
ee 01102 18 
25° 23’ 36” log sec 0.04413 

bd = 88° 53’ 40” log sec (0.10885 
2 | 155° 19” 32” 
S = T7° 89’ 46” log cos 9.32974 
S — P = 18°22 30” log cos 9.98835 (always positive) 
2 | 19.47107 


log cos 0.5 Z = 9.73554 = 57° 3’ 4”; and Z = 114° 6 8”. 
Bearing of line = 180° — (114° 6’ 8” = § 65° 53’ 52” W 


7 


Given = § 64° 52’ 30” W 
hee BLOW Pye 

By table = 1% 07 48” 

Difference= 0° 0’ 34” 


In the determination of azimuth by a time-altitude of the sun, regardless 
of the method that may be used, some knowledge of astronomy is absolutely 
necessary, Without a calculating machine, and in the field, logarithms must 
take preference over natural functions. All methods so far proposed require 
either one or the other. A table so involved and so limited as all tables must 
be, can never take the place of the foregoing simple computation. 
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THE MODERN EXPRESS HIGHWAY 


Discussion 


By Messrs. A. C. DENNIS, AND J. C. CARPENTER 


A. GC. Dennis,” M. Am. Soo. C. E. (by letter).**—Studied in conjunction 
with a paper by Fred Lavis, M. Am. Soe. C. E., published in 1930”, the paper 
by Mr. Noble constitutes an important advance toward the establishment of 
correct standards for trunk highways. The technical questions of design 
standards and economic location can safely be left to the decision of engi- 
neers, and the broader question of organization and financing may also be 

properly the concern of engineers even if the ultimate decision is the respon- 
sibility of others. If there is the possibility that certain trunk highways 
may be constructed, with no addition of taxes to the general public, to pro- 
vide the users of these highways a safer and faster route free of interrup- 
tions at no additional cost to the user, then an engineer’s self-interest as well 
as his duty as a good citizen should lead him to study and discuss this possi- 
bility and, if found to be sound, to work for its fulfillment. 

The existing highways are, in effect, State toll roads, the toll being paid 
at the gas station as a State sales tax. These highways have generally been 
built with local use and convenience as the main objective. Practically all 
‘of them are of inadequate capacity for trunk-line traffic and are subject to 
various traffic interruptions. The result is a condition similar to that of a rail- 
way system consisting of many branch lines, but no main line. 

Trunk highways are interstate structures beyond the province of the several 
States, but within the powers of the Federal Government to finance, construct, 
own, and operate. It appears that a major section of Federal trunk highway 
of normal cost, carrying about 7500 vehicles daily on eight traffic lanes, 
between three or more emergency or parking lanes, may be self-liquidating in 
that a Federal gas tax collected along the highway at a rate not exceeding that 
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of the local tax, together with revenue from concessions for furnishing service 
to vehicles and persons, will provide cost of administration, policing, main- 
tenance, and other operating items, as well as interest on the investment with 
perhaps something toward retirement of investment. 

The organization suggested previous to operation, is that a Chief Engi- 
neer shall report, possibly, to the Secretary of The Interior, with authority 
(as far as is practicable for a public servant) similar to that of a Chief Engi- 
neer of a railway during location and construction. He should select his 
staff and be allowed to pay salaries sufficient to secure proper assistants. 
The Highway Engineer of each State traversed should be a member of his 
consulting staff. 

The first duty of the Chief Engineer should be to select the general route 
for the highway, establish standards, and make a preliminary estimate of cost 
and an estimate of immediate and future revenue to determine whether the 
proposed section is self-liquidating, or whether it will become so in the future. 
When a proposed section appears to be self-liquidating and when authority 
has been given to proceed, the Chief Engineer should make location surveys, 
design structures, acquire rights of way and other necessary lands, prepare 
specifications, let unit price contracts in sections of several hundred miles 
each, and supervise the construction. 

When a major section of the highway is ready for operation, it should be 
administered by a Manager reporting, perhaps, to the Secretary of The 
Interior. He should be responsible for the maintenance of the highway, 
the leasing and regulation of conclusions, and the enforcement of operating 
regulations for vehicles and drivers, with the support of Federal Police and 
Magistrates. 

The near future will probably be an unusually expensive period for high- 
way construction, but some dense traffic sections may be economically sound 
even at excessive cost, whereas the plans for others, not at present self-liqui- 
dating, may contain useful knowledge to have available when the next 
depression again reduces construction costs. 


J. C. Carpenter,” M. Am. Soo. C. E. (by letter).**—This timely paper 
covers a subject that deserves most serious consideration by the Engineering 
Profession. Perhaps the title, “The Modern Express Highway”, was selected 
as a lure to induce some engineers to give thought to the subject of highway 
safety, who might not be interested’ in a paper on “The Necessity for Con- 
sideration of Safety in Highway Design.” 

The immediate answer to the problem of highway safety is not the “express 
highway.” Engineers must consider safety in all their designs and cannot 
wait until funds are available and traffic warrants the construction of divided-— 
lane highways on the large mileage that is now (1937) and will soon be under 
construction. Mr. Noble’s excellent paper covers many features of design that 
are used in the development of all highway plans and his suggestions are gen- 
erally applicable to single-lane, as well as to dual-lane, highways. The dual- 
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lane highway is undoubtedly superior to the two-way single-lane, and should 
be used in every instance where the traffic volume and funds available will 
_ allow its use. Unless it is plainly obvious that this design is demanded, it 
will take more than vision or courage to persuade those in authority that the 
required extraordinary expenditure is justified. Perhaps this paper will pro- 
vide the data needed by some engineers to convince the authorities that more 
dual-lane highways are necessary. 

As soon as the planning movement, now rapidly gathering headway, has 
advanced to a point where the results are available, the designing engineers 
_ will have reliable and convincing information that will allow them to select, 
and promote with confidence, the designs that are properly applicable to the 
conditions dictated by traffic, economic development, and a program based 
on a correct knowledge of future available funds. The planning program is 
now in its preliminary stages and the most difficult phases are just ahead. 
The collection of data is a comparatively simple and easy task, and presents 
no difficulties not previously surmounted by the engineer, but the co-ordina- 
tion of these data, analysis, and utilization, to prepare a satisfactory plan 
that will be so perfect that its general features will be permanent, is an unex- 
plored field and will demand the services of men of broad experience, who 
have the vision and the courage to look ahead and support their ideas with 
clearly established reasons. Highway engineers have “followed the old road” 
and built “within the money” for so long that it will be difficult to break new 
trails, but those who are privileged to work on this phase of the planning 
procedure have a large responsibility; and the skill, courage, and good judg- 
ment they show, will determine the value of the results to the public and all 
future generations. One important point will undoubtedly be developed, 
namely, the funds now collected from highway users are not sufficient to carry 
on the necessary construction and maintenance operations, including build- 
ing and maintaining safety in the highways, and funds collected for highway 
uses should not be diverted for any other purpose. 

The safety problem involves many features outside of engineering design 
and practice. The National Safety Council’s three “E”s necessary for safety, 
are “enlightened engineering”, “sagacious education”, and “judicious law 
enforcement.” The writer’s estimate of the relative endeavor necessary on 
these three general phases of the safety problem is, engineering, 5%; educa- 
tion, 10%; and enforcement, 85 per cent. Reasons for this estimated rating 
will be given in the following discussion. This low rating for engineering 
does not mean to imply that engineers can sit complacently and let the 
public do the educating and enforcement, but rather that the engineer, with 
his specialized knowledge and training, while concentrating on the improve- 
ment in the engineering phases of the problem, should assume leadership in 
developing ways and means of providing effective programs for education and 
enforcement. Education can best be developed through the regular school 
curricula and through courses in safety required as a penalty for law viola- 
tion. A regularly scheduled and complete course in all phases of safety, with 
emphasis on highway safety and practical demonstrations and teaching, should 
be included as an eighth-grade subject in all the schools of the country. 
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- Drivers’ licenses should not be issued to children until they have completed 
this course and passed a State examination and the enforcement should fit 
in with this policy. Children of eighth-grade age are just beginning to 
drive, and development of this policy and legal recognition through the school 
system and enforcement authorities, will do more to bring about a citizenship © 
thoroughly “safety minded” than any other means of education. Of the 
adults, the law breakers are the offenders who need to be educated and the 
majority of them are of the type who will not listen to good advice given as 
newspaper publicity or through other commonly accepted channels. If they 
were required to take a carefully planned course in safety before being allowed 
to drive and to pass a strict examination before having their license 
returned to them there is no doubt that a large number of violators would be 
converted into careful drivers. 

Enforcement, of course, is a police function, but engineers in private 
practice and public position can, at every opportunity, stimulate popular sup- 
port of intelligent enforcement of existing laws and encourage the enactment 
of necessary additional legislation conforming to the principles outlined in 
the Uniform Acts of the National Conference on Street and Highway Safety, 
and can insist on the appropriation of sufficient funds to insure thorough and 
complete enforcement of all traffic laws. 

Highway safety is as much an engineering problem as industrial safety, 
and engineers can devise methods of control that will be as effective as those 
so successfully used by the railways and other industries. Careful study 
of information provided by such organizations as the National Safety Council, 
the American Automobile Association, and other similar agencies will 
equip the engineer to lead in community and State safety movements. 

The statistics quoted in Mr. Noble’s paper emphasize the loss of life and 
injuries due to traffic accidents. Although it may be that more accidents 
should be charged to highway design, it is believed that the percentage of the 
total will not be changed very much. When the figures given are analyzed, 
it is possible to conclude that the percentage chargeable to design is not as 
large as might be thought. National Safety Council’s “Accident Facts” shows — 
that of the total of 36100 deaths in 1935, 11800 were in cities of more than 
10000 population, and 24300 were on rural highways, which are those under 
consideration. Of these totals, 35% of the casualties were pedestrians. 
Although improvement in the design may, accidentally, reduce the pedestrian 
deaths, it is logical to assume that the majority of them were caused by lack 
of care on the part of the pedestrian and excessive speed on the part of the 
driver. A closed right of way on the express highway recommended by Mr. 
Noble, might keep some of the pedestrians where they belong, but there are 
other complications, legal and otherwise, which would prevent the strict exclu- 
sion of the free and independent public from the public highways of the 
United States. After deducting 35% for pedestrians, there remains a total 
of 15 795 deaths which may be more or less remotely charged to defects in 
design. 

The data in Table 6 have been obtained on three highways adjacent to_ 
Fort Worth, Tex., covering accidents during the fiscal year ending August 31, 
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1936. U.S. Highway No. 80 across Palo Pinto County was built in 1924, 
on what were considered modern standards at that time, but it has many 
sharp curves, steep grades, and a rough surface 16 to 18 ft wide, with more 
crown than is necessary. U. S. Highway No. 80, across Parker County, was 
completed in 1922 as a surface-treated gravel road about 16 ft wide, and 
approximately one-half of it was reconstructed to a higher standard and wider 
surface in 1927. State Highway No. 34, from Azle to Jacksboro, Tex., was 
built in 1934 on excellent alignment, the location having been selected from 
an aerial survey map, with low degree curves and much better sight dis- 
tances than on the other two roads; it is surfaced with a bituminous top, 
22 ft wide, built to a good section, and generally is in excellent condition. 
The three sections are about the same length, traverse the same type of ter- 
rain, and, except for their age, the surfaces are similar in character. Traffic 
is heavier in volume on the Parker County Section than on the other two 
roads, but the difference is not enough to affect the results materially. 


TABLE 6.—Anatysis or Accipents on Express Highways IN Texas 


EE ——————————————————————————————_———————— EEE 


(a) GmNERAL (b) Causes or ACCIDENTS (c) Typus ox AcciDENTS 
Strate Sate Strats 
U. S. Hiex-| Hiex- U. 8. Hicx-| Hiex- U.S. Hies-| Hicr- 
way No. 80] way way No. 80} way way No. 80} war 
No. 34 No. 34 No. 34 
Description hes Description 1a 4 Description Baya! 
Bes 5 | 23 5 | 22 
S i) ak S 8 ao 3 i} af 
¢ |o | 5e ead (Re scl 3 | 0 |Re 
a 2 5 2G) -¥ g § gic) a 2 g ss 
°o So Ly So 
m3) OO Ni tee 23| 8 | ao 28| 3 | =o 
BO} a |< Bol a |< mol a ja 
When constructed..| 1924|{1922] 1934 | Drunken drivers...) 4]... 2 | Head-on collision. . 4 4 8 
to Driver asleep..... ah 6 7 | Overtaking car.... 3 15 15 
1927 Blinding lights....] ... | ... 4 | Collision with: 
Total accidents....] 15] 45 64 | Speed.........--- 10} 15 16 Standing car... 6 6 2 
Total killed........ Qu 10) 10 | Car defects....... eh. a 12 Fixed object... 6 6 7 
Total injured...... 26) 48 49 | Miscellaneous..... RAPS 23 | Miscellaneous..... 2\| 20 34 


Table 6 indicates that there are more accidents on the roads of more 
modern design than on the older types. Tt is not logical to conclude that one 
should return to the older design, but one should analyze more carefully all 
accidents and determine exactly what is the cause; and if design is responsible 
the engineer must determine what changes are necossary to correct it. It 
would also seem that the modern design is likely to induce sleep and that 
about 25% of the accidents are caused by overtaking other automobiles. A 
change to the dual type will not prevent overtaking accidents, nor will it stop 
drivers from going to sleep. On all the roads, speed is responsible for a 
large percentage of the accidents; it is responsible for two-thirds of the total 

or the oldest road. 

Jt is obvious that a greater volume of accident reports is needed and more 
complete detailed information on the reports that are made. It is difficult to 
get the entire “picture”, for it is impossible to follow every car and to be 
on hand to obtain accurate and complete details of each accident. Any infor- 
mation furnished by a driver involved in an accident is usually prejudiced. 
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The fact remains, however, that engineers need considerably more data than 
are now available, if they are to design intelligently. Congress, in 1936, 
appropriated $75000 for use in investigating conditions and formulating 
legislation on highway accidents. The Bureau of Public Roads, in co-opera- 
tion with the Highway Research Council, has appointed an advisory com- 
mittee to study the causes of highway accidents and conditions contributing 
to them. These studies will be made in the States that have kept records of 
accidents and will consist of an analysis of the accident records of a large 
number of drivers. Publication of the results of this study and wide distri- 
bution among engineers will undoubtedly stimulate the more universal collec- 
tion of accident data; bring about uniformity in the procedure; make avail- 
able much valuable information for use in design; and result in the enactment 
of corrective legislation. . 

This, and other recent papers on this subject” set a speed of 100 to 120 
miles per hr for the design of highways. Such a high rate is out of all pro- 
portion to the capabilities of the present-day driver. Perhaps if there were 
a uniform drivers’ License Law, administered in such a way as to classify all 
drivers in accord with their skill and dependability, one might allow a select 
few to pilot automobiles at this rate of speed. Highways designed for this 
rate of speed will be perfectly suited for the lower speeds that are required, 
and will provide a factor of safety against obsolescence; but encouraging high 
speeds will increase accidents, as is emphasized by National Safety Council’s 
“Accident Facts”, which shows that at speeds of 20 miles per hr., one acci-. 
dent in 61 is fatal, whereas if the speed is 50 miles per hr., or more, there 
is 1 death to each 11 accidents. It is believed that practically all the travel 
over the rural highways of the country can be executed without exceeding 50 
miles per hr. and without serious loss of time and money due to this conserva- 


tive rate. The deaths due to accidents, property damage, and other supple- 


mentary losses can undoubtedly be reduced materially if this maximum speed 
is adopted and the achievement of this control is as much an engineering 
function as the reduction in degree of curvature, or the determination of the 
correct rate for superelevation. This same source indicates that in the fatal 
accidents nine out of ten cars were going straight ahead when the accident 
happened, thus relieving curvature of the responsibility for a large proportion 
of the fatal accidents, and indicating that speed was probably at fault. 

The dual highway is undoubtedly the correct design where traffic and 
planning data indicate the location to be of such a permanent nature that the 


extraordinary expenditure is justified. In a large percentage of the area to be 


served by an extension of the present highway service the construction of 
additional routes will better serve the territory than the development of one 
route to carry a large volume. To illustrate this point, the Fort Worth-Dallas 
area covers about ten miles in a north and south direction, the centers of the 
two cities being about thirty-two miles apart. The construction of four 
2-lane highways will relieve traffic congestion on the one main-line route now 
heavily crowded, and these four routes will not cost much more than the dual 
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type on one route. One, or two, of these routes can be planned for future 
“development as a dual highway, in the manner suggested by Mr. Noble. 

The formula for superelevation of surfaces on curves should include a 
factor for side friction. A superelevation of 14 in. is about the maximum that 
ean be used. All curves should be superelevated and it would seem to be a 

simple process to compute the rate between zero for a tangent, and 1} in. for 
‘a 6° curve, using the formulas, including the friction coefficient. There should 
be very little justification for curves sharper than 6° on any highway that will 
develop later as a location for a dual highway. If sharper curvature is 
demanded by the topography it would seem that another route should be 
investigated. In all highway location the smallest reasonable degree of curva- 
ture should be used. It is quite common practice to use a higher degree than 
necessary, even in new country, due to the fact that the use of a low degree 
of curvature has. not been considered necessary. Many 4° to 6° curves have 
‘been used where a 1° curve would fit better, and some 1° curves have been 
placed where a 10’ or a 30’ curve is easily possible. 

Spirals should be used for all changes of direction. The spiral is the 
‘natural curve for fast traffic and will tend to keep the cars in the proper lane 
without cutting corners and, hence, will be a safety measure. 

There should be no objection to a reasonable degree of undulation in grade 
line, provided the sight distance is not reduced. A break of this kind will 
hide the headlights of an approaching car and will be a welcome relief in 
some cases. An undulating grade line is almost always less expensive in 
construction cost, will allow shorter culverts, lower fills which may be sloped 
so as to avoid the construction of guard rails, and thus be safer and less 
expensive to maintain. Grades should be fully compensated for curvature. 
Where dual highways are justified it would seem that a maximum of 5% 
grade should be demanded, but on the major part of the important highways 
of the country where the 2-way lanes are to be used, economy would appear to 
dictate a 7% maximum, unless ice is a factor to be met. In a similar line of 
reasoning, it seems that a sight distance of 700 ft is a reasonable minimum 
for the large percentage of the highways but, of course, in all cases, the 
longest reasonable obtainable distance should be used. 

Except in very rough topography, the roadway section should provide a 
gradually changing slope away from the traveled way, eliminating the defined 
shoulder point, and providing the maximum of travelable surface on the right 
of way. All unnecessary obstructions ‘should be removed, but signs are not 
as much of an obstruction as Mr. Noble indicates. More signs are hit by 
gunners than by automobiles, and when judiciously used signs are a necessary 
safety provision. It is impracticable to suspend signs jn a windy country. 
The recently developed center-line reflector button has much merit as a safety 
device on 2-way traffic lanes. 

Guard-rail should be used only where absolutely necessary. For fills less 
than 10 ft in depth, it is generally more economical to flatten slopes than to 
use guard-rail, and for deeper fills the additional safety will often justify 
extra expenditure to eliminate the use of the rail. 
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There is no immediate possibility of lighting any considerable mileage of 
rural highways, but with the development of rural electrification the prospect 
is encouraging. Where conditions demand a dual-lane highway it is logical 
to assume that lighting will be included. 

Mr. Noble suggests the possibility of increasing the thickness of the pave- 
ment to provide smoothness. It is the writer’s opinion that more detailed 
study of the supporting sub-grade and provision for adequate control of the 
moisture content (and, consequently, more uniform supporting power) are 
the most important phases of design for present study. 

This excellent paper will provoke much discussion of value to the engineers 
of the United States, and the points brought out will enrich the literature 
on highway engineering. Mr. Noble has performed a valuable service to the — 
profession by raising the question at this time. 
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Jory B. Cox," Assoc. M. Am. Soo. C. EH. (by letter).“*—This paper is a 
ereatly needed contribution to the literature on earth dams. Especially to be 
commended is the clear statement of the requirements of earth suitable for 
rolled-fill earth dams. The discussion of these requirements is, of necessity, 
unequal in its satisfaction. The study of grading is an important contribu- 
tion to current knowledge of the subject, but it must be emphasized that the 
close relationship between porosity and grading shown by Fig. 1 us obtained 
from a single series of soils from a comparatively uniform source. The impor- 
tance of this will be recognized on comparing such an example of Hawaiian 
laterite as Sample No. 233-B in Table 9 which gives a porosity, with the most 
eareful packing, of 64.8 per cent. Its grading curve plotted on Fig. 1 cer- 
tainly does not indicate the grading as a cause of the high porosity. This 
porosity is due to the peculiar expanded character of the fine colloidal 
material in all such soils. 

Mechanical analysis cannot be expected to shed much light on this and 
similar conditions, largely because, by present methods, it is restricted to 
particle sizes of 0.005 mm and larger. 

The excellent treatment of compaction would be improved by a critical 
discussion of the permissible air content at maximum compaction, which, 
according to the writer’s observation, is a most important quality of suitable 
soils for rolled-fill construction. 

The relationship between permeability and permanence and satisfaction 
of an earth-filled dam is discussed in this paper insufficiently. The effect of 
permeability is twofold: (1) The economic loss due to leakage from the 


Norm.—The paper by Charles H. Lee, M. Am. Soc, C. B., was published in September, 
1936, Proceedings. Discussion on this paper has appeared in Proceedings, as follows : 
December, 1936, by Messrs. T. T, Knappen, and Paul Baumann; and January, 1957, by 
Messrs. William C. Hill, A. Floris, and Fred D. Pyle. 

24 Cjy, Bngr., McBryde Sugar Co., Ltd., Hleele, Kauai, Hawaii. 
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reservoir; and (2) the effect on the dam itself. The latter is dependent 
largely on the relationship between the finest fraction of the soil in the dam 
and the velocity of percolating water. A far higher permeability is safe with 
a soil composed of sand and gravel than one containing silt and clay. 

The author’s main proposal that mechanical analysis be used as a pre- 
liminary basis for the selection of material, must be carefully covered by 
reservations, as Mr. Lee does. There is an intimate relationship, of course, 
between porosity and permeability and the mechanical composition of the 
material. In any soil containing an appreciable proportion of material finer 
than 0.005 mm, however, the qualities of the soil are so governed by the finer, 
colloidal fraction in its composition that mechanical analysis is of little 
value in interpreting or estimating the observed data. Since permeability 
and porosity are measured with an ease entirely comparable to that of making 
accurate mechanical analyses, it is not clear why there is an advantage in 
using the indirect and remote measurement rather than the direct one as a 
basis for selection. Table 9 and Fig. 14 give mechanical composition data, 
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porosity, and permeability for a selected group of seven typical samples of 
Hawaiian soils, which illustrate the difficulties of using mechanical analysis 
in comparing materials of unlike origin. The low degree of compaction 
possible with such soils, the high air content, and the extraordinary elasticity 
under rolling which makes com- 
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not only by these samples, but by such a sample as L15-S10 of Table 5, the 
permeability of which is not more than 0.0001th as much as would be esti- 
mated from its grading curve in comparison with the others shown. 

Fig. 14 shows graphically the enormous difference between soils of entirely 
different character but with somewhat similar mechanical analysis curves. 
The fact that the two average lines representing the Lee samples and the 
Hawaiian samples differ by the ratio of more than 10000 to 1 in permea- 
bility clearly indicates the dangers of too great dependence on such data. 
The writer believes that although a mechanical analysis may be developed 
into a useful tool, furnishing a criterion for estimating relative differences 
between soils of a homogeneous series, it will always be necessary to fall back 
on direct measurements of permeability, porosity, and compaction in comparing 
widely different soils. 

Mr. Lee’s experience with a siltstone soil and his recognition of the unde- 
sirability of adobe and lateritic soils for rolled-filled dams is important to 
the engineer engaged in such work. Tt is to be hoped that the discussion 
of this paper will bring forth a practicable proposal for a measurement of 
the workability of various soils. 


Srantey M. Dorz,” M. Am. Soo. C. E. (by letter).**—The use of soil 
laboratory results as aids in determining the suitability of materials for the 
construction of earth dams is well deserbed in this paper. The stability of an 
earth embankment depends primarily upon the shearing strength of the 
materials of which that embankment is built and, as the author points out, 
high shearing strength in soils exists when there is a proper combination of 
cohesion and internal friction. Whether or not the cohesion is due to the 
strength of the minute films of water (as the author contends) many tests 
in the laboratory and elsewhere bear out the fact that the larger the propor- 
tion of a soil that is of the finer grained, or of, the clay, size, the greater are 
its cohesive qualities. Especially in materials of a glacial origin, cohesion 
and the presence of the finer particles go “hand in hand”, and the value that 
such cohesion reaches depends directly upon the sizes and quantity of these 
“fines.” Thus, without a sample at hand, the cohesion of a material is 
definitely indicated by a study of the mechanical analysis curve, the number 
and sizes of the finer particles being shown on the curve. 

Separated from the cohesion, the internal friction of a material depends 
upon the grading or “yniformity coefficient” and upon the shapes of the indi- 
vidual particles, the large number of sizes furnishing more resistance to 
movement because the smaller particles fill the voids between the larger ones 
and prevent them from tilting or rocking, and the sharp, angular, cut-clear 
particles offering much more resistance to movement than rounded, worn, 
smooth particles. An examination of the mechanical analysis curve would 
indicate the extent of the grading, and microscopic examinations would reveal 
the predominating shapes; and from these examinations the internal friction 


2 Associate Civ. HEngr., Massachusetts Metropolitan Dist. Water Supply Comm., 
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of a material is indicated Mechanical analysis curves that are concaved 
upward show graded material of relatively higher shearing strengths, and 
curves that are convex upward show ungraded materials of lower shearing 
strengths. Thus, from the mechanical analysis curves and the microscopic 
examinations, both factors of the shearing strength can be estimated—namely, | 
the cohesion and the internal friction—and the judgment of the degree of 
stability of a given material based upon visual examination and “feel” to the 
hand can be augmented considerably by these estimates. 

The shearing strength of a material is increased by compaction. Vibration 
is the most important factor in securing satisfactory compaction and density, 
and the author has not directly mentioned vibration as a means for securing 
compaction. The success of tamping, rolling, or compacting by other mechani- 
cal means usually depends to some extent upon the vibration attending these 
operations, and because of its gerat value in obtaining high degrees of density 
and compaction, various types of mechanical vibration equipment are sup- 
planting, and will supplant, many of the “pressing or loading” types of 
compacting machinery now (1986) in use. 

Without doubt, the best materials for use in rolled impervious embank- 
ments are those which are well graded and which contain fractions of all sizes 
from pebbles to clay; but the engineer must not lose sight of the fact that 
rolled fills, satisfactory for the purposes intended, can be built of certain 
uniform or ungraded materials and that it is often a question of economics 
whether the more, or the less, preferred materials are used. 

In Fig. 4 the compaction curves for loam seem to give the highest densi- 
ties. Such loams must be well graded, must: contain appreciable quantities 
of pebbly or gravelly materials, and must be consolidated by heavy equipment 
in order to obtain such high densities. If these loams had contained large 
quantities of ungraded silts and sand in addition to a small percentage (say, — 
5%), of organic materials, such high densities would not have been obtained. 
When compacted in 6-in. layers, with a 5-ton, 40-in., sheepsfoot roller, top soils 
have dry weights generally within the limits defined by the stipled area in 
Fig. 15. These values cannot be plotted as a single curve, due to the effect 
of the variable organic content of the different top soils used on the critical 
moisture content needed for maximum limits. The limiting curves in Fig. 15 
show the general average conditions that yield best results. For instance, in 
Fig. 15 is indicated the moisture-content, density-compaction curves of loams 
consisting of a mixture of top soils and subsoils. The organie content in 
these materials averages 2 to 5% and the diagram shows that with very 


satisfactory compaction the densities were not greater than about 110 Ib 
per cu ft. 


The recommendation of the author for the upper limit of the clay fraction 
in materials for use in compacted fills is well chosen. Materials that have a 
clay fraction of about 30 to 35% can be compacted only with considerable 
difficulty because they cannot be worked satisfactorily due to the fact that in 
material of this nature enough of the “superfine” and colloidal particles are 
present to make the mass “sticky”, “Jelly-like”’, and resilient. However, the 
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lower limit is not quite so definite. Materials containing little or no clay 
can be compacted satisfactorily, provided they are otherwise suitable and that 
the quantity of the clay fraction necessary is really dependent upon the imper- 
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Fic. 15.—FoOuNDATIONS TOP-SOILS FOR IMPERVIOUS REFILLS, 
QUABBIN DAMS 


meability requirements and not upon the ease or difficulty with which such 
material compacts. Of course, the compaction is somewhat easier when a 
small percentage of clay is present because, when moist, this clay lubricates 
the mass somewhat; but with sufficiently heavy equipment and the proper 
moisture contents, materials with little or no clay can be compacted satis- 
factorily and without undue difficulty or expense. For uniform or ungraded 
materials Mr. Lee indicates that a lower limit of perhaps 15% may be 
needed; but likewise in this case the lower limit depends upon the permea- 
‘ bility requirements, satisfactory compaction for stability of materials of 
glacial origin being usually secured without undue effort in ungraded 
materials with little or no clay content. 

The writer recommends that, except for certain special conditions, permea- 
bility coefficients of the core material be restricted to less than 1 gal per sq ft 
per day. It seems that this restriction is a proper one for all dams to be 
used in storing water for water supply purposes, because the value of the 
water in such cases is usually high, and more money should be spent in 
obtaining a tighter structure than where the value of the water lost through 
the structure might not be as large. In earth dams built for hydro-electric 
developments the value of the water lost is usually not as great as in water 
supply dams; and in many cases it is economical and safe to construct imper- 
vious portions of the embankment from materials easily available, although 
they may not be as water-tight, as demanded by the foregoing requirements. 
In such cases the permeability coefficient ‘could exceed 2 gal or even 3 gal 
per sq ft per day; and the stability of the structure, if proper drainage of 
the down-stream section of the dam were provided, would not be endangered. 
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The author’s proposal to use the mechanical analysis curves in choos- 
ing the limits for suitable materials and, arbitrarily, to establish such limits 
for graded and ungraded materials, is a good one. However, in the curve 
limits suggested, the parts representing these limits are not useful above the 
40 or 50% size, and the most important parts are those between the 0 and 
30% size. 

Fig. 16 shows the Kendorco™ classification in reference to the limits 
established by the author. In this classification, the words, “uniform” and 
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“variable”, are used in the same manner that the author uses “ungraded” 
and “graded.” The finer of Classes 6 and 7 and all of Classes 8 and 9 repre- 
sent materials suitable for impervious sections of the rolled-fill ie in 
accordance with the author’s limitations. Classes 2, 8, 4, and 5, and possibly 
the coarser of Classes 6 and 7, represent materials that are probably unsuit- 

°8 Proceedings, Am. Soe. C, E., March, 1936, pp. 306-307. 
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able, although the curves for them fall outside the prescribed limits only at 
the smaller sizes. Thus, it seems that the important part of the curve for 
material of glacial origin is in the vicinity of the 5 to 10% sizes only, and 
; the location of the limits elsewhere is immaterial. Although the limits chosen 
by the author will be satisfactory in nearly all cases, they must not be used 
too rigidly as it is very probable that materials perfectly suitable for the pur- 
poses intended will be found, which, in some individual cases, will have 
mechanical analysis curves that will lie outside of one of the limits shown for 
a short distance. 


Joun E. Fret,” M. Am. Soc. C. E. (by letter).”"—Engineers will welcome 
a technical treatment of the selection of materials for the more impervious 
parts of an earth dam, as a guide to design and construction of hydraulic 
and rolled-fill structures, and in masonry and rock-fill dams, where the neces- 
sity of blanketing portions of the reservoir basin sometimes arises, particularly 
in making repairs. Constructing engineers and engineer inspectors will bene- 
fit greatly from a knowledge of the theory on which the ideal mixture is 
based and toward which they strive. 

There is much in the paper “between the lines” touching fundamentals, the 
most important of which, perhaps, is found in the sentence (see heading 
“Requirements for Suitability”), “the principal requirements for suitability of 
materials for the impervious part of an earth-fill dam are * * *.” The word, 
“part”, implies that a part only of the dam section need be impervious and 
that the portions below the “impervious” diaphragms may be, or should be, less 
impervious. 

In the case shown in Fig. 17, the cause of the high and almost horizontal 
line of saturation was due to the uniformity of the material and compaction, 
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and to its being too impervious in the lower or down-stream section. Of great 
importance also is the thought throughout the paper that a mixture of gravel 
and clay is a superior core material, for although this truth is well known, 
it is too seldom incorporated in plans and specifications. 

Of the five requirements listed as “principal”, the first and fifth might 
well be discarded in a theoretical discussion of the suitability of materials. 
As for Requirement (1), the danger of saturation and sloughing should be 
prevented by proper drainage and by rigidly confining the impervious core. 
Cost (see Requirement (5)) should not be considered in arriving at an ideal; 
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it should be considered only in the practical application to a specific problem 
after the ideal, toward which it is desirable to strive, has been fixed, 

The ideal mixture, local materials considered, and the methods of attaining 
it, has use in many structures other than dams and where the quantities 
involved are small, although unit costs may be high as, for example, back-fill 
around culverts and siphons under large canals, the lining of canals passing 
over cavernous limestone or through very porous sections, and the back-filling 
of trenches in abutments and cut-off trenches of earth-fill dams. 

The use of a nearly ideal mixture at considerable unit cost is shown in 
Fig. 17, a case in which the writer repaired an earth-fill dam. The dam, then 
about ten years old, had threatened to slough on the lower slope whenever the 
water rose to within 10 ft of the high-water line, and heavy riprap had been 
placed on the lower slope to enable the owner to use one-half the reservoir’s 
capacity. The material in the fill was almost wholly of disintegrated granite 
containing some loam, clay, mica, and sand. It is unnecessary to give 
the details of the work, except to state that the mixture was 33% clay, with 
a small mixture of sand and loam, and 67% of the disintegrated granite exca- 
vated from the dam. The moisture content was about 10%, giving a stiff 
product easily handled and tamped; the width of the vertical trench was 
only 5 ft. 

The repairs were successful in stopping all tendency to slough, the lower 
slope dried up and after five years’ use no weakness has appeared. The cost 
was amply repaid by the gain in capacity above the old, theoretical, high-water 
line, the increased depth being about 7 ft. Notable are the very thin “imper- 
vious” vertical diaphragm, the more porous material back of it, and the change 
in the line of saturation. ' : 

With impermeability secured in a diaphragm, it is not always required 
that it have hardness, permanence, or stability. In the Necaxa Dam, and in 
many others of the hydraulic-fill type, the cores are probably of a consistency 
that would permit a lead weight to sink through their entire depth, but such 
a condition requires that the fluid core be firmly confined. 

In all dams, weight is required to oppose the horizontal water pressures, 
and a high line of saturation and upward pressures decrease the effective 
weight. An impervious diaphragm and adequate drainage below it are 
effective and practical in lowering the line of saturation, and with these 
provided, the compaction of the body of the dam merely adds some weight 


and a more rigid support to the core, but adds nothing to its impermeability. 


Therefore, it appears that a light diaphragm, made ‘as impervious as 
possible with the ideal mixtures of sand, gravel, and clay, is more to be 
desired than a thicker section with an approximation to the ideal. Mechanical 
mixers of large capacity can be built and, in the writer’s Opinion, will be 
used in the not distant future to furnish the ideal material for the diaphragm, 
and at that time the formula and practice which the paper seeks to develop, 
will be used. 

In his “Synopsis”, the author mentions “the traditional manner of deter- 
mining suitability of material” and intimates its inferiority to scientific 


ors 
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methods; but the use of scientific methods and the blind adoption of methods 
and formulas are equally dangerous, particularly if the cost is considered. 

The late James Dix Schuyler, M. Am. Soc. C. E., states” that he had 
seen more mistakes in the ordinary earth-fill dam than in all other engineer- 
ing structures coming under his observation. In this statement the writer 
heartily concurs, but wishes to add that the most numerous and serious mis- 
takes he has observed in earth dams have been made by engineers of high 
technical attainments, particularly in the matter of cost, where the engineer 
failed to appreciate and take advantage of local conditions and materials, 
but adhered to theoretical formulas. 

There is one desirable quality in fills of mixed clay and gravel not men- 
tioned by the author, namely, that shrinkage cracks are lessened or obviated. 
In flood-control reservoirs, particularly in the arid regions, the dams may 
stand for years, become thoroughly dried out, and shrinkage cracks become a 
menace when floods fill the reservoir. 

Referring to the use of tools and clogging (see heading “Workability”), 
the writer feels that the disk harrow is a valuable tool in securing uniformity 
of mixture and of moisture; that the mere stirring of the fill material gives 
opportunity for the smaller particles to find and fill the voids much more 
certainly than even the sheepsfoot roller; and that thorough mixing by the 
harrow obviates the danger of clogging the rollers and other tools. 

Movement seems to be essential to thorough compacting and the moisture 
content should give sufficient fluidity to the material for it to move under 
the roller. A slight wave just ahead of the wheels of heavily loaded trucks, 
or a shallow rut pressed into the surface of the fill, indicates that the material 
is sufficiently fluid, whereas deep ruts indicate too much moisture and no ruts 
at all indicate too little. 

Insolubility—The writer has found as high as 24% of soluble matter in 
soils and in the case of one dam that failed he found, by the use of distilled 
water as a solvent, 8%, and by the addition of 1% of hydrochloric acid, 15%, 
of soluble matter. In every case, especially in the arid regions, solubility 
should be one of the first considerations and a knowledge of the geologic 
source of the material should be ascertained. 

Neither clay nor adobe is essential to impermeability. Glacial flour or 
the slimes from stamp-mills are quite as impermeable and are of greater 
stability and higher frictional resistance. A search for, and recognition of, 
these materials and their use should be kept in mind in all glacial-deposit and 
mining regions. i 

In practice, the engineer first determines the ideal mixture of clay, gravel, 
and water. In construction, the percentage varies from time to time in spite 
of the most careful supervision and willing co-operation, and the author (see 
heading “Stability : Grading”) advances the same idea: “Tn earth-stabilization 
practice * * * natural materials must be used, which conform as nearly as 
possible to an ideal grading.” ; ; 

Through “traditional” methods, the engineer-inspector and his assistants 
must be able to recognize material variations instantly | and to apply the oore 
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rective measures at once, without waiting, for sampling and the results of 
laboratory tests; and eternal vigilance, and immediate corrective action is 
the price that must be paid for good work and proper progress. For quick 
inspection, the writer has found the use of the compression needle valuable, 
especially in impressing the dump boss and foreman with the idea that a 
covered-up fault would certainly be detected. 

In the paragraph that introduces Table 2 is found mention of specifica- 
tions “requiring exclusion of adobe soils.” What is locally known as “adobe 
soil” varies widely in different localities, and a definition covering all varie- 
ties would probably be “a soil from which sun-dried brick can be made.” It 
often contains considerable loam (another term extremely indefinite), and 
sand. In specifications, the writer would probably state that “adobe mixed 
with sand and gravel shall be used in the impervious core section”, and add 
that “shales and indurated materials, although partly decomposed, shall not 
be used.” 


Wim P. Creager,” M. Am. Soo. OC. E. (by letter).”*—In the writer’s 
opinion, the author has done very well with the limited available data. He 
has advanced a step farther toward the establishment of definite limits beyond 
which it would be inadvisable to go in the use of soils for rolled dam con- 
struction; but, as he states, his hope is that his criteria will bring forth 
additional data from which may be evolved a basis for preliminary selection. 

It is significant that his hope does not extend beyond criteria for a 
“preliminary” selection of materials. In this, he has shown himself con- 
versant with the fact that many characteristics of soils, such as grain shape 
and grain composition, are not indicated by mechanical analysis but that they 
have much influence on the behavior of the material. Thus, at best, only a 
rough approximation of the essential characteristics of materials can be 
obtained from mechanical analyses. 

His comparisons of mechanical analysis curves with stability are especially 
pertinent. Recognizing the well-known fact that the greatest density and, 
hence, greatest stability, results from a well graded mixture, he has shown 
in Fig. 1 the shape which curves of well and poorly graded mixtures assume 
on the usual chart of mechanical analysis. Fig. 1, together with his 
comparison of mechanical analysis with compaction curves, Figs. 3 and 4, 
brings out vividly that the best materials not only must be well graded 
between fixed limits, but must have a wide range of sizes, those lacking in 
either coarse or fine particles being less suitable. 

Thus, in Fig. 4, the “fine sand” (Sample IA-1) has no very fine particles 
and hence is lacking in cohesion. Therefore, it possesses insufficient com- 
pressibility and squeezing properties to expel the entrained air effectively. It 
has low density and many air voids. Next above in Fig. 4 is the “sandy 
gravel” (Sample Z15-910), which contains a small percentage of fines. This 


is a fairly well graded mixture and hence has high density. However, it has 
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insufficient fines for the proper compressibility and squeezing effect to expel 
a large part of its entrained air. 

Closest to the curve of zero air voids are the loams, shown by full lines 
in Fig. 4. These loams are the ideal materials containing between 16% and 
33% of clay accompanied by abundant coarse particles. They have the fewest 
air voids. ‘ 

Finally, the silty clays and clays, Samples L15C0G, L11-1, and £-84, have 
a large percentage of fines, providing excellent squeezing properties; but they 
possess such low permeability that little if any draining of water and air 
can take place. Hence, they are of low density and have many air voids. 
Tt is difficult to account for the fact that Sample [11-1 shows up better than 
Sample L-8A. This is one of the inconsistencies that creep into the best of 
tests. 

The writer feels that Fig. 6, defining proposed limits for graded materials 
is a great help in preliminary studies, provided: (1) That its use is tempered 
with experience and judgment; (2) that it is remembered that some materials 
outside these limits might be used; and (3) that some materials within such 
limits may be entirely unsuitable. Sample 42, for instance, lies wholly within 
the limiting curves, yet it has a compacted porosity of as much as 44.4%, 
and is quite permeable. This material is eliminated under the author’s some- 
what indefinite specification: “* * * it js not sufficient that the mechanical 
analysis curve should lie between the respective coarse and fine limiting 
curves; it must also have a shape corresponding to, or approaching, that of 
the limiting curves.” 

In order to assist in a graphical indication of this specification and more 
nearly define reasonable requirements, the writer suggests the possibility of 
using an additional curve, AB, Fig. 18, which would be the fine limiting 
curve for all ma- 
terials having less 
than 15% clay con- 
tent; that is, the 
curve for material 
having less than 15% 
clay content must 
not cross Curve AB. 
Thus, Sample 42, 
having less than 15% 
clay, lies wholly 
within the author’s 
limiting lines, but it 
crosses the fine limit- 
ing line, AB, and, 
therefore, is undesir- 
able, whereas Sample L15-89 is on the order between good and bad material. 

Tt is not claimed that this additional curve will supplant judgment, but it 
is just one more step to assist in visualizing requirements. The writer’s sug- 
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gestion is not confined to one additional curve. Other fine limiting curves 
might be used for materials having less than, say, 22% and 8% clay content. 

In conclusion, the writer can see no practical need for Fig. 7 showing 
proposed limits for ungraded materials. Comparing the coarse limiting curves 
of Figs. 6 and 7 for graded and ungraded materials, any material having a 
curve which lies outside the ungraded limiting curve, but inside the graded 
limiting curve, automatically departs from the ungraded class, and Fig. 6 
would apply. Referring to the corresponding fine limiting curves for graded 
and ungraded materials, it is the writer’s belief that the difference between 
these curves is far less than is justified by present knowledge of the relation 
between suitability and mechanical analysis. 


JosepH Jacozs,” M. Am. Soc. C. E. (by letter).**—(1) The demand and 
need for a material expansion of water storage facilities throughout the 
United States, the economic importance of safety for the heavy investments 
involved in potential developments, and the fact that much of the required 
new storage will be effected by means of earth dams, renders this paper of 
timely interest. ; 

(2) The earth dam is the oldest type known to Man. Where truly adapted 
to the site it is probably the best and most permanent type and, in fact, 
there are now existent more dams of that type than of all others combined. 
Despite these facts there is yet much to be learned concerning earth dam 
construction: How to select and effect the most economic mixture of avail- 
able materials, the best degree and best methods of compaction, the stability 
of section, economic slopes, core-walls, and the best location and depth of 
cut-off walls, the density and permeability of various mixtures of earth 
materials, etc. It is mainly within the past decade that intensive study 
has been given to the problems of soil mechanics, the formulation of 
their basic principles, and the application of these principles to prac- 
tical engineering. The entire realm of earth dam construction is still a 
fair field for research and this research should include not only detailed 
laboratory investigations, but also an intensive study of existing dams in 
respect of the aforementioned elements. 

(3) In this connection it is of interest to contrast the densities that have 
been attained in compacted earth mixtures with those of concrete mixtures. 
In compiling certain data from engineering literature on earth dams, the 
writer finds that of about thirty actual tests of earth mixtures, for which 
mechanical analyses were given, the dry weight of the mixtures, after com- 
paction, ranged from 96.7 to 182.5 lb, and averaged 115.4 Ib per cu ft, or 
only 67.8% of the like weight of the constituent material. He also estimated, 
for each of these thirty tests, the theoretical maximum density that would 
obtain if all particles of the mix were placed so as to effect maximum den- 
sity—that is, if the voids in each size of material were filled successively 
with smaller sized materials as far as these were available. This estimate 
indicated that the densities of the actual mixtures ranged from 71 to 96%, 
{2 arama mime tas ne ES 
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and averaged 82%, of their respective theoretical maximum densities. These 
latter, depending on the particular proportions of the mix, ranged from 120 
to 165 lb, and averaged 141 lb per cu ft, or about 83% of the weight of an 
equal solid of the constituent material. ; 

(4) The foregoing results compare rather unfavorably with those obtained 
jn concrete mixtures. In good, modern concrete, densities of from 155 to 
157 Ib per cu ft are readily obtainable if desired. Of this weight, about 6% is 
water, thus indicating, for the mixture, a dry weight of about 147 lb per cu fits 
which is to be compared with the average of about 115 lb per cu ft for com- 
pacted earth embankments. Other comparative figures are: A voids content 
of only 13.5% for the concrete mixture as against 32.2% for the earth mix- 
ture; and a 6% moisture content for the former as against two to three 
times that proportion for the latter. Tt should be noted, too, that this modern 
conerete is compacted not by rolling or tamping processes but only by 
vibration. 

(5) It may be contended that an earth embankment and mass concrete are 
two entirely different things and that they are, therefore, not directly com- 
parable. However, in the initial condition of the mix, and in respect of den- 
sity, a comparison may not be unfair for they are both composed of 
exactly the same types of materials, namely, earth and rock, the cement 
content of the one merely replacing a portion of the silt and clay content of 
the other. They differ only in their relative degrees of synthetic proportioning 
and mixing and in method of compaction, with a final result that one attains 
a density which on the average is one-fourth greater than the other. The 
contrast is striking and, at least, suggests the query as to whether engi- ~ 
neers are now securing the maximum economic densities in earth mixtures 
and as to what may be the economic limits of proportioning, mixing, and 
compacting mixtures for earth dain construction. The legitimacy of this 
query will be appreciated when it is realized how materially seepage is 
reduced by an increase in the density of the earth mixture. 

(6) Of the many considerations to be kept in mind in the selection of 
borrow-pit materials for earth dam construction, and in determining their 
proper mix proportions, particularly for the impervious part of the dam, it 
is believed that the following are among the more important: ; 

(a) That the material shall be of sufficient weight, and shall be sufficiently 
graded as to particle sizes, to ensure a high density upon compaction, and 
thus to afford stability to the dam structure without imposing the necessity 
of extremely flat embankment slopes. Safe dams can be built of relatively 
light materials, but the heavier material is a desideratum in order that the 
expense involved in providing the extremely flat slopes, otherwise required, 
may be avoided. 

(b) That the material shall afford a sufficient gradation of particle sizes, 
and particularly that there be a sufficient proportion of fines, to ensure against 
percolation velocities that might cause such erosion and piping within the 
body of the dam as to threaten its ultimate failure. 

(c) That the material shall afford a sufficient gradation of particle sizes, 
the same as Item (b), but to ensure against a seepage volume deemed pro- 


874 JACOBS ON ROLLED-FILL HARTH DAMS Discussions 


hibitive from considerations of economic water value alone, independent of 
possible physical damage to the dam by reason of such seepage. 


(7) Assuming a satisfactory foundation, the stability of the dam proper, 
against imposed loads and attacking forces, depends mainly upon density of 
the embankment material in place; upon the position and gradient of the 
plane of saturation within the body of the dam and the volume of dam sub- 
mergence below that plane; upon frictional resistance to displacement; and 
upon the cross-sectional form of the dam. The desired safety factor for sta- 
bility, and the slopes and cross-section required therefor, are determinable 
from the other factors named. Most failures of earth dams have resulted 
either from their being overtopped by water, due to a lack of adequate spill- 
way capacity, or to super-saturation followed by sloughing and progressive 
undermining toward the center from the outer slope or down-stream toe. 
There are few if any cases of earth dam failures that have been attributed 
directly to sliding. Such a failure, however, is conceivable. Under a con- 
dition of maximum loading as to water level above the dam, when maximum 
saturation obtains, the coefficient of friction of the embankment material 
is at a minimum, and, at such times, unless the base of the dam is adequately 
broad, a sliding movement would be possible as an incipient disturbance—and 
if sliding once began, disruption, subsidence, overtopping, and final failure 
would be likely to follow. 

(8) Unless the embankment material is of reasonably good weight and 
grading, and well compacted, so that the plane of saturation is thereby well 
depressed toward the base of the dam, a condition obtains that makes for high 
porosity, high permeability, a high plane of saturation, a lowered resistance 
to movement under maximum load, and the necessity for flatter slopes and a 
broader base than otherwise would be required. This is due not only to the 


TABLE 10.—Rarto, _ Base Worn _ , For Stasmiry Acarmnst Siping 
Heicut or Dam 


Heieut or Dam, In F5et: 


Weight of embankment material 50 | 100 | 200 | 300 
in place after compaction and 
under full water load, in pounds CoEFFICcIENT OF FRICTION 
0.25 0.50 0.25 0.50 0.25 0.50 0.25 0.50 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 
20 Freee st tahoe, a ieee eaeee 4.9 2.4 5.1 2.5 5.2 2.6 5.2 2 
a alaCa faust aVal a \atOiors, clue’ e-a'e; 8s abs does ierela 6.3 3.0 6.5 3.2 6.6 3.3 6.6 3.3 
neMnte ead c-w ae eke ree ries Snes 8.7 4,2 9.0 4.4 9.0 4.5 9.2 4.5 
Ne63«———oaoaoOooananaom0S0T0T00nmuuESES 


lesser basic density of the embankment and the greater volume of sub- 
merged material that loses weight by buoyancy, but also to the fact that a 
lesser coefficient of friction obtains under these conditions. This is illus- 


trated in Table 10, which shows the required ratios, _base width _ » for the 
is height of dam 

single consideration of stability against sliding. Other considerations may, 
and in many cases will, require base widths different from those indicated. 
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(9) The assumptions upon which the data in Table 10 were developed, 
were as follows: A stability factor of two against sliding; dam heights rang- 
ing from 50 to 300 ft; a top width of 25 ft; a down-stream slope (hori- 
zontal —- vertical) two-thirds that of the’ up-stream slope; a mean weight 
of embankment material, above and below the plane of saturation, ranging 
from 80 to 120 Ib per cu ft; and a coefiicient of friction ranging from 0.25 to 
0.50. Although greater unit cohesion and shear strengths than are indicated 
by these friction coefficient values are quite possible for dense, well com- 
pacted materials, it is believed that for conservative design, values of less 
than 0.50, and probably not to exceed 0.25, should generally be assumed. It 
will be noted from Table 10 how materially the required base width increases 
with a decrease in value of the coefficient of friction and a decrease in the 
density of the embankment material. Regardless of the showing of Table 10, 
however, or of stability computations in general, the writer would not favor 
earth dam slopes steeper than 1 on 2, nor base width ratios of less than 
4.2 to 1, except possibly for very low dams. 

(10) In this connection it is of interest to note the early British prac- 
tice in India where so many excellent earth dams have been built. In 1910, 
Mr. A. Hill, Chief Engineer, Irrigation, presented data concerning some of 
these dams in a report entitled “Saturation of High Embankments of Storage 
Tanks in the Bombay Presidency.” Although this report (which dealt with 
twelve dams from 31 to 81 ft in height) unfortunately contained no detailed 
data as to the density and mechanical analyses of the embankment materials, 
it did indicate that they were of average good quality, and it also contained 
detailed data as to embankment slopes and planes of saturation. ‘From this 
report, the writer deduced the information contained in Table 11. There 
were some short sections of embankment slope much steeper and some much 
flatter than the averages shown in Table 11. Some were as steep as 1 on al 
(near the top) and some as flat as 1 on 14 (near the bottom). Furthermore, 
there were some short sections of saturation slopes as steep as 1 on 0.5 and as 
flat as 1 on 60. 


TABLE 11.—Data CoNcERNING TweELveE EartH Dams IN Inpra 


AvpRraGes FoR INDIVIDUAL 
DA 


m . MS Mean for 
a EotaGs ee a all dams 
Maximum Minimum 
ae Seer ee ee a ee sep oe 
1 oe en <A SEN AS Ae a ty or a 7 4.9 5.70 
eight of dam 
2 Up-stream slope...----+esecerseeserssertsr 6 2.5 3.04 
3 Down-stream slope...--++eeeeresersrrssst tt a 2s Zine 


4 Plane of saturation.....--++esersrresrrstt ie 
eS 
(11) The author suggests that the qualitative desirability of materials 
for earth dam construction, both as to permeability and as to density, after 
compaction, may be judged by determining, from mechanical analyses of the 
materials, their value of 7 in the Talbot formula (Equation (1)). As to 
permeability, the writer questions the validity of this criterion, but believes 
that it is a fairly dependable index of potential density. Assuming a maxi- 
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mum particle size of 6 in. (152.4 mm), and a uniform value of n throughout 
for any particular mix, as the Talbot formula provides, the writer determined 
the theoretical proportions of the various particle sizes for that mix. He 
also considered a series of arbitrary mixes wherein the value of n was vari- 
able and for these the mean value of n was determined for each particular 
mix. Probably few natural mixes have a uniform value of n throughout. If 
it were deemed important (and the writer does not so regard it), a uniform 
value of n could be attained by extensive artificial proportioning; but such 
extensive proportioning might be quite infeasible economically. Generally, 
the engineer must utilize, to the best advantage possible, the materials imme- 
diately at hand. 

(12) For each of the mixes studied a theoretical maximum density was 
estimated, this being on the assumption that the various sized particles all 
found that proper place in the mix which would effect maximum density—a 
condition not fully attainable in practice. As already stated in Paragraph (3), 
of about thirty or more definite tests of mixtures and densities, for which 
data were available, the actual densities ranged from 71 to 96%, and averaged 
82% of the theoretical maximum density. An 80% average would seem to be 
quite readily attainable. The theoretical mix of a uniform value of n, and 
the arbitrary mix of an equal mean value of n, are found to be not entirely 
accordant as to resultant densities, but they seem to be sufficiently in agree- 
ment to permit adjustment to a common density curve There is less accord 
as to permeability. 

(13) From the computed n-values and densities for various hypothetical 
mixes, and from the recorded tests of numerous actual mixes, a graph (see 
Fig. 19), was developed showing density variation with variation in value 
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Density, Expressed As Dry Weight in Lb per Cu Ft, After Compaction 
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Values of » in the Talbot Formula 
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UES OF ® IN THE TaLBor ForMULA (Hquation (1)): 
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of n. Ourve A, Fig. 19, is for the theoretical maximum densities, assuming 
that all particles are so disposed in the mix as to effect maximum densities; 
and Curve B is for practically attainable densities taken as 80% of the theo- 
retical maximum. The maximum particle size, D, is assumed to be 6 in. 
(= 152.4 mm). These curves are fairly close compromise adjustments to the 
platted actual computations. It will be noted from Curve B that maximum 
densities obtain for n-values ranging from 0.30 to 0.50, the actual maxi- 
mum appearing to result for n = 0.38. It will be noted, too, that for densi- 
ties as low as 115 lb per cu ft (which, as already indicated, is about the 
average now attained in actual practice) the value of n may range from 0.14 
to 1.0. Although these values, both of which apply to 115 Ib per cu ft, may 
indicate mixtures acceptable as to density, the latter also indicates a mixture 
entirely prohibitive as to seepage volume. ‘Therefore, n alone, unless it is 
rigidly restricted within narrow limits, will not suffice as a criterion of all 
requirements for a good earth mixture for dam construction. 

(14) The author states that a seepage loss of 0.1 gal per day per sq ft and, 
under certain conditions, in excess of 1.0 gal per day per sq ft, might be per- 
missible. Ignoring the question of possible piping, and considering only the 
economic value of the water loss, it is not a simple matter to determine per- 
missible seepage. It depends upon many factors: Primarily, upon the actual 
value of water in the particular locality and for the particular project 
involved, but also upon the relation of the monetary value of the annual | 
seepage loss to the total annual cost of the project; upon its comparison with 
the extra cost of alternate methods of water securement that might avoid the 
seepage; upon whether or not the seepage water can again be utilized farther 
down stream, etc. Water values may range from $500 to $50 000 per cu ft 
per sec and storage costs from $2 to $200 per acre-ft. High seepage loss is 
to be avoided if possible, of course, and other considerations may make it 
entirely untenable, but from the sole consideration of the economic value 
of the water, the writer believes that seepage losses several hundred-fold greater 
than that indicated by the author (perhaps 500 to 1000 times as great) may 
be permissible. He is confident, too, that there are many entirely stable earth 
dams with seepage losses as great as 5 gal per day per sq Ete 

(15) Permeability depends mainly upon the porosity and “effective size” 
of the dam material in place. For mixtures of regular grading, according 
to the Talbot formula, there is a definite “effective size” for every value of n. 
From known or assumed compaction densities, as, for example, those shown 
in Fig. 19, porosity is readily determined. From these factors, an assumed 
water gradient of 1, and an assumed water temperature of 60° F, the writer 
determined, on the basis of the Slichter formula, the permeability of various 
mixes for varying values of 7. These indicated that to keep within the maxi- 
mum limits of permissible seepage as discussed in Paragraph (14) the value 
of n should not exceed 0.4 and the “effective size” should not exceed 0.5 mm. 
It also indicated, for the seepage limit designated by the author, an n-value 
of 0.26 and an “effective size” of only 0.025 mm. 

(16) Such computations, however, can at best be accepted only as rough 
guides. In the first place, mixtures of irregular grading, but of the same 
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mean value of n, give “effective sizes” and permeabilities that differ somewhat 
(and, in some cases, appreciably), from those of the regular grading deter- 
mined by the Talbot formula. In the second place there is much uncertainty 
as to the dependable accuracy of any of the present empirical formulas for 
ground-water movement as applied to the type of earth mixtures considered 
herein. It should go without saying that in actual dam construction, empiri- 
cal formulas, to which have been applied the mechanical analysis factors of 
the earth mixture, should not be the main reliance for permeability determina- 
tions. There should be a comprehensive program of permeability tests of the 
actual materials, mixed and compacted to a condition as nearly that which 
will obtain in the final dam, as is possible. 

(17) Seepage velocities that may cause piping should be avoided, of course. 
Generally, piping is a slow, continuing process that leaches out particles, 
progressively from fine to coarse, and which, unless halted, means ultimate 
structural collapse. The earth mixture, therefore, should be such as will 
permit no seepage velocities capable of dislodging and moving out the smallest 
sized particles which the dam material may contain in measurable quantity. 
A certain percentage of fines is an essential of good earth dam construc- 
tion and some of these fines may be clay particles as small as 0.0005 mm in 
diameter. The-writer estimates that for a safety factor of two against move- 
ment of such a particle, considering weight only and ignoring friction, the 
limiting water-jet velocity would be 0.00545 ft per sec, and that is the desir- 
able limit of seepage velocity if practically obtainable. However, because 
there is a material friction and surface tension between particles, and be- 
cause the 1 on 1 gradient upon which permeability factors are based is greater 
than obtains in a well built dam, an appreciably greater velocity than that 
stated would be permissible as far as piping is concerned. The seepage volume 
factor, however, intrudes itself and prevents any very material increase of 
that velocity. For a seepage velocity of 0.00545 ft per sec, through regularly 
graded Talbot mixes, the writer finds a limiting n-value of about 0.4 and a 
limiting “effective size” of about 0.5 mm. 

(18) Seepage loss is so important a factor in connection with storage 
problems, and in relation to dam design and construction, that, unquestion- 
ably, there is an urgent need for further research concerning the laws govern- 
ing ground-water movement. Every engineer who has had contact with the 
problem is aware of the glaring inconsistencies that obtain in the recorded 
data relating to soil permeability and to ground-water movement in general. — 
These inconsistencies are revealed not only in the comparison of actual tests 
with estimates based on empirical formulas, but also in a comparison of the 
actual tests themselves, independent of any estimates by formula: Numerous 
instances can be cited of great disparities in actual tests of seepage through 
materials practically identical as to density, porosity, and “effective size”— 
and even greater disparities between actual tests and formula estimates. From 
a number of actual permeability tests of materials for which the writer com- 
puted discharge by one of the generally accepted empirical formulas, he 
found disparities as shown in Table 12. The degree of accuracy of the actual 
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tests is not known but, presumably, they were made with care and are rea- 
sonably accurate. In any event, it is clear that either the tests or the formula 
as applied to graded earth mixtures is grossly in error, and it is confidently 
believed that. it is the latter. ; 


TABLE 12.—PrrmeEapiuity Comparisons, SHOWING INCONSISTENCIES 
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MaEcHANICAL ANALYSES OF MATERIALS Actual test dis 
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foot, in of voids air oe coefficient ore 
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OS cpanel 127.0 30.0 0.100 95.0 0.000284 
0 ep SCS te a 123.0 29.3 0.00085 2355. 14.35 
Sean eracteyelyissslasave a0 113.4 31.9 0.730 6.35 2.70 


(19) Most of the permeability formulas have been devised for a more or 
less uniform and a relatively fine material and were not intended, primarily, 
for such graded mixtures as are customary for earth dams. They seem, 
particularly, to lack applicability to coarse media, giving impossibly high 
velocities. They may be serviceable indicators as to the relative permeabili- 
ties of different mixtures, but should be interpreted with great caution as to 
absolute permeability. It may be that in the tests from which these formulas 
have been developed adequate cognizance was not given to the factors of entry 
and exit head losses; there may be error in the assumption that velocity 
varies as the first power of the head (and the writer believes there is error in 
that assumption as applied to coarse media); or there may be other factors 
in the problem that have not yet been discovered. Wherever the difficulty may 
lie, however, it is evident from the great disparities in results, to which 
reference has already been made, that further research is badly needed. It is 
the writer’s judgment that this research should contemplate, in addition to 
‘laboratory tests, an intensive investigation of existing dams as to density, 
seepage, planes of saturation, mechanical analyses of the materials of the 
dam, etc. Such an investigation would involve considerable expense, but it is 
the safest procedure for the development of dependable formulas for the 
permeability of earth dams. 

- (20) As final comment and, in part, as résumé of what has preceded, the 
writer submits the following: 

(a) To satisfy best all requirements, that is, to secure an acceptable den- 
sity and to keep within permissible limits of seepage velocity and seepage 
volume, the earth mixtures should preferably be such as to have an n-value 
within the range, 0.25 to 0.40, and an “effective size” not to exceed 0.5 mm. 
On account of the better workability of the material, due to the larger per- 
centage of fines, the lesser values of n are the more desirable although it 
means, also, a slight sacrifice of density. 
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(b) It is permissible, and often necessary, to exceed the limits indicated 
in Item (a) but the embankment design, of course, must be adapted thereto. 
It may mean flatter slopes, a greater provision for drainage, the need for a 
core-wall, or of additional cut-off walls, ete., depending upon the degree of 
departure from the ideal material. If, for example, the value of n exceeds 1, 
the dry weight density will fall below 115 lb per cu ft and a base width 
greater than five times the height of dam will be required for assured stability. 

(c) For the limits designated in Item (a), the percentage of fines, namely, 
material of less than 0.05 mm size, will generally not exceed 15% and may 
be somewhat less. With the present better knowledge of mixing and com- 
paction methods, these relatively small percentages of fines are not only per- 
missible, but they actually give a final density exceeding that of mixtures 
containing larger percentages of fines. It contrasts rather sharply with the 
one-quarter to one-third, or more, proportion of clay formerly deemed essential. 

(d) To what extent economic considerations will permit increased expen- 
diture to secure greater density of embankment materials by means of more 
thoroughy proportioning, mixing, and compacting than is now customary, 
depends mainly upon the number and proximity of available borrow-pits and 
upon their character in respect of the amount of additional processing that 
may be required. The fact that additional mixing may be rather expensive, 
and that the denser mixture requires more borrow-pit material for the same 

embankment vdlume, tends to limit the extent to which extra processing can 
be economigally utilized. Generally, the available materials must be taken as 
they are, with no more processing than results from the excavation opera- 
tions in the borrow-pit and from the spreading and harrowing or disking on 
the dam. The simultaneous use of borrow-pits of somewhat divergent com- 


position may permit a nearer approach to the desired mixture, without undue 


synthetic proportioning, than would otherwise be possible 

(e) An intensive research as to the permeability of earth dam embank- 
ments under varying conditions is urgently needed. It is a project that should 
be undertaken by the Federal Government through one of its regular technical 
agencies. 
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Discussion 
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AND R. G. STURM 


Eimer K. Trupy,” Assoc. M. Am. Soc. C. E. (by letter)***—The types of 
tests which may confront the designer of structures, the test methods and 
materials which he may use, and the technique necessary for the correct 
design of the model and interpretation of experimental data are outlined 
clearly in Mr. Templin’s excellent paper. It is the purpose of this discussion 
to show to what extent models are actually used by the profession in the 
advancement of structural design methods. 

Every useful structure develops a definite stress system under a given 
load condition. The determination of this stress system is the concern of 
the designing engineer. A simple structure may be solved by the well known 
equations of equilibrium; hyperstatic structures require a greater number 
of equations than can be written from the condition of equilibrium, and the 
sources usually drawn from are the principle of least work and the theory of 
consistent elastic distortions. The formation of these equations frequently 
involves assumptions of important magnitude—assumptions that may be so 
far in error, if improperly made, as to vitiate completely the results of the 
solution. The model, on the other hand, automatically solves the problem, 
avoiding the use of equations and the assumptions on which they are based. 

The summaries and illustrations that follow are an attempt to review 
briefly the results of past work in this field in the hope that those who have 
not had an intimate connection with the development of this line of attack 
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Hunsaker, Horace C. Knerr, and F. T, Sisco; and January, 1937, by Messrs. J. Charles 
Rathbun and D. M. MacAlpine, Fred L. Plummer, C. F. Goodrich, G. K. Herzog, Jobn H. 
Meursinge, P. C. Lang, Jr., and W. L. Warner. 
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may have a better conception of the true amount of work done and of the © 


effectiveness of the method. The results presented have been assembled partly 
by circularizing engineers known to be interested in this work. The response 
to these inquiries was most gratifying, and it is hoped that the summary 


represents a typical cross-section of the opinions of the profession. It is © 


pointed out that these examples by no means represent all the work which 
has been done. Many very important studies have been omitted because of 
lack of space. 

One classification includes those models which have formed the basis of 
research projects sponsored by technical societies, universities, or industrial 
organizations for the purpose of promoting the progress of engineering. One 
of the most outstanding examples of this type of work was the extensive 
use of models by the Committee on Arch Dam Investigation. 

The Stevenson Creek Test Dam, studied by this Committee, might be 
called a full-sized model. It was constructed at a particularly favorable loca- 
tion along Stevenson Creek, in California, where a deep reservoir having a 
very small capacity was possible. A large source of water, the flow of which 
could be controlled, was available up stream. The dam was 60 ft high, 2 ft 
thick at the top, and thickened along a curve on the down-stream side for the 
lower half of its height. 

This dam was loaded and unloaded repeatedly and many observations 
were taken in an effort to determine its stress distribution. The results 
obtained have been published in several volumes by the Engineering Founda- 
tion™. Many organizations and individuals co-operated in making the tests 
and the results were of sufficient importance to warrant the Committee to 
make certain general recommendations helpful in designing, constructing, 
and testing future arch dams, and in testing existing dams to establish their 


safety, or to determine the feasibility of increasing the height or making other 
alterations. 


The cost of conducting a test on such a large scale was necessarily very 
great and for this reason the Committee decided to investigate the same 
structure by use of a celluloid model. This was done at Princeton University 
under the direction of George E. Beggs, M. Am. Soc. C. E. The model was 
made of amber celluloid, placed in a concrete valley and loaded with mercury. 
The results obtained agreed so well with the tests on the full-sized model 
that future studies to determine the effect of increasing the height of the 


dam were completed by use of additional celluloid models at a cost much less” 


than would have been required to raise the concrete dam. 

It is interesting to note one point brought out by the model studies. Under 
certain conditions of loading, a part of the dam deflected up stream against 
a uniformly varying water load. After the model had demonstrated that this 
was true, a theory was promptly furnished which would lead to this result. 
Theory had previously erred in assumptions made; experiment corrected the 
error, and, consequently, improved the theory. 
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The particular usefulness of the tests on the model of the Calderwood 
Dam, together with the tests of the structure itself, was that they emphasized 
the inadequacy of considering an arch dam as a simple series of arches and 
indicated definitely that some more complete method of analysis, such as the 
‘trial-load”, method is necessary. They further emphasized that in any 
analysis the character and deformation .of the foundation must be 
considered. 

Supporting these observations relative to model studies of dams are the 
following conclusions which are quoted from a paper by J. L. Savage, M. Am. 
Soc. CO. E., presented at the 1934 Annual Meeting of the Society for the Pro- 
motion of Engineering Education™: : 

“The careful testing of accurately constructed model dams furnishes a 
satisfactory and reliable basis for checking the action and safety of concrete 
arch, arch-gravity, and gravity type dams.as well as a satisfactory means of 


verifying analytical methods used in designing such structures.” 
*% x * * * * * * * 


“Plaster-celite models of maximum sections of arch, arched-gravity, and 
gravity dams are useful in determining load deflections, general stress condi- 
tions, special stress conditions at corners, stresses around galleries, and so 
forth; but may give misleading stress curves in the foundation material due 
to the necessity of using rigid boundary conditions.” 

* * * * * x * * * 

“The experimental analysis of dams offers an unusually fertile field for 
further research and for the instruction of students.” 

Models also have been extremely useful in the construction of huge dams, 
as well as of assistance in design. The use of models in connection with the 
construction of the Bonneville Dam (Oregon) will serve as a timely illus- 
tration. Of this project, J. C. Stevens, M. Am. Soe. C. E., has stated™: 


“Hydraulic models of the Bonneville Dam have saved many times their 
cost and have substantially accelerated the construction schedule of the project. 
The experiments have been carried on in an outdoor hydraulic laboratory built 
especially for the purpose at Government Moorings, in Portland.” 

In describing a model type of bafile adopted to prevent scour and consisting 
essentially of blocks staggered in two rows, Mr. Stevens stated™: 


“Tt was a surprise to find that the downstream sloping face of the bafile 
block was very effective in preventing scour, but once the fact was established 
a theory to account for it was discovered in the phenomena of turbulence and 
stray currents.” 

‘The coffer-dam design and installation were studied thoroughly by models. 

The Special Committee of the Society on Concrete and Reinforced Con- 
erete Arches made many model studies in connection with concrete arch 
bridges, on rigid abutments, on elastic piers, with and without high and low 
superstructure, and with and without expansion joints. A number of both 
concrete and celluloid models were used in these tests. The experimental 


21 “Model of Calderwood Arch Dam”, by A. Vv. Karpov and R. L. Templin, Members, 
Am. Soe. C. B., Transactions, Am. Soc. C. B. Vol. 100 (1935), P: 185. 

128 A condensed version of this paper was published in _Engineering News-Record, 
December 6, 1934, under the title, “Dam Stresses Studied by Slice Models.’ 

129 Givil Hngineering, October, 1936, p. 674. 

180 Toc, ott., p. 675. 
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work on the concrete arches was conducted at the University of Illinois under 
the supervision of W. M. Wilson, M. Am. Soe. C. E.” Celluloid model studies 
of some of the same arches were made at Ohio State University under the 
direction of Clyde T. Morris, M. Am. Soc. C. E., and at Princeton Univer- 
sity, by Professor Beggs’. As a result of these and other tests conducted by 
it, the Committee has made definite recommendations for design practice. 

Cases of the use of models to improve theory have been cited by Mr. 
Templin. It might be well to consider a case in which a model was used to 
verify a new theoretical approach. The geometric properties of the Williot 
diagram were used to express moments in terms of angular displacement and 
thus furnish a sufficient number of equations for the stress analysis of the 
tower of the Golden Gate Suspension Bridge. This was a large and unusual 
cellular structure combining set-backs with portal construction above the road- 
way. Below the roadway cross-bracing connected the two legs of the tower. 
It was considered desirable to verify the theoretical design by means of an 
independent study. Professor Beggs constructed a structural model and made 
strain and deflection measurements at many points. Then he computed the 
model, using the theory which was being applied in the design in the full-sized 
tower. 

This model was fabricated from stainless steel by shot-welding to a scale 
of 1 to 56. Tensometers were used to measure strains; deflections were 
- measured with dials; and rotations were measured by the use of mirrors and 
reflected light. Structurally, the model was a duplicate of the tower as 
regards area of members, distances to extreme fibers, and moments of inertia. 
However, the entire comparative theoretical work was based on a calculation 
of the model. The results of the experiment were in excellent agreement with 
the results of the theoretical calculations. The model was used in this case 
to verify a method. There could be no question of lack of similarity since 
the identical structure was used in each of the two methods. The theoretical 
method can now be applied with confidence to structures of a similar nature. 

In addition to the verification of a particular method this model repre- 
sented a new type of model construction. Stainless steel is a material of 
exceptional quality and when fabricated properly, produces a structure in 
which there is no question as to the rigidity of joints. Some engineers may 
- question the use of welding to represent structures which in practice are 
assembled by riveting. It is the general practice, however, for designers to 


consider the gross area and moment of inertia of either riveted or reinforced - 


conerete members during the calculations of resultant forces, and to make 
allowance for net sections, or cracked sections, only when the point at which 
the unit stresses are to be evaluated has been reached. For this reason it is 
thought that the use of welding is entirely justified. Allowance for net sec- 
tions may be made when interpreting the observed strains. Theoretical 
deflection calculations are also generally based upon gross sections and, there- 
fore, need no correction when welding is used instead of riveting. 


*% Transactions, Am. Soc. C. B., Vol. 98 (19338), p. 154. 
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It seems entirely reasonable that the use of gross sections should give 
results close to the actual] even when a structure is assembled with rivets. 
The rivet holes form such a small part of the structure that their total effect 
in any case would be slight. Furthermore, the irregularity of stress around 
a rivet hole argues against too great refinement when considering the over-all 
action of a structure using theories postulating uniform stress variation. 

Another example of the use of models is in connection with suspension 
bridges. In the final report*” on the Delaware River Bridge, Leon 8S. Moisseiff, 
M. Am. Soe. C. E., presented a treatise on suspension bridge theory. D. B. 
Steinman, M. Am. Soe. C. E., applied this theory to the Mt. Hope Suspension 
Bridge, in Rhode Island, and furnished rather complete theoretical calcula- 
tions for this structure™. Since such complete data were available, Professor 
Beggs selected this structure as the prototype for a model study to determine 
whether a model of a suspension bridge would yield satisfactory design 
information. 

The results of this study were in excellent agreement with the available 
theoretical data, and it was evident that a vast amount of information could 
be obtained from such a model in a relatively short time. Slight but consis- 
tent differences between experimental and theoretical values were explained 
by the fact that the theory assumed the application of uniform suspender 
loads, as a matter of convenience, whereas the model showed definitely (as was 
expected) a non-uniform distribution of load™. 

Although the model of the Mt. Hope Suspension Bridge was made and 
tested purely as a research problem, it did prove so practical that Professor 
Beggs later undertook preliminary studies of the San Franciseo-Oakland Bay 
Bridge, using models of the type developed in the Mt. Hope studies. The 
models, three in number, followed preliminary designs of the full-sized struc- 
ture and were made from the following data furnished by these designs: 
(1) Principal dimensions of the structure ; (2) cross-sectional areas and elastic 
moduli of cables and suspenders; (3) moments of inertia of the stiffening 
trusses and the elastic modulus of their material; (4) elastic constants of the 
towers; (5) magnitudes of the various loads; (6) general proportions of cer- 
tain parts, such as the tower saddles and cable anchorages; and (7) range 
of temperature conditions. 

Information obtained from the tests included tower deflections, cable deflec- 
tions (both lateral and vertical), truss deflections (both lateral and vertical), 
cable stresses, grade changes on the roadway, and lateral and vertical truss 
moments. Instrument readings were converted directly into values for the 
prototype by means of properly constructed charts based upon elastic constants, 
seale factors, and calibration factors. The results“ were most useful, both 
from a research and from a design point of view. One of the models con- 


apa 1 Report of the Board of Engineers on the Bridge Over the Delaware River 
Piocctiny Philsdelphia, Pa., and Camden, N. J., Appendix D, p. 96. 
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formed very closely to the design finally adopted and was partly dismantled, 
during the construction of the prototype, and used to plan the sequence for 
erecting stiffening-truss sections without producing excessive tower deflections, 
and to determine the order of erecting the floor steel, and the order of placing 
concrete paving. 

The model furnished a means of providing easier, quicker, cheaper, and 
probably more reliable information than could have been obtained analytically. 
Early measurements of tower deflection varied 10% or more from those 
measured 6n the prototype. The variation, however, was uniform and after 
the law of variation was established, proper allowance was made and subse- 
quent behavior predicted with satisfactory accuracy. Construction operations 
were expedited to an extent that made the mechanical analysis more than self- 
supporting: No accurate costs of this test are available, but it is estimated 
that it was less than 0.1% of the contract. The tests were made jointly 
by the engineer and the contractor and were accepted by the engineer as a 
basis for the approval of the erection program. 

Another interesting experiment which led from the Mt. Hope model was 
the model which was used during the erection of the George Washington 
Bridge across the Hudson River, at New York City. During the erection of 
this bridge some of the junior engineers in the field had witnessed a demon- 
stration of the Mt. Hope model. Upon returning to the job, one of them, 
Mr. A. O. Bergholm, decided that it would be comparatively easy and 
extremely interesting to construct a model of the partly completed bridge 
and have a private check for his own use of the erection data furnished by 
the design office. Accordingly, at his own expense, he began the construction 
of a model in the basement of the building being occupied as the Field Office. 
His project was discovered, however, by the Resident Engineer who was so 
favorably impressed by the possibilities that he authorized the necessary 
expenditures for constructing the model. 

In this model the cable and suspenders were made from piano wire, the 
dead weights from cloth bags and shot, and the towers and foundation from 
wood. Dials were utilized to measure saddle motions and a vertical scale was 
used to determine the position of each panel point. In addition to being used 
many times, the model saved its cost by solving one particular problem. ' 

Steel for the roadway was delivered to the structure by barge. On one day 
the steel arriving on the barge was different from that called for on the erec- 
tion schedule. The question arose as to whether the erection schedule could 
be altered safely and the erection of the steel which was on the barge per- 
mitted. The engineers went to the model, applied an amount of lead shot 
which corresponded to the steel in question and observed the deflections. The 
results indicated that the steel could be erected safely at that time and 
the erection proceeded without delay. 

The rapid determination of an erection schedule is always extremely vital 
to the bridge fabricator. Years may have been spent by the promoters of a. 
project before arriving at a decision to construct, in smoothing out legal 
difficulties, and in actually undertaking the contract; but, when the fabricator 


j 
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comes “into the picture”, time is at such a premium that the fabricator may 
be liable to a late penalty of as much as $1000 per day on a large project. 
: The fabricator, therefore, is anxious to use a reliable means of determining 
his erection schedule quickly because upon this hinges the sequence of his 
mill and equipment orders, and the profitable completion of his contract. 

The use of models of suspension bridges by bridge companies for the deter- 
mination of erection data is one of the notable examples of the practical 
application of models in the field of bridge construction. One company has 
constructed models of four biidges, in each case for the primary purpose of 

determining definite erection data for the trusses and roadway. The first 
such model used by this company was utilized in determining the erection 
schedule for the reconstruction of the Ambassador Bridge, at Detroit, Mich. 
This bridge has an 1 850-ft main span and unloaded side spans. 

The model was ingeniously designed, of inexpensive material, in such a 
‘manner as to be quickly fabricated. Nominal 4-in. bead chains, similar to 
pull-chains for electric lamps, were used for the cable. This was flexible, 
permitted easy location of the suspenders, and had a weight which gave a 
practical scale reduction factor. The saddles of the prototype were mounted 
on rollers during erection and, to simulate this freedom of motion in the 
model, the tower was replaced with a hinged tension member that could be 
made vertical by adjustment and comparison with a plumb-bob. Being verti- 
eal it exerted no horizontal component, and thus simulated the rollers. For 
that part of the span with suspenders only hanging from the cables, narrow 
strips of paper simulated the weight of the suspenders. Pieces of soft iron 
wire were used to represent the weight of the suspender plus the truss and 
floor system. One man spent two weeks in designing and erecting the model. 

Information obtained from this model consisted of the shape of the cable 
under unsymmetrical or partial erection loads with particular reference to 
kinks at cable bands and at the edges of the saddles, vertical deflections of 
the cable, horizontal movements of the saddles, and the allowable or neces- 
sary sequence of closing the joints in the trusses. This information was 
determined for successive conditions of erection and for various numbers 

of travelers and the total time required to obtain all this information was one 
man’s time for one week. As a result of the studies, the eight floor-beams 
at mid-span were suspended from the cable before the travelers left the towers. 
This pre-loading eliminated excessive cable kinks. 

The results obtained from this simple model were entirely satisfactory for 
field use and were subsequently checked by available and well established, but 
nevertheless time-consuming, analytic methods. The agreement between 
experiment and theory was also entirely satisfactory. 

The fact that the aforementioned model was practical and economical as 
well as rapid is best established by noting that the same company has since 
used three similar models in the determination of erection data. 

A model was made for the Triborough Bridge in New York City. The 
engineer for this bridge had fixed definite limits for the tower deflections. 
Therefore, it was essential to have material arrive on the job in an order 
which would insure freedom from delays caused by revision of the erection 
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schedule, which might be necessary should the adopted plan of erection pro- 
duce excessive tower deflections. Model studies furnished a theoretically ideal 
erection schedule and allowable variations therefrom. This schedule was used 
during the actual erection of the bridge and proved to be entirely satisfactory. 

The Triborough Bridge was chosen as a test bridge for the comparison of 
erection data obtained from a model, from observation of the bridge dur- 
ing erection, and by calculation. Comparisons have been entirely satisfactory 
for erection purposes and the model has shown itself to be superior to compu- 
tation even when the erection schedule had been definitely predetermined and, 
therefore, all trial calculations eliminated. 

Since 1928 another bridge company has used two models to determine the 
dampening effect of various types of storm systems. Any one familiar with © 
suspension bridge erection will know of the complicated nature of these sys- 
tems on long-span bridges and will be able to appreciate the effectiveness of 
a model in studying their action. Other models have been made so that 
spinning equipment could be operated in miniature. The rapid strides made — 
in the art of spinning parallel wire cables is ample proof that the models have 
been useful. The equipment used and the spinning speed attained during the 
spinning of the cables for the Golden Gate Bridge mark another milestone 
in suspension-bridge construction. By the use of triple spinning wheels and 
double tramways, twenty-four wires were placed with each trip of the wheels 
as compared with only four wires on the George Washington Bridge, the 
cables of which were erected only about eight years before. Models have 
played no small part in this rapid progress. All the models used by the com- 
pany have either reduced the cost of the construction or the time required 
for design to such an extent as to be more than self-supporting. As a matter 
of interest, where records are available, these various model studies cost from 
0.05% to a maximum of 2.5% of the cable contract. 

Other models have been used by the company to study erection equipment — 
for foot-bridges, cables during the erection of the roadway, and suspended 
cable-car transportation systems. All materials used have been inexpensive, 
and the models have been fabricated in an exceedingly practical manner. The 
erection procedures for the cables of the George Washington Bridge, the “Sky- 
ride” at the Chicago World’s Fair (1933), and the Golden Gate Bridge have — 
all been determined by model studies. These models have proved to be such a 
great aid in facilitating design and solving erection procedure problems that 
the company considers them indispensable on any major project. 

Models have other uses, however, than those cited by Mr. Templin-and in 
this discussion. Many structures have been designed either as a whole or 
in part as a result of stress analyses made with models. Probably the most 
extensively used system of model analysis is the deformeter method™, which 
is particularly popular with State Highway, County and City Engineering 
Departments. The engineers in these departments are frequently charged. 


with the design of relatively large and complicated, continuous, reinforced 
concrete structures. 


186 “Indeterminate Structures Mechanically Analyzed”, by George Erl 
Soc. C. E., Proceedings, Am. Concrete Inst., Vol. 18, 1922. a, 3 © ne 
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The deformeter was used to advantage by Arthur G. Hayden, M. Am. Soc. 
OC. E., in developing methods of design for the rigid frame bridge which was 
perfected by Mr. Hayden for use in grade separations in an extensive park- 
way system’. Six single-span, concrete, rigid-frame bridges of about 60-ft 
span, and two double-span, concrete, rigid-frame bridges were analyzed by 
this method. Each span of the double-span bridges was about 42 ft. After the 
construction program was well under way for this system of bridges, quick 
analytical methods were developed, which replaced the model studies. The 
model studies pointed the way to the efficient analytical method, and 
the accuracy of the method was established by comparison with the mechanical 
analyses. 

The Missouri State Highway Department has made mechanical analyses 
as a part of its regular design procedure. The deformeter was applied in the 
Department’s design of a self-anchored suspension bridge tower of the Vieren- 
deel type. The tower was about 60 ft high and had all diagonal bracing 
omitted. This stress analysis was considered by the designing engineer of 
the State Highway Department to be more reliable than the tedious mathe- 
matical analysis. The results were very satisfactory, the cost being 0.1% of 
the cost of the structure. The latter was reduced by reason of the mechanical 
analysis to an extent which made the model study more than self-supporting. 

The Missouri State Highway Department also used the deformeter in the 
analysis of a structure which consists of five reinforced concrete open-spandrel 
arches of 195-ft span with the deck structure continuous over each span. The 
two end spans were unsymmetrical. The purpose of the mechanical analysis 
was to show the effect of the deck structure. This deck structure was not 
considered in the mathematical analysis because the. arches were on high 
piers and it would have been necessary to solve 285 simultaneous equations. 
The model was constructed of celluloid to represent the full length of the 
bridge. The scale chosen made the model about 14 ft long. Again, the results 
were satisfactory, the cost in this case being 0.2% of the cost of the struc- 
ture, and the model was more than self-supporting. 

Qitation of other and varied examples of the usefulness of this device could 
be continued indefinitely. 

Because it could be easily fabricated for the purpose, bronze was selected 
as the material for a model of the Bayonne Arch (Kill van Kull), the longest 
two-hinged spandrel-braced steel arch bridge in the world’*. The model was 
built in 1929 under the direction of the consulting engineer and was used 
partly to check the results derived from theoretical investigations and partly 
to determine more specifically the importance of sway-bracing for distributing 

‘unsymmetrical loads between the two arch ribs, and the behavior of the portals 
in transmitting wind stresses. This model falls in a class mentioned by Mr. 
-Templin as being different in some details from the prototype, but neverthe- 
less very useful, and emphasizes the point which he made that models do not 
need to be exact scale reproductions, nor do they need to satisfy every theo- 


187 “The Rigid Frame Bridge,” by Arthur G. Hayden, John Wiley and Sons, 19381. 
« 188 “Design, Materials and Hrection of the Kill van Kull (Bayonne Arch),” by Leon 8. 
Moisseiff, M. Am. Soe. C. E., Journal, Franklin Inst., May, 1932. 
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retical requirement for exact similitude. Built-up sections of the full-sized 


structure were represented by solid members in the model. It was not possible, 
therefore, to reduce the area in the required proportion and, at the same 
time, assure equivalent stiffness against buckling. Areas of all members were 


reduced in the same ratio. The proportional behavior of the two structures — 


was not affected by the departures from strict similitude. Static loads were 
applied to the model and the resulting strains and deflections were read with 
commercial instruments. The results obtained from this study were entirely 
satisfactory. 

Welding, a method of fabrication which is increasing in popularity, has 
had a distinct effect in revealing and improving poor designs in some fields 
of construction. The newer designs have often presented difficult stress prob- 
lems due to the shapes made possible by flame-cutting and the greater thick- 
nesses which can be joined by welding. The safety of these new structures 
has been determined mainly by one of the following experimental methods: 
Testing of full-sized structures to destruction; non-destructive tests of full- 
sized structures in which the overstressed points are detected by the cracking 
of rosin or the flaking of a lime wash applied to the surface before testing; 
non-destructive tests in which strain-gage measurements are taken over the 
surface; and testing miniature models of like or of different material. 

Many engineers feel that the use of miniature models in this field is not 
particularly fruitful. The departure of stress variation from the usually 
assumed straight-line distribution, the variable ability of ductility to adjust 
overstress in plates of different thicknesses, the relatively small size of the 
completed units, the residual stresses caused by the welding, and the new shop 
technique necessary to make a scalar reproduction, all tend to convince the 
producer of welded structures that he obtains more reliable information from 
a full-sized test. 

In 1930, H. V. Spurr, M. Am. Soc. OC. E., published*” a method of design 
for wind bents in which he utilized a direct and rational method of design 
in contradistinction to the approximate-investigate-re-distribute-re-analyze 
methods common prior to that time. 

As a check upon the Spurr method, a steel model was constructed and 
tested at the Experiment Station of Ohio State University”. The results of 
this investigation have been published as an authoritative study on the relia- 
bility of the Spurr method of design. The conclusions and recommendations 
are too numerous to mention herein, but the investigation serves as an excel- 
lent illustration of the usefulness of model studies in establishing the validity, 
or in making desirable revisions of practical, and somewhat approximate, 
design methods, so that they can be used with confidence by the profession. 


Without doubt this model, and the inforrfation obtained therefrom, will have — 


a marked effect on the design of many of the buildings of the future. 
The knowledge of wind pressures and velocities at surfaces of exposed 
structures 1s necessary to the successful application of any theory for the cal- 


189 “Wind Bracing,” by Henry V. Spurr, McGraw-Hill Book Co., 1930. 
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culation of wind stresses in members within the structure. In general, more 
thought must be given to necessary violation of the laws of similitude when 
dealing with dynamic or moving loads than when considering a static system. 
For this reason tests on the airship hangar at Lakehurst, N. J., conducted 
under the joint sponsorship of the Bureau of Yards and Docks of the U. S. 
Navy Department, The National Advisory Committee for Aeronautics, and 
Rensselaer Polytechnic Institute, should be of particular value. 

Wind-tunnel tests were made on 1 to 800, 1 to 400, 1 to 200, and 1 to 
40-scale models and actual pressure measurements are Now (1936) being made 
on the full-sized hangar itself. The measurements on the full-sized hangar 
plus those made on the models will serve to provide a more reliable basis than 
has been available in the past for the evaluation of wind-tunnel tests on 
small models. The science of fluid dynamics, applied as it is at present, to 
problems involving all kinds of motion in any medium, owes much of its 
progress to the results of model studies. 

Mention will be made of one type of test which is in the field of the 
Mechanical Engineer, but which also has a real interest for the Civil Engi- 
neer. Most of the monumental dams recently built and now under construc- 
tion would have been impractical had it not been that equipment was being 
developed to utilize the hydraulic power which they made available. Elaborate 
equipment has been perfected for testing new designs of turbine rotors. 
Models are made to include new features and are tested to determine their 
ability to resist fatigue stresses. The effective operation of the rotor requires 
irregularities of shape which make analytical calculations extremely difficult. 
On the other hand, the unit as a whole must meet continuous operating 
requirements. Failure of a rotor, revolving at present high speeds, cannot be 
contemplated—the design must be good. Inexpensive models may be allowed 
to fail without danger or inconvenience and the designer, in this way, is at 
liberty to try new and perhaps novel ideas. The publications of men inter- 
ested in this field have repeatedly pointed out the usefulness of models of this 
type used in an extremely practical manner to determine fatigue limits of new 


- materials or new designs. 


Still another method of model investigation which should not go unmen- 
tioned is the method of testing underground structures which has been 
developed by Philip B. Bucky, Professor of Mining at Columbia University, 
in New York City. In this method the model is made an exact duplicate 
of the structure and strained by placing it in a centrifuge which, with the 
revolutions per minute properly regulated, produces centrifugal forces equiva- 
lent to the gravitational forces encountered in a sub-surface structure, The 
cost of an experimental analysis is small. Safe spans for flat and arched 
roofs, and the stress distribution within pillars, have been determined success: 
fully in this manner by the combined use of stroboscopic and photo-elastic 
equipment. The practical application of this method requires a rather com- 
plete geological knowledge of the strata in which the proposed structure 1s to 


11 “Fatigue Tests of Model Turbo-Generator Rotors”, by R. HE. Peterson, Mechanical 
Engineering, March, 1931. 
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be built, together with a comprehensive and thorough understanding of theory 
and experimental technique. : 

Considerable experimental research work has been done by the faculty and 
graduate students of the universities. The Beggs deformeter, photo-elasticity, 
and loaded models have all been used extensively and from reports which have 
been gathered, it would appear that much effort has been wasted because many 
men have studied the same problem, only to have the results filed away and 
lost to the profession. These efforts, however, are not entirely wasted. A 
student will gain an understanding of structural action from working with 
models which might take years of study to acquire. Models, without doubt, 
serve a useful purpose when used to supplement class-room instruction. It is 
regrettable, nevertheless, that more co-ordinated and continued studies can- 
not be made. That this is possible is demonstrated by the tests which have 
been conducted on a miniature building frame by various students at Iowa 
State College under the direction of R. A. Caughey, M. Am. Soc. C. E. This 
miniature model has been revised and used repeatedly to solve various 
problems. : 

Illustrations of successful model studies could continue at great length, 
but the effort seems unnecessary. Mr. Templin has indicated the possi- 
bilities of making experimental studies; this discussion has attempted to show 
by means of actual illustration that experimental studies are more than 
possible. They are a much used tool of many present-day designers. 

Models, however, are not just built. There are strict requirements of 
similitude. A real danger exists in that some designers may be led, by reports 
of startling results obtained with models, to believe that the model is a sub- 
stitute for analytical ability. Such is definitely not the case. The successful — 
model investigations have been made by engineers skilled in theoretical 
analysis, capable of designing a model, recognizing its limitations, and inter- 
preting the experimental data. An engineer who has mastered the technique 
of using models has the ability to construct calculating machines which will 
assist him to design structures of unprecedented magnitude and importance. 
Mr. Templin has made a valuable contribution to engineering literature. 

In an exceedingly vivid description of the photo-elastic method of deter- 
mining stress, Mr. Brahtz raises an old point, which attains new importance 
in the design of the larger present-day structures, when he states that it is 
not always a simple matter to keep the probable error as low as 10 per cent. 
The writer is of the opinion that the results are very acceptable in the 
majority of cases if no greater discrepancies exist. 

Engineers have always used a factor of safety. With loading conditions 
as unknown and variable as they are, this seems essential. ‘However, the 
factor of safety has cared for three uncertainties: (1) Unknown loading con- 
ditions; (2) variability of the material which carries the loads; and 
(3) approximations in the design method. Human nature, and Nature her- 
self, being what they are, there seems to be little hope of decreasing the 
factor of safety by reducing therein the requirements of Item (1). Much 
has been done to eliminate uncertainties in structural materials, and a conse: 
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quent increase in working stresses has resulted, thus reducing the require- 
ments for Item (2). The “factor of ignorance” (Item (3)), seems to be 
the most vulnerable point of attack. 

Many structures, costing millions of dollars each, have been built recently, 
and the designers, almost without exception, have been using to advantage the 
newly perfected methods offered by experimental analyses. In some cases, 
errors of appreciable magnitude have been discovered in accepted theoretical 
methods—in particular, those dealing with hyperstatic structures. In almost 

*all cases the experimental results have furnished a confidence which fostered 
a more efficient design. 

The writer doubts whether results are in general within 10% of the 
actual, even if they may be within a small percentage of that required by 
the assumed loads. Mr. Brahtz is to be commended for calling attention 
to the difficulties of technique involved in a reliable mechanical analysis. 
The photo-elastic method, as a practical tool, is both new and fascinating. 
As such, it is subject to both incorrect and too frequent use. The results 
obtained from the polariscope and other auxiliary devices certainly must 
be judged in the light of all factors, and not merely by the inherent accuracy 
of the method. 


Werner Leuman,®” Esa. (by letter).“’"—Many phases of applications of 
aluminum alloys in the field of excavating machinery have been investigated 
by the writer, in which light weight structures are desirable in long booms, 
buckets, and other parts that must be counterbalanced and revolved at long 
radii. A reduction in weight of such parts is easily found to be economical 
through an increase in output or an jnerease in reach or working radius of 
the machines. The selling of such a benefit is often more difficult than the 
proof of economy. 

Engineers are mostly interested in the capacity of a finished product to 
perform the intended purpose and for that reason the writer agrees with the 
importance of the questions presented by Messrs. Jeffries, Nagel, and Wood 
(see heading, “Effect of Cold Working”): (1) Will the new structure possess 
adequate strength? and (2) will it retain that strength under the anticipated 
service conditions ? 

The first question can be well defined by the engineer using the proper 
proportions for the characteristic of the building material. Structural 
Aluminum 17ST can be trusted as close to the values given in the data books 
as steel structures, provided the material is handled correctly in the process 
of manufacture so that no parts are changed in their characteristic properties 
by excess heat or local over-stress. With the proper instructions one can rely 
on the manufacturing department so that no deductions are made for 
improper handling. The aluminum alloys are not more difficult to handle 
than high-strength heat-treated steels. To avoid errors, the writer does not 
advocate any heating of aluminum in manufacturing processes. 


12 Chf, Engr., Bucyrus-Erie Co., South Milwaukee, Wis. 
142a Received by the Secretary, December 9, 1936. 
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Closely spaced rivets are driven at random to prevent local over-heating. 
Riveting with hot steel rivets has shown little ill effect on the heat-treated 
alloy, 17ST, used in long dragline booms. Most holes for bolts and rivets 
are drilled. 

The second question is not so easily answered, because experience is not 
available over long periods as with steel. On an average, aluminum alloys 
can be trusted as well as steel. Concerning the structures of excavating 
machinery with their constant shock, vibrations, rapidly changing loads, and 
often occurring unforeseen strains, there is not enough knowledge of the long-» 
time fatigue factor. It seems that occasional rest periods have the same 
healthy effect of aging and normalizing as in steel structures. 

The writer agrees with Mr. Hartmann concerning the need for careful 
study of slenderness in compression members as a composite strut as well as 
the detail of the sections. Considerable test data are available. His state- 
ments concerning savings on long dragline booms agree with the writer’s 
experience. The resistance factor of aluminum to corrosion does not enter 
into the designs and uses for excavation machinery. Abrasion resistance is 
more important in the design of buckets for excavators where it may be a 
deciding factor in the selection of material. The coefficient of expansion and 
the modulus of elasticity are both unsuitable to combine aluminum with steel 
in the same section. 

Probably the strongest competitor to light weight alloys is the progress in 

the art of welding of steel and the recently developed weldable steel alloys of 
great strength and resistance to abrasion. The peculiar shapes of dippers 
and drag-buckets does not lend itself to extensive economical use of aluminum 
mainly because the resistance to abrasion and shock is all important and the 
use of wearing plates defeats the benefit derived from light weight alloys. 
_ When saving of weight is important, any designer of machinery should 
keep the excellent properties of structural heat-treated aluminum: alloys in 
mind and should weigh their possibilities not only in the detail, but as to 
their effect on the complete structure. 


Otis E. Hovny,“* M. Am. Soc. C. E. (by letter).“““—In the Specifications 
for Steel Railway Bridges of the American Railway Engineering Association, 
dated August, 1935 (in Part III, “Alloy Steels, Foreword”, p. 49, Article 9), 
it is stated that “no steel should be considered satisfactory for bridge con- 
struction if its yield point exceeds 70 per cent of the ultimate strength.” In 
some cases, this rule has been quoted as an authoritative requirement for all 
structural alloy steels and particularly with reference to the low-alloy steel 
the chemical and physical properties of which are given by Messrs. Bain and 
Llewellyn (see heading, “Complex Steels: Simultaneous Addition of Several 
Elements”). It will be interesting to trace the origin and application of the 
limiting yield point ratio of 70 per cent. 

During an extensive research into the properties of heat-treated carbon- 
steel eye-bars, in 1914, the late OC. G. Emil Larsson, M. Am. Soe. ©. E., and 
en ACER NOE i aNeeer Br IU rr Be. ot Seay Ae 
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the writer studied the results of many tests with respect to physical proper- 
ties developed and with particular reference to ductility. The suggestion to 
limit the yield point ratios to 70% of the ultimate tensile strength was made 
for the purpose of insuring the desired ductility in the finished product. It 
should be remembered that carbon steel, and not alloy steel, was under inves- 
tigation at that time. At a later date the same limiting yield point ratio was 
inserted in the Specifications of the American Railway Engineering Associa- 
tion for alloy steels. 

The paper by Messrs. Bain and Llewellyn shows that there are several 
combinations of low-carbon steel with various alloying elements that produce 
low-alloy steels which have satisfactory ductile properties, even if their yield 
points in some cases are greater than 70% of their ultimate tensile strengths. 

The writer believes that arbitrary rules limiting the_yield point ratio 
should not be made, but that attention should be given to the ductile proper- 
ties, the endurance limits, and to the impact properties, in order to be sure 
that a particular steel will be suitable for bridges and other structures. 

Mr. Moisseiff has presented a paper of much interest and great value at a 
time when many engineers are keenly interested in the development of high- 
strength steels appropriate for use in heavy and long-span bridges and in 
other structures in which a stronger steel is needed. 

The presentation of this paper brought to mind a matter of some historic 
interest, since it deals with the evolution of what may be termed low-alloy 
high-strength steels. As a matter of fact the steel first used in the principal 
truss members of a long-span bridge was an alloy. This refers to the trussed 
arches of the first Mississippi River Bridge, at St. Louis, Mo., commonly 
known as the Eads Bridge. The main members of the arches are hollow 
cylinders about 18 in. in diameter, in panel lengths, and each section is made 
up of six steel staves bound together by outside cylindrically formed plates. 
The material in the staves is a chrome alloy steel. 

The contract for the superstructure, erected in place, was signed on 
February 26, 1870. The celebration of the completion of the bridge occurred 
on July 4, 1874. During 1870 and 1871 an investigation was made of various 
steels, which resulted in the choice of the chrome alloy steel. A study of the 
specifications reveals that the modulus of elasticity was considered to be one 
of the most important physical properties of the steel. A few quotations are 
given herewith: 

“The modulus of elasticity of the steel in the staves shall not be less than 
26 000 000 nor more than 30 000 000 pounds. This variation should be avoided 
if possible, in which case the lower amount will be preferable. Each bar will 
be tested by the contractor, and the modulus stamped on it by the 
inspector. * * *.” 

“Bach tube is to be composed of six staves having, as near as possible, the 
game modulus of elasticity.” 

“One specimen bolt from each twenty staves will be made by which to test 
their limits of elasticity and ultimate strengths in tension.” 

“The specimen bolts must be able to sustain a tensile strain of 40000 
pounds per square inch, without permanent set, and must have an ultimate 
strength of 90 000 pounds per square inch of section.” 
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Elsewhere, it is stated that “should some of the sections of a tube when 
under compression yield more than others, it is obvious that those others 
would be forced to bear more than their share of the load.” Furthermore, 
“small specimens of the steel were, however, continually tested to destruction 
to ascertain both the modulus of elasticity and the ultimate strength. The 
modulus was kept at about 27000000 and the ultimate strength at about 
120000 pounds per square inch.” The stress-strain line of a full-sized test of 
a stave was nearly straight up to a compressive unit stress of 50321 lb per 
sq in. “In compression almost any degree can be obtained by the addition of 
chrome. To avoid difficulty, however, in finishing the steel in the lathes, it is 
only made sufficiently hard to meet the requirements of the specifications,” 
A supplementary contract provided that “the staves composing the tubes 
shall not be required to stand a compressive strain exceeding 50000 pounds, 
or a tensile strain exceeding 40000 pounds, per square inch of section, without 
permanent set.” 

At a time when there is so much interest in the development of alloy 
steels, particularly adapted to special applications, the writer deems it proper 
to call attention to the attitude of Captain Eads and his staff, 66 yr ago, 
toward the use of alloy steel in the first long-span bridge, which now carries 
live loads far in excess of those for which it was designed. Much additional 
interesting data may be found in “A History of the St. Louis Bridge”, by 
Professor Calvin Milton Woodward, published in 1881. 


R. G. Srurm,“* Assoc. M. Am. Soc. C. E. (by letter).““—In the various 
papers presented in this Symposium many problems confronting the users 
of new materials in structures have been presented. Special emphasis should 
be given to a consideration of the stability problem, several phases of which 
‘have been treated in the Symposium. The writer wishes to connote a con- 
ception of stability in the more general sense; that is, stability against buck- 
ling, stability against vibration, stability against shock, and stability against 
excessive deformation with time. In connection with this general definition 
of stability, it is proposed to consider the actual volume of the metal 
(without relation to weight) that goes to make up a given member of any 
structure, and the effect of that volume on each of the aforementioned types 
of stability. 


Stability against buckling is influenced not only by the modulus of elas- 


. 


1 


ticity of the material, but also by the shape and proportions of the cross-sec- 


tion of the member. The member must be strong enough not only to carry 
its load as a whole, but each component part must also be able to carry AP 
share of the load without local buckling. Since the stress at which local 
buckling occurs varies as the square of the thickness, it is possible that the 
thickness of the material may influence the stability more than the modulus 
of elasticity. Structural members often fail by twisting, in which ease the 
torsional rigidity of the member plays an important part in its stability. 


™ Research Engr. Physicist, Aluminum C 
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The torsional rigidity of thin open members varies as the cube of the thick- 
ness of the material. It may be concluded from these considerations that in 
some cases the actual volume of the member might have a greater effect than 
the modulus of elasticity. ; 

Stability against vibration is achieved by two means: First, the natural 
frequency of vibration may be made so high that resonance or near reso- 
nance will not occur in practice; and, second, if resonance is approached, the 
damping effect of the system may be made great enough to prevent excessive 
amplitudes of vibration. The frequency of vibration of any member is greatly 
increased by the rigidity of its end connections, and the rigidity of a con- 
nection is influenced greatly by the torsional rigidity of the members framing 
into the joint. Therefore, in this case also, the actual thickness or the volume 
of the material is an important factor in stability against vibration. 

In general, the natural frequency of vibration of a given structure may be 
fairly well approximated by the equation: 


3.13 
Frequency = ————————— Ree ey ete LD) 


AV/ Static deflection 


One finds that the weight and modulus included with the design control the 
static deflection of the structure under its own weight and, hence, its natural 
frequency. Resonance between applied impulses and the natural frequency 
of a structure is one of the greatest factors causing dynamic effects of 
high-speed traffic on large bridges. 

Stability against shock is-a difficult quantity to measure. Elastic resis- 
tance to shock is greatly increased by lowering the natural frequency of 
vibration, which is just the opposite of the condition sought for to provide 
stability against vibration. Therefore, a balance between these two condi- 
tions must be sought. In general, it is desirable to have members that will 
withstand emergency shocks without complete fracture even if they do take 
a permanent set. Very. thin sections generally tend to tear or buckle, 
whereas heavier sections can deform plastically and take considerable perma- | 
nent set without a complete fracture Therefore, the stability against shock 
will be influenced greatly by the volume of the material in the member as well 
as by other factors. Another factor very significant in resisting shock is the 
ductility of the material considered. Ductility is intended herein to con- 
note the capacity of the material to become elongated over relatively long 
lengths rather than to “neck down” at a local point. 

The stability against excessive deformation with time requires a balance 
between the beneficial effects and the deleterious effects of creep. High con- 
centrated stresses are unavoidable at some localities in structures. If, by 
virtue of a slight amount of creep, the metal can adjust itself, these concen- 

trated stresses are distributed, and the danger of failure at that point is 
greatly reduced. If the material at the point of concentrated stresses is not 
thick enough to permit such a redistribution of stress, minute buckling or 
tearing through local instability may occur before creep has an opportunity 
to take place. In such event, the actual volume of the material at the point of 
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highly stressed concentration is of a great significance. In general, over-all 
deformation of structural members under stress can be controlled by a proper 
choice of design stresses for the material considered, whereas the local 
deformations around joints cannot be so controlled. é 

Many of the foregoing factors have been considered in the Symposium 
but is seems well to emphasize the fact that the general stability of a struc- 
ture may be influenced greatly by the thickness of the material in the mem- 
bers of the structure and. that with materials of low specific gravity it is 
possible to obtain a lighter dead weight and still maintain adequate thickness 
to provide stability. 


AMERICAN SOCIETY OF CIVIL ENGINEERS 
ps Founded November 5, 1852 


DrIGUSs TO N's” 


STRESSES. AROUND CIRCULAR HOLES 
IN DAMS AND BUTTRESSES 


Discussion 


By Messrs. R. D. MINDLIN, AND CHESLEY J. POSEY 


R. D. Minpun,’ Jun. Am. Soc. C. E. (by letter).“—In examining Equa- 
tions (28), (29), (80), and (34) for the stresses around a circular hole result- 
ing from the gravitational action of a dam, it is observed that the elastic 
constants of the material are not involved. This is surprising in the light 
of a recent extension by M. A. Biot® of a theorem by J. H. Michell’. 

Michell’s theorem applies to a two-dimensional stress system in a region 
pierced by holes, no body forces being present. He showed that in such a 
system the stresses are independent of the elastic constants only if the resul- 
tant force over each hole vanishes. This conclusion is found necessary in 
order to assure single-valuedness of the displacements. 

Biot has extended Michell’s theorem to the case of gravity stresses. He 
has shown® that “in a solid two-dimensional homogeneous body the stresses 
due to gravity do not depend on the elasticity constants of the material; they 
do, however, in general for a body with holes.” Therefore, a more detailed 
examination of the stresses due to mass is indicated. 

The author has conveniently divided the stresses in the solid dam into 
two systems. In System I the stresses on any closed boundary produce zero 
resultant force. Hence, the additional stresses required to remove the normal 
and shearing stresses on the periphery of a circular hole also involve zero 
resultant force on the hole. No difficulty with many valued displacements is 
- encountered, therefore, in dealing with System I, and the author has found 
‘the required stress system by a well known method. 

Nore.—The paper by I. K. Silverman, Jun. Am. Soc. C. B., was published in Novem- 


ber, 1936, Proceedings. This discussion is printed in Proceedings in order that the views 
expressed may be brought before all members for further discussion of the paper. 

7 Research Asst., Dept. of Civ. Eng., Columbia Univ., New York, N. x 

7a Received by the Secretary November 21, 1936. 

8 “Distributed Gravity and Temperature Loading in Two-Dimensional Dlasticity Re- 
placed by Boundary Pressures and Dislocations”, by M. A. Biot, Journal of Applied 
Mechanics, Vol. 2, No. 2 (June, 1935), p. 41. 

®“On the Direct Determination of Stress in an Blastic Solid, with Application to the 
Theory of Plates’, by J. H. Michell, Proceedings, London Math. Soc. Vol. XXXI (1899), 


p. 100. 
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In dealing with System II, Mr. Silverman has observed that these stresses” 
produce a resultant force on an internal’circular boundary equal to the weight 
of the enclosed, disk. In order to remove the stresses from the periphery of the 
hole, an additional stress system must be superposed which yields equal and 
opposite stresses on the circular boundary. The latter system, then, must 
involve a resultant stress on the hole equal and opposite to the weight of the 
enclosed disk of radius, rx. Therefore, according to Michell’s theorem, 
the superimposed system should involve the elastic constants. This was to be 
expected from Biot’s theorem. In fact, the foregoing explanation is simply 
a derivation of Biot’s theorem for the present case. 

Tf the elastic constants do not appear in a case where the resultant force 
on an internal boundary does not vanish, then, by Michell’s theorem, the 
displacements resulting from the stresses should be many valued. Further- 
more, when the internal boundary is closed, as in this case, many-valued func- 
tions in the displacements are not permissible, and a solution containing them 
is not valid. : 

It is necessary, therefore, to proceed to examine the stress function (Equa- 
tion (33)) which was used to annul the stresses on the boundary, p = 1. 
Writing ¢ 7°; = a, Equation (33) becomes”: 


F, = 7 OO sit G22, REE Cae (50) 
The stress function given in Equation (50) is known to produce many- 
valued functions in the displacements of the form”, ae i Reo 6 sin 6; and — 
a (l—p : ; : : ‘ : i 
ee c=2 6 cos 0, respectively, in which v = Poisson’s ratio. This was to be 


expected from the preceding analysis, and it may be concluded that the stress 
system represented by Equations (34) is not possible in a continuous elastic 
medium. 

To obtain the correct system of stress required to remove the stresses on 
the periphery of the hole, a bi-harmonie stress function must be found which 
will satisfy the following conditions: 


(1) The displacements introduced by the stress function must be single- 
valued; 


"> Correction for Transactions: The author has written 6 for — Thi 
eo in mind when adding the stresses involved in System II to gees System 1 eee 
he all corrections, also approved by the author, will be made before the paper is 
nally published in Transactions: In the line below Equation (8), change “Equation (1)” 

to “Equation (6)’’; Equation (10) should read “sp == — —@— ae ie | 
(25), “Ka” should be “ks; to Equation (27e), Sid == Be saa ie ips es Pa 
Equation (32), change “@” to 0; change Line 2 following Equation (32), to rea 
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- 


(8) = ¢ rt) pcos ; (se) = 0; and, ¢’ = 6 —f”; in Line 3 following | 


A kaa “86 pe et ath cos 67°; in Hquation (36), change “4.0.00204" to 
peed a8 ie Ae Equation (87), insert a minus sign before 1.13; in Table 1, for 
» 8g == —1.5877; in Appendix I, delete the definition for Ke and add the definition 


png ae Baton RE ai Ce ; ' 
jes ae @”’ in ibe definition for wn; and, in Equation (45a), insert a minus sign before 
See “Theory of Hlasticity”, by S. Timoshenko, p. 116, MeGraw-Hill, 1934. 
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(2) The normal and shearing stresses on the circular boundary, p = ri, 
must be equal. and opposite to those of System II; and, 

(3) All the stresses introduced by the new function must approach zero 
as p approaches infinity. 

Tn order to satisfy Condition (1) one must combine with Equation (50) 
a stress function”, 


in which, 
= 


The combined functions, /, and F:., satisfy Conditions (1) and (3), but 
not Condition (2). The addition of 7, to the system has served to introduce 
shearing stresses on the circular boundary (proportional to sin 9), which are 
not present in System II or in Ff. Therefore, another function, F’;, must be 
added, which will remove these shearing stresses without introducing normal 
stresses on the circular boundary other than those proportional to cos @. 
Furthermore, Ff, must satisfy Conditions (1) and (3). Sueh a function is 
given by: 


POTS CORE, LES NEOs mites aice a atid (53) 
The complete stress function is then given by: 


Bei tBu p Osin 6+ b’, p log pcos 8 + ay pcos 6. . (54) 


To determine the values of the constants it is necessary first to calculate 
the stresses. Using Equations (20) of the paper, these are found to be: 


w= (% 4 BE 2 oo) cos Dose eee ete (55a) 
p p p* 
w= (2 pees —ce] contd ne eee (5b) 
p p° 
and, 
fe (4 oe 2) Ae Dele Seg Nos a Bec. 5 (55¢) 
p p* 
Condition (2) is expressed by the equation: 
[Sol par, ==: [Selpery =O sneer etre epett as (56) 
and, hence: 
eed Ola bee OME Sng Sea () RON eae ed Ne (57a) 
T% % rs 
and 
ae a Of ee ih ee yan ct0ed) 
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é 


Condition (1) is expressed by Equation (52). Solving for the three 
unknowns in Equations (52) and (57): 


ea eRe Ae (58a) 
Let 58b 
b — (it ie ee RGRY OIG Oo Ord cach > ad ( ) 
4 
and, 
a, = — eis a RR Fe Pte he (58c) 
8 


Substituting these values in Equation (54) the final stress function becomes: 


1l—vp 


a= 2 cr’, p sin 8 — oriplog ows dees Bot pcos 8. .(59) 
2 


The corresponding stresses are, from Equations (20): 


spat Sita? ee 1=2 Fp) e080 : eee (60a) 

4 p 4 p 

vi 1—y 1; 1—v rr; 
ss=—c a === =1= 5p) CORIO meee (600) 

4 p 4 ‘ 

and, 
wae(- ee 1" Th) sing Sete aoe (60c) 
4 p Sa urp* 


Equations (60) express the correct stresses for System II. By virtue of Equa- 
tion (52), Condition (1) is satisfied; by virtue of Equations (57a) and (57d). 
Condition (2) is satisfied; and an examination of Equations (60) shows 
that Condition (8) is satisfied. The hoop stresses at the circular boundary 
are found by substituting p = ri in Equation (60b)”: 


[solo=r, = — € = 2) 6.7, C08 O86), te eee (61) 


The foregoing analysis has been made for the case of plane stress. It is 
approximately applicable to a buttress if the diameter of the hole is small in 
comparison with its distance from the nearest edge of the buttress, and if 
the thickness of the buttress is small in comparison with the diameter of the 
hole. For the case of a longitudinal hole in a gravity section the stresses 
should be transformed to the corresponding system for plane strain. 

Additional references should be given to the results of previous stress 
analyses for the wedge section. The stress systems represented by Equations 
(8) to (12) and (22) to (25), inclusive, are due to M. Levy” and may be 


obtained from equations given by Love”. This stress system applies only to 
— SERRE eae Ce ia DR 


4 “Sur l’équilibre elastic d’un bar i i a 
Comptes Rendus, Paris, Vol. 127 (1898) Meise See Toner igen aaa 


2 “Theory of Elasticity”, b L i 
SCE RE eee mae y A. E. H. Love, Fourth Edition, 1927, Equations (344) 


a 
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portions of a dam remote from the base. Hence, in addition to the require- 
ment that the small hole be far from the faces of the dam, it must also be far 
from the base. 

Equations (8) and (22) are seen to be of the same form, differing only in 
the constants associated with the terms of the third degree polynomial. Equa- 
tion (22) represents the stress which the author has designated as System I. 
Hence, the additional stress functions, required to annul the stresses due to 
System I on a circular boundary, will be the same as the stress functions 
required to annul the stresses on the circular boundary resulting from the 
water loading, except for the constants. Therefore, a solution of the problem 
of the stresses due to mass really includes that of the problem of stresses 
due to water load. 

The author is undoubtedly unaware of a previous solution of this problem 
by G. Nishimura and T. Takayama™. Of the two solutions, the writer pre- 
fers that of Mr. Silverman as being far less cumbersome. Very skilfully the 
author has applied what mathematicians would call an elegant method and, 
independently, has obtained the solution of an interesting problem, 


Ouestey J. Posty,“ Jun. Am. Soo. C. E. (by letter).“*—The author is to 
be commended for presenting an analytical proof of the existence of tensile 
stresses near longitudinal circular holes in concrete gravity dams. The ques- 
tion of the proper reinforcement around holes is of importance in many types 
of concrete design. Although most designers would provide extra reinforce- 
ment around a hole in a girder web, many would not admit that any was 
necessary for a long, relatively small hole in mass concrete. Mr. Silverman’s 
analysis, made on the basis of reasonable assumptions, shows that such rein- 
forcement is necessary for longitudinal holes in gravity dams, to resist 
stresses due to water and mass loads. In some cases, stresses around the open- 
ings, due to volumetric changes from shrinkage and temperature, may eall for 
even more reinforcement. 

Using a method of attack similar to that presented by Mr. Silverman, the 
writer believes it would be possible to show that, in general, circumferential 
tensile stresses will occur around at least part of the periphery of a long 
straight hole in mass concrete, if the state of stress in the concrete is such 
that shear exists on any plane containing the axis of the hole. 

The proper placing of steel bars around holes is of great importance. The 
steel should never follow around the inside of a hole, for if it is stressed in 
tension it will tend to straighten, causing tension in the concrete. As soon 
as this concrete fails, the steel is useless, and cracking is perhaps further 
advanced than if no steel had been used. Fig. 6(a) is an example of incorrect, 
and Figs. 6(b), 6(c), and 6(d) of correct, placing of the reinforcement around 
holes. The placing shown in Fig. 6(d) is preferable to that shown in Fig. 6(c), 


13 «« ‘stribution in the Vicinity of a Horizontal Circular Hole in a 
OF ine “Wédue Shaped Hlastie Solid’, by G. Nishimura and T. Takayama, Bulletin, 
Barthquake Research Inst., Tokyo, Vol. 10 (1932), p. 728. 

14 Agst. Prof., Mechanics and Hydraulics, State Univ. of Iowa, and Assoc. Engr., Iowa 
Inst. of Hydr. Research, lowa City, Iowa. : 

14a Received by the Secretary December 2, 1936. 
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however. Diagonal bars should be provided at the corners of rectangular holes, 
for cracks tend to form at the corners, where vertical and horizontal bars are 
relatively less effective than diagonal bars. If it is certain that tensile stresses 
can never occur across one of the diagonal sections, the bars crossing that 
section may be omitted. 


Fic. 6.—METHODS OF PLACING STEEL REINFORCEMENT AROUND HOLES IN 
MASS CONCRETE 


Referring to Fig. 5 of the paper, it is seen that the tensile stresses decrease 
very rapidly away from the surface of the hole. The steel bars, therefore, 
should be as close to the surface of the hole as is practicable. The length of 
bar to be used cannot be computed by any method known at present, and, in 
the absence of test data, it must be arbitrarily assumed, say, equal to twice the 
diameter of the hole. The size of bar should then be selected so that the total 
bond on one-half its length is equal to or greater than its ultimate strength. 
To prevent cracks, the bar should have as high a ratio of bond stress to slip 
as is possible. Tests” by the writer show that the most favorable ratio is 
obtained if the bars are straight, and if their surface is rough. 


* “Tests of Anchorages for Reinforcing Bars”, Bulletin 3, Univ. of Iowa Eng. Studies. 
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EQUITABLE ZONING AND ASSESSMENTS FOR 
CITY PLANNING PROJECTS 


PROGRESS REPORT OF COMMITTEE OF 
CITY PLANNING DIVISION 


Discussion 


By R. S. BLINN, M. Am. Soc. C. E. 


R. S. Buin,’ M. Am. Soc. C. E. (by letter).**—Adhering to the six prin- 
ciples operative in the field of special assessments and casting aside the 
methods of assessments by the foot front and by a percentage of the tax value 
as entirely empirical and unequitable, there remains the equitability of 
assessments by benefit. 

On closer analysis this seems to be as unequitable as the other methods: 
First, because a scientific appraisal of each property would be necessary, then 
a correlation of all the increments that make up an appraisal distributed over 
all the property to be assessed; and, further, an accurate knowledge of the 
economic trend during the life of the assessments. Who knows what that 
will be? And, second, because the benefits may be a minus quantity and may 
result in an expense instead of an investment. It is axiomatic that net 
income is capitalized into net worth whereas net deficit is capitalized into 
net loss. 

This leads to the logical conclusion that all assessments by whatever 
method are vulnerable, so that unless the property holders wish to waive their 
rights under the law and do the work voluntarily, there is no other recourse 
to raise the necessary funds to make an improvement, except through general 
taxation under the six principles first mentioned. In this way the gamble 
as to its worthwhileness becomes a gamble of the entire community. 


Norp—The Progress Report of the Committee of the City Planning Division on 
Equitable Zoning and Assessments for City Planning Projects was presented at the meet- 
ing of the City Planning Division, New York, N. Y., January 15, 1936, and published in 
February, 1936, Proceedings. Discussion on this report has appeared in Proceedings, as 
follows: August, 1936, by George H. Herrold, M. Am. Soe, C. EH. 


7™New Smyrna, Fla. 
7a Received by the Secretary, September 29, 1936. 
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FLOOD PROTECTION DATA 
PROGRESS REPORT OF THE COMMITTEE 


Discussion 
By C. H. EIFFERT, M. AM. Soc. C. E. 


QO. H. Eirrert,” M. Am. Soo. CO. E. (by letter).**—The work of the Com- 
mittee is very important. The compilation and analysis of all existing data 
are essential to the proper solution of flood-control problems. The data and 
records of the past form the foundation for any plans that must be developed 
in the immediate future. Although they are of rather short duration and of 
a somewhat fragmentary nature, these data are all that engineers have and 
should be made available in such a way that they can be used to the best 
possible advantage. 

In addition to the collection, tabulation, and analysis of all pertinent 
existing data, the writer would like to see this Committee take a more 
emphatic stand concerning the improvement of the methods for the future 
collection of data and keeping of records. There are two ways in which 
improvement could be accomplished: 


(1) By the re-organization and combination of the various Federal 
bureaus or departments, or sub-divisions thereof, which are now collecting 
such data, into one bureau, or by more complete correlation and co-operation 
of the existing bureaus; and, 

(2) By the extension, expansion, and amplification of the financial abili- 
ties and physical facilities of the existing organizations so as to make possible 
a comprehensive, far-reaching, and permanent program. 


; Probably the most desirable step to be taken first would be the centraliza- 
tion or combination of all Government agencies that have to do with meteoro- 
logical and hydrological records. If this is impossible of accomplishment in 


a ee ee eee 

Norn.—The Progress Report of the Committee on Flood Protection Data was presented 
aes hah Meeting, New York, N. Y., January 15, 1936, and published in Renruaca! 
ree AA ee EE Discussion on the report has appeared in Proceedings, as follows: 
apy . rad by Messrs. Robert Follansbee, and LeRoy K. Sherman; August, 1936, by 
ee c 8, M. Am. Soc. C. E.; September, 1936, by Messrs. John C. Hoyt, and C. S. 
ahs 85. ovember, 1986, by Messrs. Gordon W. Williams, Merrill Bernard, and Glenn W. 

(0) ae and January, 1937, by Messrs. Charles D. Curran, and Edward N. Whitney. 
“: Chf. Engr. and Gen. Mer., The Miami Conservancy Dist., Dayton, Ohio. 
* Received by the Secretary December 5, 1936. 
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the near future, the nearest approach to it will be the best possible co-operative 
arrangement that can be devised. | 

The necessity for the extension of physical facilities and the need for 
additional financial support should be evident to any one who has used 
meteorological records and who has come in contact with the representatives 
of the departments responsible for them. Most of these men are working 
hard and conscientiously to make $1 do where they should have $5 or $10. 
They are not lacking in ability either. Legislative support for the U. S. 
Weather Bureau and U. S. Geological Survey has been sadly deficient both 
from the Federal and the State Governments. For instance, in 1935, the 
U. S. Geological Survey program in Ohio, under which a splendid start had 
been made in the collection of run-off and stream-discharge data, was wrecked 
by the Governor’s veto. 

Records in the United States are in their infancy; they have been kept 
long enough so that now hydrologists know about what they really need. 
They owe it to future generations to put that knowledge to work in estab- 
lishing an adequate system. Once in operation it must be kept going per- 
~ petually. The breaking off of records at one location, or at a certain time, 
and beginning them again at another location, is not satisfactory. It may 
cause designers to miss a 100-yr, or perhaps a 1000-yr, flood or rainfall. If 
a flood-control system is designed on the basis of existing records (which, 
of course, it must be if it is designed at all), the engineer cannot assume 
that he needs no further information. He must continue to secure records 
to check the design and make changes if they are found necessary “Eternal 
vigilance” is the watchword. 

Thousands of rain-gages are needed in the United States. Many should 
be of the recording type. The area of the United States is 3 027 000 sq miles, 
With approximately 4500 Weather Bureau rain-gages, the average is 1 for 
every 670 sq miles. In the Po River Valley, in Italy, engineers have prac- 
tised flood control and kept records for several hundred years, but they- do 
not feel that their records are now sufficient so that they may be discontinued. 
They have added facilities in recent years. The area of the Po drainage is 
27 500 sq miles and contains 917 rain-gages, 1 for every 30 sq miles. The area 
also has 137 river-gages, 66 discharge gaging stations, and 123 stations for 
measuring the ground-water level. 

In other parts of Europe engineers have collected records for several cen- 
turies, and these records are becoming more and more valuable. On the 
Danube, flood records have been kept since 1 000 A.D. The greatest flood of 
record occurred in 1501. A record of 100 or 200 yr was not sufficient te deter- 
mine the maximum flood. The flood of 1899 in the Danube was the greatest 
in more than a century, but the flood of 1501 had a 33% greater maximum 
_ discharge. Records comparable to that of the Danube are in existence for 
other European streams. 

In the Miami Valley of Ohio hydrologists feel that they are quite well 
equipped. The U. S. Weather Bureau and the Miami Conservancy District 
together have 30 rain-gages (2 recording) on an area of 3670 sq miles, or 
1 for every 120 sq miles. This distribution is still far behind that of the Po 
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Valley. Gages are not needed all over the United States, spaced as closely 
as those in the Po Valley, but there are areas where they could be placed, 
one for every 30 sq miles, to good advantage, and they should be increased in 
all parts of the country. 

Many engineers have complained about the inadequacy of Weather Bureau 
records, forecasts, and flood warnings. It is true that some of the methods in 
use by the Weather Bureau should and could be improved without additional 
funds, as, for instance, the present lack of uniformity in the time of observa- 
tions. However, there can be no doubt that the principal difficulty lies in 
the lack of financial support. This was brought out quite forcibly by repre- 
sentatives of the U. S. Weather Bureau at the meeting of the Society in 
Pittsburgh, Pa., on October 15, 1936. The Weather Bureau authorities appar- 
ently are ready and more than willing to proceed with snow surveys, improved 
methods of taking observations and making forecasts, using the radio for 
communication, etc., provided the needed funds are available. The U. S. 
Geological Survey finds itself in a similar predicament. 

It seems to the writer that there is no more important service that this 
Committee could render than to use its influence and that of the Society 
to the limit to bring about the necessary legislation for the proper support of 
an adequate permanent program for the collection of meteorological data in 
the future. The data would be useful and valuable for many studies other 
than those of flood control. The cost would be negligible in proportion to the 
ultimate benefit. 
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PRINCIPLES TO CONTROL GOVERNMENTAL 
EXPENDITURES FOR PUBLIC WORKS 


FIRST PROGRESS REPORT OF COMMITTEE OF 
ENGINEERING-ECONOMICS AND FINANCE DIVISION 


Discussion 


By RAYMOND J. ROSENBERGER, Assoc. M. AM. Soc. C. E. 


Raymonp J. Rosensercer,” Assoc. M. Am. Soc. O. E. (by letter).°"—In gen- 
eral, the writer agrees most heartily with the principles stated in this report. 
However, he wishes to present a few suggestions for the consideration of the 
Sub-Committee. First, the name suggested for the proposed programming 
body is the “United States Program Authority.” The writer recommends 
instead the “Federal Public Works Program Authority”, or some similar 
wording more indicative of the function of the proposed agency. The juris- 
diction of the Authority, could be Federal in scope, with similar Authorities 
under each State for non-Federal work. The Federal Authority could function 
along the details of procedure followed by the Sub-Committee of the Com- 

mittee of the House. of Representatives on Appropriations. 

There seems to be no serious objection to a life term for members of the 
Authority. Expert aids and investigators could do the more active work, 
such as traveling, etc., these men to be selected by the members of the Authority 
from trusted and confidential acquaintances. A clarification of terms used 
in the seven broad principles by definitions and explanations would add con- 
siderably to the comprehensiveness of the report. 


90 Hngr.-Hxaminer, PWA, Washington, IDE, Oy 
3a Received by the Secretary September 19, 1936. 
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DEFLECTIONS BY GEOMETRY 


Discussion 
By Messrs. A. J. MCGAwW, AND L. E. GRINTER 


A. J. McGaw,‘ Jun. Am. Soo. C. E. (by letter).““—The author has focused 
much needed attention upon the principles of geometry as they affect struc- 
tural action. Although equally accurate results may be obtained by the 
methods embracing the law of conservation of energy and the principles of 
least work, and although these methods are in many instances desirable as 
analytical procedures, they do side-track the geometry involved, which is so 
essential to complete understanding of the subject of indeterminacy. As a 
teaching tool, at least, the geometric method has much in its favor. The phys- 
ical conception of structural deformation and the part played by geometry 
must, of necessity, go hand in hand. The formula-minded analyst, in many ~ 
eases, fails to see his structure act. It is probably safe to state that analyses 
made under such conditions are dangerously likely to contain error. There 
is little to fear from the designer who can sketch the structure at hand in its 
deformed shape. It follows that an understanding of the principles of geom- 
etry as they affect structural action is highly desirable. 

Along this same line of thought, it seems that the development of funda- 
mental theory, through the utilization of geometric principles, may be 
extended advantageously to include Maxwell’s law of reciprocal deflections. 
Surely, any haziness in one’s mind concerning the truth and logic of this 
fundamental and much used tool will prevent, to a considerable extent, real 
mastery of the subject of indeterminacy. With this in mind, the writer has 
adapted the reasoning presented by the author to evolve a proof of Maxwell’s 
law. 

As in the paper, the beam, AB, in Fig. 14(a) has been ‘assumed rigid, 
except at Point G. Due to the unit load at Point D, the moment, Mg, at 
_Nove.—The paper by David B. Hall, Assoc. M, Am. Soc. C. H, was published in 


December, 1936, Proceedings. This discussion is printed in Proceedin 
; ’ : gs in order that the 
views expressed may be brought before all members for further discussion of the paper. 
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Point G, has produced a rotation at that point through the angle, ap, equal to: 


Fie. 14 


and the deflection at Point H equals: 


ys BF x zy &@ an K 
6 Np ey bee — oGpee aires) ie 9; lel oles) ete ele) leis (20) 
Similarly, the deflection at Point D (Fig. 14(b)), with a unit load at Point E, 
may be obtained as follows: 


2 
apt = Re oh ait: ope Ome (22) 
L 
. and, 
SBCs -20 Katy 
ip = 5 = Geeta. (23) 


Comparing Equations (20) and (23), 82 = 4b, which shows that the deflec- 
tion at H due to a unit load at Point D equals the deflection at Point D due 
to a unit load at Point BE. The flexure effects for all points along the beam 
must be summed up to obtain the total deflections. This is not necessary 
to the proof, however, since, obviously, the sums of equals must be equal. 

That the vertical deflection at Point D caused by a unit moment at 
Point A (Fig. 15(a)) is equal to the rotation at Point A caused by a unit 


} 
a : 5 
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load at Point D (Fig. 15(b)) may be shown in a similar manner. A unit 
moment is applied at Point A, Fig. 15(a), and the corresponding moment 
diagram for the beam is shown in Fig. 15(c). Then: 


and since Ordinate BF = asa, 


a ae, K a 
BE = an ee ee 25 
e (25) 
The vertical deflection at Point D, Fig. 15(a), is then: 
BFx Kaz 
6 = = Te eb yo: ara'ats oe Init -aet alive eal iiteiaal 2 
ms OA L ; Coe 
The moment, Mg, at Point G (Fig. 15(b)), due to a unit load at Point D, 
is oo , and since ap = K Mg, it follows that: 
K « 
ep = raphe Cial-5 a1 6 P ure ale Yo..6 10 blibhd <a'e wikeh KS ene ae (27) 
Again, Ordinate BF = aya, and, therefore: 
pp Krad 
PS, Se SR ee es eee 2 
L (28) 
and Angle ¢ equals wh! , so that, 
Kaa 
oe gee ae ee eel eee (29) 


Comparing Equations (26) and (29), ¢ = 8», which shows that a rota- 7 
tion at Point A caused by a unit load at Point D equals the deflection at — 
Point D due to a unit rotation at Point A. 
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L. E. Grinrer,’ Assoc. M. Am. Soc. C. E. (by letter).°*—The determina- 
tion of deflections by structural geometry, as described in this paper, will 
‘serve as an excellent antidote for the attitude among undergraduate and 
graduate students of structures that the subject of deflections must be treated 
in a rather “high-brow” manner. The author has discussed a large group of 
problems with little more theory than that involved in a discussion of the sub- 
ject of radian measure. With this paper, the terms, “structural geometry”, 
“geometry of structures”, or “geometry of deflection”, “come out into the 
open”, without becoming camouflaged by association with the dozen or more 
methods of deflection computation that are in use. 

For some years the writer has been using the term, “structural geometry”, 
to indicate such geometric relationships as those involved in the sketches of 
Fig. 16, which seem to be encompassed by the author’s term, “geometry 


(a) RELATIVE DEFLECTIONS (6b) INTERNAL DISTORTION 


Fig. 16.—SrructuraL GHOMETRY. 


of deflection.” These relationships are so simple that they follow almost 
without proof and for this reason they form a proper introduction to the study 
of deflections. Furthermore, they involve no abstruse conceptions, such as 


the use of a “dummy” load, or the imaginary application of an - loading. 
E 


For the undergraduate student, or the sub-professional engineering employee, 
these geometric relationships are the proper starting point in a study of 
deflections. This, it seems, is also the author’s belief. Textbooks on the 
strength of materials should emphasize such applications of structural geom- 
etry more decidedly than the common procedure of double integration. That 
authors of standard textbooks have always reversed this emphasis is one reason 
why undergraduate students, and even engineering graduates, often face the 
subject or the practice of indeterminate structural analysis and design with 
a complete lack of confidence. 

On the other hand, there is much to be said for the methods of virtual 
work, area moments, the conjugate beam, elastic weights for trusses, and 
the Williot-Mohr diagram. Each of these methods, in certain of its forms, 
offers a semi-automatic procedure of deflection computation, a very desirable 
feature where the process is to be repeated over and over as in the analysis 
of certain indeterminate structures. Furthermore, the method of virtual 
work, for example, can be used not only to find a deflection caused by flexure, 
but one caused by shear, torsion, or direct stress. It is also quite as applicable 


5 Prof. of Structural Eng., Agri. and Mech. Coll. of Texas, College Station, Tex. 
ta Received by the Secretary January 6, 1937. 
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to the determination of rotations caused by any internal distortion. The 
author’s conceptions of “geometry” are scarcely so extensive. For graduate 
study, then, assuming that the conceptions of structural geometry have been 
fixed in the student’s mind in his undergraduate courses, the writer feels that 
the student should become familiar with each of the aforementioned methods. 
He should also learn that Castigliano’s theorem is simply a reversed statement 
of virtual work (that is, a reversed order of the differentiation and integra- 
tion), and he should be made to realize that such terms as elastic weights, 
moment weights, angle loads, ete., are all simply names for the same concep- 


tion of an a - loading revised for application to trusses. 


In other words, the most useful tool of deflection computation for the 
beginner is that method which is most nearly physical or visual; but 
the method that will be most useful to the experienced engineer may well 
be that which requires the least visualization and, therefore, tends to become 
most nearly automatic in its application. Here, therefore, is a conflict that 
will always appear. It explains why such intangible methods as virtual work 
and the conjugate beam are so widely useful and so widely used. Such 
methods are difficult to learn but easy to apply. When properly presented, 
the Williot-Mohr diagram can be shown to be both visual and semi-auto- 
matic. The author has presented the geometrical method as a very simple 
visual procedure. To interest the practical engineer, he should also emphasize 
its possibilities for rapid semi-automatic computations, such as_ those 
presented in Table 1. 


pasate me 


AMERICAN SOCIETY OF CIVIL ENGINEERS 
Founded November 5, 1852 


OT SOssloNs 


DYNAMIC DISTORTIONS IN STRUCTURES 
SUDIEGLED TO) SUDDEN FARTH SHOCK 


Discussion 


By MERIT P. WHITE, JUN. AM. Soc. C. E. 


Merir P. Wuirs,” Jun. Am. Soc. C. E. (by letter).°*—To engineers of 
certain regions the question of earthquake effects is most important. Although 
Professor Williams’ paper does not pretend to furnish rules for the earth- 
quake-resistant design of structures, nevertheless it does offer, to a certain 
extent, something which all engineers should possess before undertaking any 
such design, namely, an understanding of what happens to a structure sub- 
jected to an earthquake shock. The following facts (which are either stated 
in this paper or may be easily verified) seem especially important. 


(1) Moderate viscous friction has no great effect in reducing the maximum 
deflections occurring in the early part of the motion (the effect of solid 
friction was not investigated) ; 

(2) Amplitudes are built up very rapidly in the first stages of the motion; 

(3) The region of dangerous frequencies (causing large deflections) is 
somewhat wider for suddenly applied simple harmonic motion than for estab- 

~ lished simple harmonic motion. (Fig. 10 shows the calculated relation between 
the maximum deflections of any one-story structure during one cycle or several 
» cycles of suddenly applied simple harmonic ground motion (Yo sin F ¢); 
also, for comparison, it shows the maximum deflections due to established 


simple harmonic motion, and E (in distorted scale, horizontally), the ratio 
e 2 
of the ground-motion frequency to the natural frequency of the structure) ; 
(4) An earthquake acts not as a force, but as an irresistible motion; 
furthermore, the stresses produced in a structure by an earthquake are 
dependent not only on the ground motion (or on the maximum ground 
acceleration) but on the dynamical properties of the structure as well; and, 


Nore.—The paper by Harry A. Williams, Assoc. M. Am. Soc. C. H,, was published in 
May, 1936, Proceedings. Discussion on this paper has appeared in Proceedings, as follows: 
September, 1936, by Messrs. ‘Arthur C. Ruge, and H. M. Engle. 

1 California Inst. of Technology, Pasadena, Calif. 

12a Received by the Secretary January 13, 1936. 
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(5) It can be shown that for a given amplitude and number of cycles: of ¥ 
suddenly applied simple harmonic ground motion the maximum ioe 
of a structure such as the one considered herein depends only on the so-ca 


resonance ratio, Ey (see Fig. 10). 
2 


Deflection 
Ground Amplitude 


Ratio, 


Resonance Ratio, £ 

. 2 
Fig. 10.—MAXIMUM DEFLECTIONS OF A SYSTEM OF ONE DEGREE OF FREEDOM, SUB- 
JECTED TO SUDDENLY APPLIED SIMPLE HARMONIC DISPLACEMENTS AND DEFLEC- 


TIONS OCCURRING IN THE CASE OF ESTABLISHED SIMPLE HARMONIC MOTION. 


From Item (5) it follows that an attempt to strengthen such a structure 
will affect its maximum deflections (and, therefore, its maximum stresses): 


only indirectly, through changing the stiffness and thus the gatigieee This 
2 . 
change is quite likely to increase deflections instead of decreasing them. An 


increase will result if F approaches unity. 
2 


In view of the care which was probably taken in ‘constructing the shaking- 
table and elevated tank model used in the author’s experiments, it is not 
surprising that the model results should agree so well with those obtained 
from theory. It would be very surprising to the writer if this were not 
the case. 

In discussing the effect of small waves preceding a major shock the author 
makes a relatively simple matter unnecessarily complicated. Whatever the 
preliminary waves and whatever the major shock, the effect of each alone asa _ 
function of time may be computed. Then, these deflections can be simply | 


- 
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superimposed to give the actual deflection due to the combination. In any 
case the preliminary waves (ceasing at the beginning of the major shock) 
will cause an oscillation of frequency, F., and of amplitude, Do, the latter 
(in the notation of the paper) being expressed as: 


eee \ yo (#). de Renee (9) 


FP, 
This oscillation can increase or decrease the maximum amplitudes which 
would result from the major shock alone by amounts not greater than Do. 
What the effect will be, will depend on the phase difference between maxima 
of the motion due to the preliminary shock and those due to the major shock. 
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INTERACTION BETWEEN RIB AND SUPERSTRUC- 
TURE IN CONCRETE ARCH BRIDGES 


Discussion 


By A. FLoRIs, Esq. 


A. Froris,* Esq. (by letter).™*—In his broad discussion of the interaction 
between arch and superstructure in concrete bridges, the author fails to 
include the arch-barrel type, often used in practice. The rib being a special 
case of the barrel, it is obvious that a general theory on the subject should 
start from this point. The analysis is greatly facilitated by the fact that the 
statically indeterminate quantities of the arch barrel as well as the super- 
structure in space, can be divided into two independent planar groups. 

In the first group, the unknowns are influenced by moments and forces 


acting in the longitudinal plane of symmetry, whereas, in the second group, 


they are functions of moments and forces acting outside this plane. The proof 
of this theorem which reduces the space problem into a planar one has been 
given by Fr. Engesser™ and later utilized by W. Schachenmeier in the analy- 
sis of arch bridges in which the action of the superstructure is taken into 
account”. In this elaborate analysis (the first of its kind as far as the writer 
knows), Schachenmeier investigates the complicated structure by choosing as 
a base system the fixed arch rib without deck. The analysis is complete and 
not difficult to apply, although the numerical work (as would be reasonable to. 
expect) is considerable. 


oo 


The aim of this discussion is merely to call attention to these two - 


important contributions pertaining to the analysis of arched bridges. It does 
not constitute a criticism of the author’s meritorious efforts to clarify the 
interaction between rib and superstructure in arch bridges. - 


NoOTE.—The paper by Nathan M. Newmark, Jun. Am. Soc. C. E., was Published in 
September, 1936, Proceedings. This discussion is printed in Proceedings in order that the 
views expressed may be brought before all members for further discussion of the paper. 

23 Dipl.-Ing., Los Angeles, Calif. 

8a Received by the Secretary November 18, 1936. 

* “Das elastische Ténnengewélbe als riumliches System betrachtet,” 

Zeitschrift fiir Bauwesen, 1909, pp. 107-118. : Mati 


* “Ueber mehrfache elastische Gewidlbe,” von Wilhelm Schachenmeier, Leipzig, 1910, 
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